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PREFACE 


I  N  writing  this  book,  while  preserving  the  usual  rigour,  the  endeavour 
has  been  made  to  impart  to  it  by  the  character  of  the  illustrations 
and  examples,  a  modern  and  practical  flavour  which  will  render  it 
more  widely  useful. 

IB  accordingly  hoped  t  ill  be  found  suitable  for  candi- 

dates for  entrance  scholarship  and  other  university  examinations, 
nd  military  preparation,  for  those  technical   stud 
Koard  of  Education's  iati«>n  in  Theoiv; 

Mechanics  (Fluids),  or  any  of  a  similar  character  held   by  the 
ional  unions. 

mathematical  scope,  the  calculus  is  not  used,  but,   in 

id  ing  it,  a  summational  formula  is  given,  and,  so  far  as  may  be, 

This  ol  the  necessity  of  recourse  to  a  inn  nix  T 

•    of  special  devices  and  really  forms  an  introdu  al.-ulus. 

It  t  work  of  the  beginner  and  involves  a  minimum 

of  (  ho  pass  to  the  calculus  at  a  later  stage. 

Examples  of  an  obvious  character  are  freely  sprinkled  through- 
out ;  additional  ones,  classified  and  miscellaneous,  occurring 

.d  of  over  500  examples.    These 
are  followed  by  answers  and  a  separate  set  of  sol 

»se  cases  specially  neediri 

kindnesses  extended  >n  of  the  work,  as  to 

copyrigl  hanks  are  hereby  heai  iered  to  tin-  i»>ll< 

gentlemen  and  bodies : — 

We.  The  Controller  of  H.M.  >tationery  Office,  for  permission  to 
in<  •;  Board  of  Education's  Examination  Papers  and 

Mathematical  Tabla 

j.  Messrs,  Macmillan  &  Co.,  Ltd.,  for  permission  with  respect 

to  i  part  of  the  Logarithmic  Tables  ; 

3.   Mr,  if.  A.  H'-Mphrey,  and 

Institution  <>f  Mechanical  Engineers,  for  permit. >n  t.. 
give  a  diagram  and  description  of  the  I  fumphn  \  Pump  ; 

Y  I-'uwlrr,  fur  furnishing  and  allov  induction 

and    description  of   the    Midland   Railway's 
Vacuum  Brake  : 
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6.  Various  other  firms,  for  similar  permissions,  and  duly  acknow- 

ledged in  the  text ; 

7.  Mr.  W.  H.  White,  for  allowing  copies  to  be  made  from  the 

diagrams  of  the  siphon  barometer  and  barometer  cistern 
in  his  "  Handbook  of  Physics  "  ; 

8.  Mr.  Cecil  Hayes,  for  reading  the  proofs  and  checking  the 

answers  to  examples. 

It  is  hoped  that  few  serious  errors  or  obscurities  now  remain 
undetected  ;  but,  if  any  readers  finding  such  would  kindly  notify 
them,  their  services  in  this  respect  would  be  cordially  welcomed. 

NOTTINGHAM, 
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PART   I.— MECHANICAL   BASIS 


CHAPTER  I 

PRELIMINARY 

i.  Fluids,  Liquids  and  Gases.— As  this  little  work  treats  the 
mechanics  of  fluids  we  must  obtain,  at  the  outset,  clear  ideas 
about  fluids  and  mechanics.  These  we  now  consider  in  the  order 
ramed.  A  tluid  consists  of  mat  can  flow.  The  commonest 

examples  are  air  and  A  formal  definition  is  as  follov 

riON. — \fluid  consists  of  matter  in  such  a  state  that  it 
ffers  only  very  small  resistances  to  changes  in  shape,  however  large, 
rovided  only  that  time  enough  is  allowed  in  which  tlm-e  changes 
i  lay  occur. 

which  are  supposed  to 

tain  vact  shape  unchanged  under  all  circumstances,  and 

1  om  elastic  solids,  any  one  of  which  exhibits  a  nearly  constant 
:  iti'>  1).  tv,  mall  changes  of  shape  and  the  external 

;  :tions  to  whi<  h  those  changes  are  ascribed. 

\inces  offered  by  a  fluid  to  very  quick  changes  of 
i-  lape  are  quite  small,  t  mobile  or  of  negli- 

j.  ble  viscosity.  This  U>t  t«-rm  denotes  a  property  really  possessed 
\  /  all  fluids  to  some  large  or  sma!  i  the  case  of  very 

E  uggish  or  viscous  fluid  hi*  property  would  need  taking 

i  to  consideration.      But  it  is  •  it  need  not  enter  into 

count   when  con  any  fluids  ;  a   •  •(juilil>rium. 

.-'  nd  even  in  those  cases  of  simple  motion  dealt  with  in  this  book  the 
e  fects  of  viscosity  will  be  regarded  as  negligible  unless  the  contrary 
i  stated. 

\Ve  may  now  subdivide  fluids  into  liquids  and  gases. 
DEI  —Liquids  are  flu  ^c  volumes  per  unit  mass 

a  .  practically  independent  of  the  pressures  to  which  they  are 
*>•  bje< 

Consequently,  these  volumes  remain  finite  however  small  the 
p  essi 

DEFINITION.— Gases  are  fluids  whose  volume  per  unit  mass  may 
b<  come  as  large  as  we  please  by  suitably  reducing  the  pressure. 

Thu>,  these  volumes  have  no  finite  limit  as  the  pressure  is  con- 
ti  lually  reduced. 
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-DEFINITION. — Mechanics  is 
of  the  rest   and  motion  of 


We  may  accordingly  sum  up  popularly  as  follows  : — 

A  solid  body  has  both  size  and  shape  ; 

A  given  mass  of  liquid  has  size  but  not  shape  ; 

A  gas  has  neither  size  nor  shape. 

A  rather  fuller  way  of  expressing  these  distinctions  is  the 
following : — 

Solids  have  elasticity  both  of  size  and  shape. 

Fluids  have  elasticity  of  size  only. 

Liquids  are  almost  incompressible. 

Gases  are  highly  compressible. 

2.  Object  and  Scope  of   Mechanics, 
that  branch  of  science  which  treats 
matter.    For  any  given  simple  portion  of  matter  or  simple  system, 
it  determines 

(i)  the  conditions  of  rest  in  equilibrium,  and 

(ii)  the  types  of  motion  occurring  under  specified  circumstances. 

Thus,  for  each  class  of  body  or  system  of  bodies  studied  in 
mechanics  we  are  concerned  with  the  problems  of  equilibrium  and 
with  the  various  problems  of  the  possible  motions.  These  two 
subdivisions  of  the  subject  are  called  Statics  and  Kinetics  respec- 
tively. 

But  some  of  the  motions  occurring  are  of  such  intricate  nature 
that  it  is  highly  desirable  to  study  them  apart  from  the  conditions 
under  which  they  occur.  Thus,  the  study  of  pure  motion,  called 
Kinematics,  is  often  regarded  as  a  necessary  preliminary  to  the 
study  of  kinetics. 

Hence,  for  each  form  of  matter  treated  we  have  the  three  sub- 
divisions of  kinematics,  kinetics,  and  statics  needing  attention. 

The  chief  divisions  and  subdivisions  of  elementary  mechanics 
made  on  the  above  plan  are  exhibited  in  Table  I. 


TABLE  I. — DIVISIONS  AND  SUBDIVISIONS  OF  ELEMENTARY  MECHANICS. 


States. 

Systems. 

Points  and  Particles. 

Rigid  Figures  and 
Bodies. 

Fluids. 

M°ti°n{I»~al 

i  .  Kinematics  of 
Points 
2.  Kinetics       of 
Particles 

(  Kinematics       of} 
Rigid  Figures   1 
j  Kinetics  of  Rigid  [ 
I     Bodies               J 

6.  H}rdrokinetics 

Rest     in     Equi- 
librium 

3.  Statics  of  Par- 
ticles 

4.  Statics  of  Rigid 
Bodies 

5.  Hydrostatics 
and 
7.  Pneumatics 
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;.  Order  of  Treatment. — In  the  scheme  of  Table  I.  the  motions 
of  rigid  bodies,  enclosed  in  brackets,  are  outside  the  scope  of  the 
present  work.  The  other  subdivisions  will  be  taken  in  the  order 
of  the  numbers  set  against  each.  But,  out  of  these  seven  parts, 
the  first  four  are  of  the  nature  of  preliminaries  to  the  other  three, 
which  form  the  subject  proper.  Accordingly  these  earlier  parts 
will  receive  a  briefer  treatment,  suited  for  the  revision  work  of  a 
student  already  somewhat  conversant  with  them.  The  ful lei- 
treatment  is  reserved  for  the  later  parts,  which  constitute  the  main 
body  of  the  text  and  are  supposed  to  cover  ground  new  to  the 
reader. 


EXAMPLES  I. 

i.   I  >efmc  fl  uid,  liquid,  gas,  rigid  solid  and  elastic  solid.     Al  <> 
own  words  some  popular  way  of  hmi;  Ututin  .solids, 

gases. 

at  as  to  the  object  and  scope  of  mechanics,  and 
sketch  a  possible  division  of  the  subject. 


m  your 
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KINEMATICS 

4.  Space  and  Position. — Since  kinematics  treats  of  pure  motion 
or  change  of  position  with  time,  we  need  some  convenient  method 
of  indicating  the  position  of  a  point  in  space.  If  the  point  in  question 
remains  on  a  given  plane  it  will  suffice  to  take  two  lines  at  right 
angles  in  that  plane,  from  which  to  measure.  These  are  called  co- 
ordinate axes  and  their  intersection  the  origin,  see  OX,  OY  in 
Fig.  i. 

The  position  of  a  point  P  in  this  plane  is  then  indicated  thus. 
Straight  lines  are  drawn  through  P  parallel  to  OY  and  to  OX, 

cutting  the  axes  in  M  and  N. 
Then  the  position  of  P  is  obviously 
specified  by  the  lengths  OM  and 
ON,  which  are  denoted  by  x  and  y 
and  called  respectively  the  abscissa 
and  ordinate  of  P.  The  two  values 
(x,  y)  are  also  spoken  of  as  the  co- 


0 


_ 
O1^  x  M  ordinates  of  P. 

FIG.  i.  —  position  of  a  Point.  The   above  method   of    speci- 

fying  P's   position  uses  Cartesian 

co-ordinates.  We  may  also  use  instead  the  system  called  polar 
co-ordinates.  In  this  case  we  join  P  to  the  origin  O  by  a  straight  line, 
and  state  its  length  OP=r  say,  and  the  angle  XOP=0  say,  which 
it  makes  with  OX.  Then  the  two  quantities,  or  polar  co-ordinates, 
r  and  6  now  locate  P  instead  of  the  former  two,  x  and  y.  Thus,  in 
the  former  case  the  position  of  P  was  specified  by  two  lengths, 
but  in  the  latter  by  one  length  and  one  angle. 

5.  Units.  —  To  express  either  lengths  or  angles  in  a  manner 
amenable  to  calculation,  we  must  use  numbers  (or  symbols  for  them) 
proportional  to  their  magnitudes.  Such  numbers  accordingly 
express  how  many  times  the  quantity  in  question  contains  some 
other  quantity,  or  unit,  of  the  same  kind.  Thus,  for  every  quantity 
needing  to  be  measured,  we  must  have  a  unit  of  precisely  the 
same  nature,  and  a  number  showing  how  many  times  that  unit  is 
contained  in  the  given  quantity.  The  measure  of  a  quantity 
accordingly  consists  of  two  factors,  the  number  and  the  unit,  and  is 
incomplete  if  either  factor  is  omitted.  Thus,  in  the  answer  to  any 
problem,  the  units  must  be  stated  as  well  as  the  numbers.  Throughout 
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the  numerical  working  of  a  problem,  the  units  are  often  omitted, 

bring  stated  only  where  exceptional  or  a  change  in  them  is  being 

made.     But  at  the  end  they  should  always  be  inserted.     For,  if 

the   unit    were  multiplied  by  any  factor,  the  number  would  need 

to  be  divided  by  the  same  factor  to  keep  the  product  constant. 

Thus,  the  value  of  a  quantity  is  not  in  general  denned  by  a  number 

alone,  the  statement  of  the  units  also  being  usually  essential.     For 

:nple,  a  length  may  be  stated  as  6  feet  or  2  yards,  and  velocity 

5  miles  per  hour  or  22  feet  per  second. 

To  preserve  records,  where  possible  or  desirable,  of  any  national 

or  international  units,  standards  are  constructed  in  the  best  known 

,  and   the  relation  between  the  unit  and   the  standard   in  a 

ular  state  specified. 

In  this  way  the  British  yard,  foot,  inch,  mile,  etc.,  are  denned ; 
and,  in    like    manner,  the    French    n.  millimetre, 

kilometre,  etc.,  whirh  are  also  cosmopolitan  units.     The  relations 
n  these  and  oth<  u  in  the  tables  at  the  end 

)f  the  book. 

unit  angle  needs  definition,  but  has  no  need  of  a  standard. 
*e  have  the  degree,  of  which  360  equal  fou; 

•irn. 

have  al>o  the  rad.  lie  angle  whose  arc  equals  tin  i.uliu^. 

viously  i  .nit  n.-.-ds  thepreserv  any -t.imlard 

the  unit  PI- 
MPLES II. 

x.  Make  a  diagram  of  a  wall  12  feet  wide  and  9  fe< 
Is  A,  B  and  C,  whose  co-ordinates  are  respectively  (3,  7),  (o,  >)  and  (o,  7). 
•mcl  the  distances  AC  and 

'/hat  are  the  polar  co-ordinates  of  A.  B  and  C  in  th  n  example  ? 

ir  plate  whose  sides  are  4  feet 

1  give  the  co-ordinates  of  its  corners  and  of  the  middle  points  0 
ng  the  origin  at  one  corner  and  the  axis  of  x  atom 

•us  example,  shift  the  01  ingle 

he  polar  co-ordinates  of  the  same  points  as  before. 

.1  rectangular  board  4  feet  by  2  feet,  set  out  upon  it  the  eight  point  s 
diagonals  o  squares  h  it  may  be  dividi •<!. 

ites  of  these  points,  the  axes  being  along  adjacent  sides  of 
rd, 

t  press,  both  in  >  and  in  degrees,  the  smaller  angl 

i  of  a  clock  at  3,  1^-30,  -I  2°.  6.15. 


6.  Displacements.     Let    us   now   con-id* T  how  we  may  sp 

:ige  of  p<  ment,  of  a  p<  ipposc 

.     \Ve  have  1  tors  which 

t o  be  passed  over  by  the  point  in  its  displacement. 
Hut  v.  illy  spec :  displacement,  for  obvi 

".      li/:  .   :;    \\v  simply  state  that  a 
iced,  3  f<  •  'ii  the 

tin-  initial  position 
:t  OOflfined  to  motion.-,  in  a  li"ii/ontal  plain-,  th« n 
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the  point  is  anywhere  on  the  circumference  of  the  horizontal  circle 
of  radius  3  feet  whose  centre  is  at  the  starting  point. 

Thus  a  length  and  an  angle  must  be  given  to  specify  a  displace- 
ment in  the  plane  of  the  co-ordinates.  These  may  conveniently 
be  denoted  by  r  and  6,  which  are  then  the  polar  co-ordinates  of  the 
point  after  the  given  displacement  from  the  origin. 

Obviously  we  need  also  to  know  how  the  co-ordinates  are 
directed,  say  OX  horizontally  to  the  east  and  OY  vertically  upwards. 

The  displacement  may  be  graphically  represented  by  OP,  see 
Fig.  i. 

7.  Scalars  and  Vectors. — We  are  thus  led  to  notice — 

(1)  that  there  are  cases  where  a  length  may  be  thought  of  quite 
apart  from  direction,  as  when  we  say  that  this  cricket  ball  is  2*9 
inches  diameter,  or  that  bat  is  37  inches  long.     But  also, 

(2)  that  there  are  other  cases  in  which  a  length  is  insufficient 
without  its  direction  being  given,  as  when  we  say  the  encampment 
was  shifted  ten  miles  due  north,  or  the  climber  ascended  another 
hundred  feet. 

The  above  are  very  simple  examples  of  the  two  classes  of  quanti- 
ties, scalar s  and  vectors.  Scalars  have  magnitude  (and  may  be  of 
positive  or  negative  sign),  vectors  have  direction  as  well  as  magni- 
tude. Examples  of  each  class  of  quantity  will  occur  as  we  proceed. 

Vectors  may  also  have  various  degrees  of  localisation.  Thus  if 
a  number  of  articles  are  upon  a  table  they  may  be  all  shifted  a  foot 
one  way,  or  a  single  article  may  be  so  shifted.  That  is,  the  displace- 
ment in  question  may  affect  a  certain  region  or  be  localised  to  a 
particular  point.  Important  examples  of  this  distinction  will  occur 
later. 

8.  Composition    of    Displacements. — Suppose  a  point  to    suffer 
the  displacement  represented  by  OP  (Fig.  2)  and  then  the  displace- 
ment represented  by  OQ,  and  let  it 
be  required  to  find  the  final  position 
or  the  resultant  displacement.     Obvi- 
ously we  have  simply  to  make  PR 
equal  and  parallel  to  OQ,  then  R  is 
the  final  .position  of  the  point  and 

0*"  OR  the  resultant  displacement.     In 

FIG.  2— Composition  of  Dis-       other  words,   the  displacements  OP 
placement.  an(i  QQ  compound  to  give  the  dis- 

placement  OR,   where    OR    is    the 

diagonal  of  the  parallelogram  whose  adjacent  sides  OP  and  OQ  are 
the  component  displacements.  The  line  QR  is  inserted  in  the  figure 
to  complete  the  parallelogram,  but  is  evidently  not  actually  needed. 
Neither,  indeed,  is  OQ.  Thus  only  OP  and  PR  need  have  been 
drawn  to  represent  the  successive  component  displacements,  OR  being 
then  drawn  to  represent  ihe  final  or  resultant  displacement. 

If  the  order  of  application  of  the  component  displacements  were 
reversed,  the  sides  OQ  and  QR  would  be  traversed  by  the  point 
and  R,  the  final  point,  reached  by  this  other  path. 
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If,  on  the  other  hand,  the  component  displacements  occurred 
proportionately  together,  the  point  would  actually  traverse  the 
line  OR  in  passing  from  O  to  R. 

Tlu-  above  is  all  on  the  supposition  that  the  displacements  are 
so  localised  as  each  to  affect  the  point  in  spite  of  the  other.  That 
is,  if  the  component  displacements  occur  successively  the  operation 
of  the  first  does  not  remove  the  point  from  the  influence  of  the 
second. 

We  have  thus  a  simple  case  of  the  compounding  of  directed 
quantities  or  the  addition  of  vectors.  It  may  be  represented  thus  : 

OP  +  OQ=OR (i) 

where  the  circumflex  accent  over  the  sign  of  addition  denotes  that 
the  addition  is  vect  that  of  directed  quantities  and  not  mere 

arithmetical   addition.     The  equation    may  be   ; 
rector  sum  of  OP  and  OQ  i-  <  )K. 

AMPLES    III. 

••  examples  of  scalar  and  vector  quantities  and  t •xpl.un 

V  man  goes  north  th.  •  :i.st  i  milr.  north  2  miles,  and  thru 

.v  far  has  he  travelled  and  what  d.  mni;- 

int  ?     What  different  kinds  of  addition  have  you  to  perform  i.  •  uU.iiu  the 

Its.? 

.  A  ship  goes  I4'i4  miles  south-east  ami  then  10  miles  du  I  >i.iu 

.ip  of  its  course  and  find  om  the  starting-point  and 

win 

lea  due  east  and  then  34-64  miles  m.ith.     Sk.  u  h 
i  his  distance  and  di 

:  sails  10  miles  north-west  and  then  sails  due  south  for  20  i 
•urse  was  the  boat  10  miles  from  its  sta 

i    goes  12  miles  cas  D    and    then  walks  north   till 

•  point.     H"-.v  far  does  he  walk  ? 

Time   and    Motion. — We  have  just  referred  to  displacements 

D   which  they  oe<  unvd  or 

menl   \\.i>  oo  uirin.^.    By 

itrudu.  in^   tlii>.  001  to  those  we  aln-.nly    have  of 

"litain  the  idr.iof  motion  or  <  liange  of  position  in  time 
iiieh  kinema: 

naturally  a-k  v.  i«   is  a  vector  or  a  scalar.     It 

e  that  tin-  lapM-  of  time  between  two  event*  lias  magnitude 

.inlth  ^'iven  instant  we  m.iv  in  imagination  reckon  forwards 

•  met hint;  like 

a  point  or  going  west.     But.  <>n  th«-  earth1 

BO  north  or  south,  whereas  in  time  tin-re  seems  no 

freedom.      TSflM   seems  comparable   to 

,  allowing  ])ositive  and    i  displacements 

*h,    l)Ut    noli  up    and    down.       We, 

:ingly  cla  >ne  as  a  scalar  quantity,  since  it  has 


II 
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a  magnitude  which  may  be  positive  or  negative,  but  has  nothing 
corresponding  to  direction  in  space. 

To  specify  the  magnitude  we  need  a  unit.  This  is  usually  the 
second  of  mean  solar  time,  which  is  ascertained  and  recorded  by 
astronomers  and  is  available  as  Greenwich  mean  time.  The  associated 
larger  units,  minutes,  hours,  days,  etc.,  may  be  used  also  whenever 
more  convenient. 

10.  Velocity  and  Speed.  —  The  velocity  of  a  point  is  its  rate  of 
change  of  position,  or  its  displacement  per  unit  time.  In  other 
words,  the  velocity  of  a  point  is  the  quotient,  its  displacement 
divided  by  the  time  in  which  it  occurred.  The  unit  of  velocity 
is  accordingly  (unit  displacement  divided  by  unit  time).  Thus, 
we  may  speak  of  20  miles  per  hour  northwards  or  10  cms.  per  second 
vertically  downwards,  etc.  Further,  since  displacement  has 
direction,  and  time  (being  a  scalar)  has  no  power  to  remove  it, 
velocity  has  direction  also  and  is  therefore  a  vector  quantity.  Hence 
the  full  specification  of  a  velocity  requires  magnitude  and  direction. 
But  often  we  may  be  concerned  only  with  the  magnitude  of  a 
velocity.  For  this,  the  word  speed  is  used.  Thus  we  may  say 
that  a  particular  make  of  motor  bicycle  is  capable  of  a  speed  of 
60  miles  per  hour  under  favourable  conditions. 

Suppose  now  that  we  are  considering  velocities  along  some 
given  direction,  we  may  then  discriminate  these  velocities  into 
various  classes.  Thus,  let  the  total  distance  s  feet  be  passed  over 
in  time  t  seconds.  Then  we  may  say  that  the  velocity  was  v  feet 
per  second,  where 


Now  imagine  that  we  divide  the  distance  up  into  a  number  of 
parts  and  ascertain  the  time  over  each  part  and  take  the  quotients 
as  at  first.  If  all  these  quotients  have  the  same  value  as  that 
obtained  for  the  total  distance  and  time,  we  should  say  that  the 
velocity  in  question  was  uniform. 

If  the  quotients  had  different  values  we  should  say  that  the 
velocity  was  variable.  If  we  only  knew  the  total  distance  s  and  total 
time  t,  and  nothing  whatever  of  the  intermediate  positions  and 

times,  we  should  only  be  justified  in  saying  that  —  was  the  mean 

velocity. 

This  shows  us  that  when  we  had  intermediate  data  and  found 
various  velocities  for  various  parts  of  the  course,  even  those  values 
were  only  mean  velocities  for  the  corresponding  smaller  distances. 

If  we  require  the  velocity  at  any  instant  called  the  instantaneous 
velocity,  we  may  proceed  as  follows. 

At  time  t  let  the  co-ordinate  of  the  point  be  s,  and  at  a  slightly 
later  time  t'  let  the  co-ordinate  be  s'.  Then  take  the  quotient 

s'-s 
t'-t 
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This  is  evidently  the  mean  velocity  for  the  period  in  question, 
suppose  that  corresponding  values  of  t'  and  s'  could  be  ascer- 
tained nearer  to  t  and  s  respectively.  And  again  take  the  new 
quotient.  Its  value  might  be  slightly  different  from  the  former  one. 
By  proceeding  in  this  way,  continually  decreasing  the  numerator 
(s'  — s)  and  the  denominator  (f — t)  of  the  fraction,  it  would  usually 
be  found  that  the  fraction  it>elf  tended  towards  a  limiting  value. 
This  limiting  value,  u  say,  is  called  t;  itaneoits  velocity  at  the 

instant  /  and  position  s.     We  may  put  this  in  symbols  as  follows : — 


w=the  limit  of 


s'  —  s 
t'-t 


(2) 


as  the  numerator  and  denominator  of  the  fraction  are  taken  smaller 

and  smaller. 

ii.  Space  Graphs.     \\V  may  now  with  advantage  note  how  the 
above  I  to  speeds  maybe  represented  graphically,     Take 


r         t' 
•i  +> 
FIG.  3. — Space-Time  Graphs. 

two  axes  OX  and  OY,  at  right  angles,  plot  times  /  upon  the  former 
md  spaces  s  along  the  latter,  as  illu-trat.  -d 

Consider  first  the  points  O  and  I1  ^\\  th«-  diai/iam,  corresponding 

timr  /  and  the  d-  -paces.     '1  hen  the 

.  es  a  value  for  the  velocity.    I  f  \\«  know  other  pairs  of 

values  of  s  and  /  for  the  moving  \y  :idin^ 

>laces  on  the  diagram  all  lie  along  the  straight  line  OAI'A.  tin -n 

:\  idt  ntly  all  such  quotients  s//  have  the  same  value,  and  the  velocity 

s  uniform. 

however,  on  obtaining  furtlii-r  information  about  times 
:orresponding  spaces  and  j  tin-in,  w.    imd  that  the  curved 
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line  OBPB  is  obtained  on  the  diagram,  then  evidently  the  velocity 
is  variable. 

If  we  only  knew  the  points  O  and  P  on  the  diagram,  being 
ignorant  of  the  other  times  and  spaces,  we  could  only  state  that 
the  quotient  s/t  for  these  points  expressed  the  mean  velocity. 

Suppose  now  that,  for  the  motion  illustrated  by  the  curved  line 
OBPB,  the  instantaneous  velocity  at  P  is  required. 

Then  we  take  a  near  point  Q  on  the  curve,  draw  Qs'  parallel  to 
OX  and  QM*'  parallel  to  OY,  cutting  OY  and  OX  in  s'  and  t'  re- 
spectively, PMK  being  parallel  to  OX.  Then,  by  the  statement 
of  the  preceding  article,  the  mean  velocity  from  t  to  t'  is 

s'-s_  MQ 
~^  PM 


And  the  instantaneous  velocity  at  t  is  obtained  as  the  limit  of 
the  above  quotient  when  Q  is  taken  nearer  and  nearer  to  P.  But 
as  Q  is  taken  ever  nearer  and  nearer  to  P,  the  straight  line  QP 
changes  from  a  chord  to  the  tangent  to  the  curve  at  P.  Hence  the 
required  limiting  value  of  the  quotients  will  be  obtained  by  drawing 
the  tangent  PT  at  P,  letting  fall  the  perpendicular  TK  upon  PK 
and  taking  the  quotient  KT  -7-  PK.  But  this  is  the  trigonometrical 
tangent  of  KPT,  or  is  tan  6  say. 

We  accordingly  have  for  the  instantaneous  velocity  at  P 

«=  limit  of  Slll£=l=tan0      ...     (3) 


Here  the  KT  -f-  PK  or  the  corresponding  tan  9  must  be  interpreted 
according  to  the  scales  used  for  the  space  and  time. 

We  thus  see  that  the  steeper  the  curve  the  greater  the  speed. 
Consequently  the  curved  graph,  having  the  same  mean  speed  to  P, 
but  initially  a  less  speed  than  the  straight-  line  graph,  has  later  a 
greater  speed  than  it. 

12.  Speed  Graphs.  —  We  may  now  make  graphs  by  plotting 
speeds  as  the  ordinates  instead  of  spaces,  times  still  being  used  as 
the  abscissae.  Fig.  4  illustrates  this  process  applied  to  the  two 
examples  previously  plotted,  the  letters  AA  and  BB  corresponding 
in  the  two  figures. 

The  former  inclined  graph  here  becomes  a  horizontal  one,  as 
shown  by  APA.  And  the  former  curved  graph  reduces  to  a  straight 
but  inclined  line  OBPB. 

For  in  the  case  of  the  A  graph  in  Fig.  3  we  had  the  relation 

s=vt    ......      (4) 

where  v  was  a  constant.  Consequently  this  constant  v  is  here  the 
constant  ordinate  of  the  A  graph,  which  is  therefore  horizontal. 

Again,  for  the  B  graph  in  Fig.  3  on  examination  it  would  be 
found  that  the  value  of  tan  6  for  any  point  on  the  curve  is  pro- 
portional to  the  abscissa  of  that  point.  Accordingly  the  speed  is 
proportional  to  the  time,  and  in  Fig.  4  the  ordinate  must  be 
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proportional  to  the  abscissa  of  the  B  graph.  It  is  therefore  an 
inclined  straight  line  through  the  origin. 

On  a  speed  graph  the  area  of  the  space  below  the  graph  has  an 

important  meaning.     Thus,  if  we  consider  the  space  OvPt  below 

^raph,  we  sec  that  the  area  of  this  rectangle  is  given  by  the 

product  r/.     But  this  is  obviously  the  space  passed  over   during 

tin-  time  /  by  the  point  to  which  the  graph  refers. 

And  if  the  graph  i  of  being  horizontal  or  slightly  inclined, 

were  wavy,  still  for  each  narrow  vertical  >trip  the  area  would  be 


Y 


v 
x 


B 


7' i 

4. — Speed  iphs. 

speed  multiplied  by  a  time  and  therefore  equal  to  the  correspond- 

;mv  K^pli  would 

'•til-:  >cc  passed  <>vn  in  •  'i  it  would 

<•  tli'  '.hi.  h  i«  i  ce  for 

:  ill  time  in  «[ 


EXAMPLI 

itcs  from  rest  a  iv  J,  $, 

•  xi.  2*.  3  and  3J  miles  from  its  starting  sta1  t  a  space- tun' 

f  its  journ 

the  graph:  is  question  milrs 

fconH  minute,  and  t 
le  instantaneous  speed  at 

ng  down  a  groove  on  a  slope  is  observed  at  siu 
'  J  be  a  -.of  1,4,9,16,  25,  36.  49,  64,  81  and  100 inches  from 

mt.     Plot  a  space-time  graph  jKieds  after  2,  4, 


4.  A  noon  and  .  4.  5  and  6  in 

1  ic  speeds  30.  50,  60,  60.  60  miles  ;  !         1'lot  a 

;  raph  for  ;  \-niinuti1  run. 

0  have 

•I  |.  2,  3j.  ,  graph  of  its  flight  am  Hi  IK!  th- 

^pee(!  :  11  speed. 

6.  A  Irs  along  a  *d  and  fit:  BCt  for  the- 

i  i  \    i  i .  ;  i  .  i  i,  i",  i.,t  i.,.  i.)J,  i  i .  i  i,  i  i  .  i  i  '  . 

ni.  juinm-y  and  lind  his  m- 
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13.  Acceleration. — We  saw  that  in  the  space  graph,  slope 
meant  speed,  or  magnitude  of  velocity.  It  is  now  necessary  to  note 
what  meaning  the  slope  may  have  on  a  speed  graph.  Obviously 
the  slope  here  means  rate  of  increase  of  speed.  And  this  rate  of 
increase  is  the  magnitude  of  a  quantity  called  acceleration,  which 
includes  the  direction  of  this  rate  of  increase  as  well  as  its  magnitude. 

This  acceleration,  like  velocity,  has  both  magnitude  and  direction, 
and,  like  velocity,  may  be  uniform  or  variable.  In  the  present  work 
we  shall  usually  confine  attention  to  accelerations  which  are  constant 
in  magnitude  or  in  direction  or  in  both. 

Let  us  now  consider  the  last  case,  which  is  the  simplest  of  all. 

Suppose  a  point  with  initial  speed  u  to  have  an  acceleration  in  the 


Time 

FIG.  5.  —  Uniform  Acceleration. 

same  direction  of   constant  value  a,  then  at  time  t  the  speed  v  is 
given  by 

......     (i) 


For,  by  definition,  the  acceleration  a  is  the  speed  added  per  second  ; 
thus,  in  t  seconds  the  speed  at  must  be  added  to  the  initial  speed  u 
to  give  the  final  speed  v.  This  may  be  shown  by  a  speed  graph, 
in  which  the  line  is  inclined  to  indicate  the  increase  of  speed  at  the 
rate  a  per  second  and  is  made  to  cut  OY  at  the  value  u  of  the  initial 
speed  (see  Fig.  5). 

If  we  now  inquire  what  space  s  is  described  in  the  above  motion, 
we  may  obtain  it  from  the  area  under  the  speed  graph  AP  in  Fig.  5. 
Thus,  the  area  consists  of  the  rectangle  AMNO  and  the  triangle 
APM.  But  the  areas  of  these  are  respectively  ut  and 


J(MPxAM)=j(a*X<) 


We  accordingly  find 


(2) 
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It  is  often  desirable  to  have  a  relation  between  v,  u,  and  s  without 
/  appearing.     Thus,  squaring  (i)  and  using  (2),  we  find 


=  2as 
or  v*=u*+2as     ......      (3) 

Equations  (i)  —  (3)  express  all  the  relations  needed  for  the  solution 
of  any  problems  as  to  the  motion  of  a  point  in  a  straight  line  under 
uniform  acceleration  along  that  line. 

Of  course  the  acceleration  may  be  oppositely  directed  along  the 
same  line  as  the  initial  velocity  ;'  the  two  quantities  must  then  be 
written  with  opposite  signs. 

Thi  ti"ii  i-  <>ft<  n  called  a  retardation. 

v   important    examples   of   acceleration    (and   retardation) 
occur  in    the  vertical    motions  of    project  iles.      The    acceleration 
is  then  due  to  the  earth's  attraction  and  i-  u>ually  denoted  by  g. 
:<j  varies  slightly  at  ditit  -rent  places,  but  may  be  taken  as 
•2  ft./sec.2  or  981  cm./sec.1  (or  for  rougher  calculation  as  32  or  980). 

EXAMPLES  V. 

i.  Define  acceleration  and  derive  an  expression  for  the  velocity  ait.  i-  tune  / 
dcr  uniform  ace- 

>n  of  a  ball  down  a  certain  im  In: 
•ad  per  second,  find  the  distances  covered  by  it  from  rest  in  i,  2,  3  ami  4 
conds.  also  the  distance  in  the  fifth  second. 

tablish  the  relation  between  space  and  time  for  motion  muk  r  uniform 

:ow  that  the  distances  described  in  successive  seconds  from  the  start 
ion  are  as  the  odd  numbers,  i,  3.  5. 
acceleration  the  increase  in  the  square  of  the 
x:ed  is  always  i  •  the  space  passed  over. 

of  a  stone  from  rest  through  a  height  of  100  feet 
the  a  m  and  32  ft./sec1. 

.ischarged  ards  at  160  feet  per  second.     1  Urn 

.md  what  height  will  it  reach  ?     (Take  g—  32  ft./sec.*) 
8.  A  ball  rolling  down  a  slope  has  speeds  xo  and  xx  feet  per  second  at  two 
oints  a  yard  apart:  what  is  its  acceleration  ? 

14.  Dimensions    of    Mechanical    Quantities.  —  We    are    now     in 
tion  to  :  he  various  quantities  used  and  to  note  tin- 

in  which  they  involve  ea<  as,  it  U  usually  agreed 

•:in«»t  !)••  reduced  to  anything  simpler,  and  the  same 
:fch  t  :i  titit-s  are   accordingly  called  fundamental. 

there  which  involve  a  combination  of  them  are  called  derived 
id  the  same  remarks  apply  to  th<  units  in  which  each 
lass  is  expressed. 

is,  velocity  may  be  regarded  as  the  quotient  of  displacement 
nd  t  or  we  have  the  equation 

•-7 
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Or,  instead  of  using  this  fractional  form,  we  may  write  the  right  side 
in  the  index  form.     Thus 


This  gives  rise  to  the  statement  that  velocity  is  of  dimensions  plus 
one  in  length  and  minus  one  in  time. 

Similarly,  we  may  write  for  acceleration 


Accordingly,  acceleration  is  said  to  be  of  dimensions  plus  one  in 
length  and  minus  two  in  time. 

It  is  seen  that  the  term  dimensions  here  applies  to  the  indices 
of  the  various  fundamental  quantities  which  appear  as  factors  in  the 
expression  for  a  derived  quantity. 

Thus,  area  is  of  two  dimensions  in  length  and  volume  of  three, 
since  the  one  involves  length  and  breadth  and  the  other  thickness 
also. 

15.  Fundamental  and  Derived  Units. — The  consideration  of 
the  natures  of  the  various  quantities  dealt  with  in  mechanics  natu- 
rally leads  to  that  of  the  units  in  which  they  are  expressed.  And 
here  the  conception  of  dimensions  is  very  useful.  For  it  shows  how 
a  derived  unit  changes  in  size  when  the  fundamental  units  involved 
by  it  are  changed.  It  was  pointed  out  in  Art.  5  that  if  the  unit 
in  which  a  quantity  is  expressed  is  multiplied  by  any  factor,  the 
number  expressing  it  is  divided  by  the  same  factor.  Hence,  if  the 
unit  is  a  derived  one,  we  must  first  find  from  dimensions  how  it 
changes  when  the  fundamental  units  are  changed.  Then  the 
number  expressing  the  quantity  in  this  new  derived  unit  changes 
inversely  as  the  unit  does. 

Thus,  suppose  we  express  an  area  as  432  square  inches  and  it  is 
required  to  change  the  linear  unit  from  the  inch  to  the  foot  =  12 
inches.  Then  since  the  derived  unit  of  square  measure  or  area  is 
length  to  the  power  two,  it  changes  to  12 2  =  144  times  the  former 
unit.  But  the  unit  being  multiplied  by  144  the  number  must  be 
divided  by  144.  Hence  the  area  in  question  is  3  square  feet.  A 
compact  way  of  working  all  such  transformations  is  as  follows  : — 

432  (inch)2=4||  (I2  inch)2^3  sq.  ft. 

This  example  is  very  simple,  but  it  is  well  to  note  carefully  the 
method  in  a  case  so  familiar.  Take  next  the  change  from  second 
to  minute  as  unit  of  time,  the  derived  quantity  being  an  acceleration. 
Then  we  may  write 

ft.       )  ft. 


sec. 


Here  it  will  be  seen  that  the  unit  of  time  is  increased  sixty-fold, 
and  yet  the  number  expressing  the  acceleration  is  increased  sixty 
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v-fold.     But  this  is  because  when  the  unit  of  time  is  in- 
creased by  any  factor  the  unit  of   acceleration  is  decreased  by  the 
<>f  that  factor,  and  therefore  the  number  increased  by  that 
re  as  shown  numerically. 


EXAMPLES  VI. 

i     A  railway  carriai:  unning  over  rails  15  yards  long  gives  20  jolts 

at  the  join  :iul  the  speed  of  the  tram  in  miles  JHT  hour. 

Beared  up  to  70  inches  and  the  pedals  make  -:<>  revolutions 
in  12 \  >'-om~ds:  wh  d  in  miles  per  hour  ?     (Take  ratio  of 

inference  of  a  circle  :  as  22/7.) 

3.  If  a  train  passes  a  quarter-mile  post  .  :.nd  its  spied  in 

our. 

4.  Show  that  a  train  at  60  miles  per  hour  makes  near!  per  second 
on  t                             yard  rail                          :ae  an  app:                  rule  for  train 
speeds  on  such  rails. 

a  London  tub  ilf  a  minute  from  ti 

mcanacccl  nd  unit*  ? 

i'»rm  a  speed  of  60  miles  an  hour  .  turn  uf 

nd  per  second  to  C.G  S   units. 
;>ccd  of  light  is  thir:  1  million  centimeti 

:econd.  express  it  in 

to  be  25,000  miles, 

in  feet  per  second  of  a  place  on  the  equator  in  co: 
diurnal  rotation  ? 
9.  A  certain  part  of  a  \  il>iatmg  bar  has  at  one  instant 

<i  asecon  momenta:.  \\hat 

me  ? 

v  at  some  locality  n  foot- 

.  what  is  'cond  units  and  \\hat  in  fout- 

units  ? 

Composition  of  Velocities  and  Accelerations.     Sii 

\v  din-,  tion  likr  '  "Uvions  tli.it     two  inclined 

Minulta!:  ;><j8sessed   l»v  anv  point    may  l>c   com- 

mndrd  IT  mark 

mding  of  accelerations  with  a  ins. 

j)<>xiti(.ii  of  a  v«  ul  constant  acceleration  along 

.1110  has  been  dealt  with  in  An 

•  composr  -I  an  acceleration  tint  alon^  tin- 

aim-  lin<   i>  ie-(  r\rd  fo:  article  (18),  as  it  involves  new  con- 

17.  Angular  Velocity. — Suppose  a  point    I'  l»in^  a  circle 

f  radiu>  r  at  lin«-ar  -perd  p  it  be  required  to  tind  tin-  an^lc 

<  r  second  described  by  the  radius  CP.     This  is  calh-d  the  angular 
P  about  C. 

t  pass  over  the  arc  s  from  P  to  Q  in  time  /  (see  Fif;.  f  >) , 

L,'  called  0  radians.     Also  let  u  hvcothe 

ingular  velocity  in  radians  per  second.    Th«-n  by  definition  \vt-  havu 

0     sir     v 


16  MECHANICS   OF  FLUIDS 

We  may  also  note  that  the  linear  velocity  at  P  has  the  direction 
of  the  tangent  there  or  is  perpendicular  to  CP.  Similarly  the  linear 

velocity  at  Q  is  perpen- 
dicular   to    CQ.      Hence 
*>     when  a  point  is  describing 
u  \     a  curve  of  radius  r  with 
speed  v  its  linear  velocity 
is  changing  direction  with 
angular  velocity 

v-±-r=a),  say  .     (2) 
FIG.  6.— Angular  Velocity. 

Conversely,  if  a  linear 

velocity  v  is  changing  in  direction  only  at  angular  velocity  v-±-r=a), 
the  moving  point  describes  a  curve  of  radius 

r=v-^a) (3) 

18.  Uniform  Circular  Motion. — We  now  consider  the  compo- 
sition of  a  velocity  v  and  an  acceleration  c  constant  in  magnitude 
but  varying  in  direction  so  as  to  be  always  at  right  angles  to  v. 

The  velocity  v  at  a  certain  instant  is  denoted  by  OV  in  Fig.  7, 
and  the  acceleration  c  is  at  the  same  instant  in  the  direction  VR. 
Then  in  any  very  small  time,  t  say,  this  acceleration  will  generate 
a  velocity  ct,  as  shown  by  VR  in  the  figure.  Thus, 
these  two  velocities,  v  and  ct  or  OV  and  VR,  com- 
pound  to  give  the  resultant  OR.  But  since  the 
acceleration  was  to  be  always  perpendicular  to  the 
velocity,  the  time  t  must  be  taken  so  small  that  the 
angle  VOR=0  is  very  small.  Hence  (i)  OR=OV 
nearly,  i.e.  the  velocity  v  is  unchanged  in  magnitude ; 
and  (ii)  tan  6=6  nearly.  Thus  we  may  write 

ct      6     c 
0=-or-=-=o>say      ....     (4) 

where  o>  is  the  angular  velocity  of  the  direction  of  the 
linear  velocity. 

Hence  the  velocity  v  changes  its  direction  at  the 
constant  angular  velocity  given  in  (4).     Therefore,  the 
moving  point  describes  a  circle  whose  radius  r  is  found    FIG.  7. — Cir- 
from  (3)  and  (4)  to  be  cular  Motion. 

c      v2 

r=v-±--=— (5) 

v       c 

Or,  if  a  point  moving  with  velocity  v  is  to  be  made  to  describe 
a  circle  of  radius  r  it  needs,  compounding  with  that  velocity,  a 
perpendicular  acceleration  c  of  magnitude 
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It  is  seen  that  Figs.  6  and  7  correspond;  the  first  shows  the  actual 
>f  the  moving  point  described  with  velocity  v.     Fig.  7  shows 
v  a  portion  of  what  is  called  the  hectograph.    This  portion  corre- 
sponds to  PQ  on  the  actual  path.     It  is  seen  that  the  hodograph 
is  described  at  a  rate  corresponding  to  the  acceleration  of  the  actual 
moving  point.     Also  that  the  radii  OV,  OR  from  the  pole  O  repre- 
sent in  magnitude  and  direction  the  velocities  in  the  path.     And 

is  the  method  of  construction  for  any  hodograph. 
By  using  (4)  in  (5)  and  (6)  we  obtain  the  alternative  expressions 


r=  — ;  and  c=o>V   . 
o>2 


(7) 


VIIPLES   VI  L 

1.  While  a  boat  is  steaming  due  north  at  12  miles  an  hour  a  pas- 
hurries  across  the  deck  at  5  miles  an  hour.    What  is  his  speed  relative  to 
laid? 

2.  A  boat  sails  north-east  at  the  speed  of  10  knots.1  and  its  vane  niak 

w  nd  appear  to  come  from  due  east ;  bu  •  t  om  boats  in  the  haiU.ur 

"iat  the  wind  is  really  from  thcsouth-tM.it.    \\hatis  the  real  speed  of  the  wind 
d  its  apparent  speed  to  those  on  the  boa 

I  shut  fired  due  south  strikes  a  railway  truck  which  is  proceeding  due 
st  at  20  miles  an  hour.     The  truck  is  6  feet  wide  and  t 
j  opposite  sides  are  one  in  advance  of  the  other  by  exactly  an  inch.     \\  hat 
s  the  speed  of  the  shot  in  feet  per  second  ? 

:om  an  aeroplane  at  a  height  of  1000  proceeding  hori- 

itally  at  80  miles  per  hour,  a  bomb  is  let  speed 

th  which  it  strikes  the  ground  (take  £=32  ft./sec.*). 

5.  A  shaft  runs  at  80 revolutions  per  minute:  what  is  its  angular  velocity 
:is  per  second,  and  what  is  the  linear  velocity  of  the  rim  of  a  \ 

L  meter  fast  on  the  shaft  ? 

'hat  are  the  angular  vel  >  •  «•  and  seconds  1 

ch  in  radians  per  second  ?     What  is  the  linear  speed  of  the  tip  <>t  t  In- 
hand  of  the  clock  on  the  Houses  of  Parliament,  taking  its 
feet  ? 

7.  An  emery  wheel  a  foot  diameter  makes  a  thousand  i  <  per 

What  is  the  acceleration  of  its  periphery  ? 

8.  A  train  at  30  miles  an  hour  takes  a  curve  of  radius  968  feet.   \\ 
acceleration  at  right  angles  to  the  rails  ? 

1  A  knot  is  a  unit  of  speed,  being  I  nautical  mile  (or  6080  feet)  per  hour. 


CHAPTER  III 

KINETICS 

19.  Physical  Basis. — To  change  from  kinematics  to  kinetics  we 
need  the  introduction  of  mass  and  force.  For  kinematics  considers 
motions  purely  or  in  the  abstract  without  regard  to  any  actual  body 
moving  or  the  details  of  the  conditions  under  which  those  motions 
might  occur. 

The  principles  of  kinetics  were  enunciated  in  Latin  by  Newton 
in  his  celebrated  definitions  and  laws  of  motion.  The  latter  may  be 
translated  as  follows. 

"  Newton's  Laws  of  Motion. — LAW  I. — Every  body  perseveres  in 
its  state  of  rest,  or  of  uniform  motion  in  a  straight  line,  except  in  so 
far  as  it  is  compelled  to  change  that  state  by  forces  impressed  on  it. 

"  LAW  II. — Change  of  motion  is  proportional  to  the  moving  force 
impressed,  and  takes  place  in  the  straight  line  in  which  that  force  is 
impressed. 

"  LAW  III. — An  action  is  always  opposed  by  an  equal  reaction  ;  or, 
the  mutual  actions  of  two  bodies  are  always  equal  and  act  in  opposite 
directions." 

The  wording  of  these  laws  and  the  accompanying  definitions 
have  been  much  criticised  of  late  years.  To  a  smaller  extent  their 
substance  also  has  been  disputed.  Considerations  of  space,  however, 
preclude  any  detailed  discussion  of  the  subject  here.  Perhaps  the 
chief  difference  between  the  Newtonian  and  the  modern  views  lies 
in  the  definition  of  mass.  At  the  outset  Newton  had  stated  :— 

"  DEFINITION  I. — Quantity  of  matter  is  the  measure  of  it  arising 
from  its  density  and  bulk  conjointly." 

"  This  quantity  of  matter  is  sometimes  called  the  body  or  mass." 

To  this  it  has  been  objected  that  density  should  not  have  been 
used  in  defining  mass,  since  it  is  itself  defined  as  the  quotient  of 
mass  and  volume. 

The  present  view  about  mass  supposes  particles  to  act  upon 
each  other  (by  attraction,  repulsion,  collision  or  any  kind  of  spring 
connection)  and  so  produce  in  each  other  mutual  accelerations. 
Then  the  definition  based  upon  this  interaction  may  be  stated  as 
follows. 

Modern  Definition  of  Mass. — The  masses  of  particles  are  positive 
constants,  inversely  as  their  mutual  accelerations. 
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This  may  be  put  in  symbols  thus — 


where  the  m's  denote  the  masses  and  the  a's  their  mutual  accelera- 
tions. 

The  next  important  difference  between  the  classic  and  the  modern 
ference  to  force.  Newton  may  be  said  to  have  given 
a  preliminary  negative  conception  of  force  in  his  first  law.  He 
then  offered  a  method  of  measuring  force  in  his  second  law.  But, 
if  the  definition  of  mass  is  unsound,  anything  based  upon  it  may  be 
unsound  also. 

The  more  recent  view  as  to  force  may  be  expressed  as  follows. 

Modern  Definition  of  Force.— Force  is  the  product  muss  into 
acceleration,  and  has  the  direction  of  the  acceleration, 

Or,  in  symbols, 

F=  ma (N) 

uhere  F  is  the  force,  m  the  mass,  and  a  the  acceleration. 

••  detinit  based  upon  an  acknowledged  law  of  nature, 

Ihich  may  be  put  th  . 
Modern  Law  of  Motion.     A               >ns  occur  only  in  opposite  pairs, 
hose  ratios  are  constant  for  given  particles. 
rnbols — 
(L) 
the  a's   refer  to  the   mutual                     :is  of   in 
irti< 

On  comparing  these  three  mod  jiiivalmt 

inb«-  os  in  (L),  (M),  and  (N),  with  Newton's  laws  of 

and  his  di-linitinn  <»f  ma-s.  it  will  be  seen  that  tin-  IUAV  and 
•old.n\--:  -;ime  ground.     F«''  'i(M)ivj 

wti.n's    Law   III.  and    Definition   I.,  and  (N)  replaces    I  I. 

•  T,  a  matter  of  controversy  as  to  win  tin  r  tln« 
arrun  the  \\ ! .  e.     I  -"tli 

to  give  place  to  something  as  yet  unfonnulati -d.      1  he 
•rdingly  choox-  whi«  h  In-  >liall  ad«>pt.      '1  h«-  matt.-r 
l«-ni;th    in    tin-   author's   .!  mcs, 

ip.  .\  loOj   K»I  D.  to  whi.-h  tho-  •  d. 

rhe  student   must  specially  seize  the  following  fundamental 
ints : — 

very  body  may  be  assigned  a  positive  constant  which 

id  mess. 

(-')  When  the  body  of  a  mass  »  acceleration  a,  the  force  F 

1  .a  the  same  time — 

M  m'  ha^  ifl  i-  h  that 

j'=_ ma,  or  F'=— F. 
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20.  Momentum  and  Impulse.  —  On  multiplying  the  kinematical 
equations  for  a  point's  motion  by  the  mass  m  of  a  particle  we 
transform  it  into  a  kinetical    equation   for  the  motion    of    this 
particle. 

Thus,  take  first  equation  (i)  from  Art.  13,  and  write  it  in  the 
form 

v—u=at       ......     (i) 

Then,  multiplying  throughout  by  m,  we  obtain 

mv—mu=mat='Ft     .....     (2) 

the  expression  on  the  extreme  right  following  from  the  definition 
of  force  (N)  in  Art.  19. 

But,  just  as  it  is  convenient  to  have  the  name  force  and  the 
symbol  F  for  the  product  ma,  so  it  is  convenient  to  have  names  and 
symbols  for  the  products  mv  and  Ft.  The  names  are  respectively 
momentum  and  impulse,  which  we  here  denote  by  P  and  Q  respec- 
tively. Thus  (2)  may  be  abbreviated  to 

P-Po=Q    .......     (3) 

where  P0=  mu  is  the  initial  momentum. 

It  will  thus  be  seen  that  momentum  and  impulse  are  of  the  same 
nature,  but  the  former  term  is  used  when  we  are  thinking  of  the 
product  mass  and  velocity  actually  possessed  at  any  instant,  the 
latter  when  we  are  thinking  of  the  product  force  and  time  during 
which  it  acts.  Further,  this  product  called  impulse  is  the  addition 
to  the  momentum  during  the  time  in  question. 

21.  Energy  and  Work.  —  We  may  now  take  equation  (3)  of  Art.  13, 
write  it  in  the  form 

%v2  —  %u*=as.     .  '  .     .     .     .     (4) 
and  then  multiply  by  m.    We  thus  obtain 

Fs        ....     (5) 


But  here  again  we  have  new  products  for  which  names  and 
symbols  are  desirable.  The  product  %mvz  is  called  the  kinetic 
energy  of  the  particle  of  mass  m  at  speed  v,  and  will  be  denoted  by 
T.  The  product  Fs  is  called  the  work  done  by  the  force  F  in  the 
displacement  s  and  will  be  denoted  by  W.  Thus,  using  T0  for  the 
initial  value  of  T,  (5)  becomes 

T-T0=W  .......     (6) 

an  equation  analogous  to  (3)  of  Art.  20. 

Thus  work  and  energy  are  of  the  same  nature  ;  but  T  and  T0 
denote  the  energies  possessed  at  particular  speeds  and  express 
them  in  terms  of  those  speeds  and  the  mass,  whereas  W  denotes  the 
difference  of  the  energies  and  expresses  that  difference  in  terms  of 
the  force  F  and  the  displacement  s. 
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may  sum  up  equations  (3)  and  (6)  by  the  statements— 
(i)  Cliange  of  momentum  equals  impulse; 

Change  of  kinetic  energy  equals  work. 

Having  regard  to  the  meanings  of  impulse  and  work,  we  can 
cirri ve  from  the  foregoing  the  following  statements,  viz. — 

(3)  Force  is  the  time-rate,  of  change  of  momentum  ; 

(4)  Force  is  the  space-rate  of  change  of  kinetic  energy. 
se  last  might  be  put  in  equations  thus — 

P-Po 

F=— — (7) 

F=^°  .     (8) 


VMPLES   VIII. 

tws  of  motion  and  explain  tli 

2.  State  Newton's  definition  of   mass  and   also  its  modern   substitute. 
Which  seems  to  you  prcfcrat! 

3.  G:  vords  a  modern  law  of  motion  and  definitions  ot 
and  force.     Illustrate  by  some  concrete  example  the  modern  law  of  motion. 

x plain  what  is   meant  by  momentum  and  in  \v  that  thr 

di  n»  ic  same.      1  •••rinatmn  ot  01 

qi  antitks  into  the  other  by  some  simple  experiment  that  any  one  could 
c-  rry 

:om  a  kinomatical  equation  derive  another  involving  impulse  and 
jr  imcntiim. 

6.  H-.  of  mass  into  a  well-known  1.  1  «<]uati<>n 

si  >w  that  work  equals  the  increase  of  kinttic  energy. 

i  two  other  ways  in\  oh  in L; 
r    pcctivcly  momentum  and  kinetic  energy. 

Kinetical  Units.     \\V  must  now  consider  tin-  units  in  which 
t   e  quantities   ju-t    dealt    with  may  be  •  '1.     Now 

n  ass  is  the  only  nev.  -:i«-nt,il  quantitv  \vhi«  I.  BO  intn>- 

d  iced,  the  others  being  all   -  :n>m    it   by  taking   pr««h. 

I-  jnce  weonly  need  one  new  fuud.inirutal  unit,  that  for  mass  ;  th«- 
o  her  units  will  then  be  derived  from  it  on  the  prinriplr-  i.f 
A  t.  5.  and  in  accordance  with  the  relations  developed  in  Arts.  20 
a  d  21. 

4  mass  that  wv  an-  <  hirfly  concerned  with  are  tli.- 
p  und  avoirdupois  and  the  gram.  The  former,  used  in  conjunction 
\s  -h  ti  -nd  second,  L  (or  f.p.s.)  system  of 

u  ;th  the  •  id  second,  gives  the  inter- 

n  tional  (or  c.g.s.,  iits. 

force  in  the  c.g.s.  system  is  rail* -d  the  dyne  and 
f«  lows  from  the  gram  by  the  equation  F=ma.  In  the  British 
S}  stem,  if  we  adhere  to  the  same  definition  of  force,  the  unit  of  force 
is  called  a  pound  about  half  an  ounce  weight.  For,  a  force 

e<  ual  to  th-  of  a  pound  gives  to  .und  tin- 

ac  deration  g  (=  32-2  ft.  per  sec.  per  sec.  nearly),  hence  this  force  must 
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be  called  g  poundals  ;  therefore  one  poundal,  corresponding  to  unit 
acceleration,  is  the  weight  of  a  pound  +g=  \  oz.  wt.  nearly. 

In  the  engineers'  system  of  British  units  the  pound,  weight,  or 
weight  of  one  pound,  in  London,  is  taken  as  the  unit  force.  The 
unit  mass  then  becomes  the  slug  of  g  Ibs.,  if  the  relation  F—  ma  is 
retained  ;  or  if  the  unit  of  mass  is  still  the  pound  avoirdupois  the 
relation  F=  W#/g  is  then  used  for  force,  in  which  W  is  the  weight  of 
a  body  in  pounds  weight,  and  a  the  acceleration  it  experiences  under 
the  action  of  the  force  F. 

It  is  well  to  note  that  the  very  fundamental  relation 


holds  good  for  any  of  these  systems  ;  F  and  W  being  in  any 
the  same  units  of  force,  a  and  g  being  in  any  the  same  units  of 
acceleration. 

For  equation  (i)  agrees  with  that  given  in  the  text  just  above 
for  the  British  engineer's  system  ;  and  for  the  f.p.s.  or  c.g.s. 
systems,  W=  mg,  so  (i)  becomes  F=  ma. 

The  c.g.s.  unit  of  energy  or  work  is  the  erg  and  corresponds  to  one 
gram  at  a  speed  of  one  cm.  per  sec.,  or  one  dyne  exerted  through 
a  centimetre. 

The  British  units  of  energy  and  work  are  the  foot-poundal  and  the 
foot-pound  weight  (usually  called  the  foot-pound),  corresponding  to 
the  two  units  of  force  previously  noted. 

The  units  of  momentum  and  impulse  in  any  system  are  the 
products  of  unit  mass  and  unit  velocity  or  of  unit  force  and  unit 
time  in  each  such  system.  These  units  have  not  yet  received  any 
generally  accepted  names. 

The  foregoing  relations  are  collected  in  Table  II.  with  additional 
information  as  to  the  relative  sizes  of  the  British  and  c.g.s.  units. 


EXAMPLES  IX. 

1.  Give  the  British  unit  of  mass  and,  by  using  the  relation  F=  ma,  derive 
the  corresponding  unit  of  force,  showing  that  it  is  rather  less  than  half  an 
ounce  weight. 

2.  If  the  weight  of  one  pound  avoirdupois  is  taken  as  the  unit  of  force, 
what  must  be  the  unit  of  mass  if  we  adhere  to  F=  ma  ? 

3.  Suppose  we  take  the  pound  as  the  unit  of  mass  and  its  weight  as  the 
unit  of  force,  what  is  then  the  relation  between  force  F  acting  on  a  body,  its 
weight  W  and  its  acceleration  a  ?     Illustrate  your  answer  by  some  numerical 
case. 

4.  Write  a  simple  relation  between  force,  weight,  and  acceleration  which 
holds  for  any  system  of  units.     Use  it  to  find  the  acceleration  of  i  Ib.  which 
in  descending  vertically  drags  3  Ibs.  along  a  smooth  horizontal  plane  by 
a  connecting  cord  which  passes  over  a  pulley. 

5.  A  force  of  1050  dynes  acts  upon  a  mass  of  300  grams :  find  the  accelera- 
tion which  occurs. 
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23.  Conservation  of  Energy.  —  Let  a  particle  of  mass  m  be  pro- 
jected from  a  point  P  (see  Fig.  8)  near  the  earth's  surface  with  an 

inclined   velocity    U 

V  \~^**\  whose      components 

are  u  and  w  verti- 
cally and  horizon- 
tally. Thus,  its  ver- 
tical acceleration  is 
—  g  and  its  horizontal 
acceleration  is  zero. 
After  time  t  let  the 
particle  be  at  Q  at 
a  level  s  higher  than 
P.  Then,  we  still 


FIG.  8.  —  Conservation  of  Energy. 

horizontal  component  of  velocity  =  w  .     .     .    (i) 
Also,  the  vertical  component  of  the  velocity  is  given  by 

v=u—gt       ......     (2) 

Again,  for  the  height  risen,  we  have 

s=ut-lgt*      ......    (3) 

Consider  now  the  kinetic  energy  of  the  particle.     Initially  it  was 
T0=iwU2  =  iw(w2+z£;2)       ....    (4) 
After  time  t,  it  is  given  by 

T=Jw(t;2+!£>2)    ......     (5) 

Hence,  the  loss  of  kinetic  energy  during  time  t  while  the  particle 
passes  from  P  to  Q,  is 

T0—  T=±m(u2—  v2)  =  %m(2gs)=mgs    ...     (6) 


and  equals  the  work  done  against    gravity,  being  the  product  of 
weight  mg  and  height  s. 

But  though  the  particle  has  lost  kinetic  energy  it  has  obtained 
an  equivalent  advantage  of  position.  For,  by  falling  through  the 
height  in  question,  it  could  regain  its  original  kinetic  energy,  as 
may  be  found  by  the  ordinary  equations  of  uniform  acceleration. 
And  the  loss  of  kinetic  energy  depends  only  on  the  three  factors  at 
the  right  in  (6),  hence  for  the  given  body  a  value  could  be  assigned 
for  each  level  expressing  its  advantage  of  position  there.  The 
quantity  thus  expressed  is  called  the  potential  energy  of  the  body, 
and  will  be  denoted  by  V.  Since,  as  kinetic  energy  diminishes 
potential  energy  increases  by  an  equal  amount,  their  sum  will 
remain  constant.  The  present  case  is  a  simple  example  of  the 
principle  of  the  conservation  of  energy. 
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The  matter  may  be  put  in  equations  as  follows  : — 

V-V0=mgs=T0-T (7) 

T  +V= TO  +V0=  constant      ...     (8) 

Or  in  words  thus :  The  total  energy  of  a  system  remains  constant 
pite  of  any  transformations  due  to  tin-  interaction  of  its  parts, 

provided  that  the  system  neither  receives  energy  from  nor  gives 

energy  to  any  other  system  outside  itself. 

It  may  be  seen  that  only  the  law  of  change  of  potential  en 

with  height  is  hereby  settled,  the  absolute  value  assigned  in  a  given 
tion  being  arbitrary  and  usually  chosen  for  convenience.  For 
:nple,  the  potential  energy  of  a  projected  particle  maybe  called 

zero  on  the  earth's  surface,  that  of  the  bob  of  a  pendulum  may  be 

called  zero  at  the  lowest  point  of  its  course,  etc.,  etc. 

The  student  should  carefully  notice  that  in  (6)  and  (7)  if  the  mass 

is  in  Ibs.  the  kinetic  energies  are  in  foot-poundals. 

Activity:    Horse-Power.-  ••  of   doing  work   of   any 

ngine  or  machine  is  called  its  activity.     It  may  be  measured 

by  ergs  per  second,  or  foot-pounds  per  second.  <  ;<  .     it  is,  however, 

\ery  frequently  measured  by  the  somewhat  arbitrary  unit  railed 

?    horse-power,  which  is  550  ft. -Ibs.   weight  per  second,  or  33,000 

f  .-Ibs.  per  minute. 

Many  of  the  sta  e  horse-power  of  motor  ca 

(  /cles  are  mi  unless  it  be  remembered  that  the  engine  can 

<  aly  develop  the  full  power  named  at  a  certain  faiilv  hii;h  sp< « <1 
hus  when  most  is  wanted  of  it,  say,  in  starting  uphill   li<>n 

i   may  only  be  capable  of  a  very  small  fraction  of  the  nominal  value. 
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I.  A  p<  ndulum  bob  is  onciiK  than  at  the 

lid-  .it  speed  ^  ill  .'     Calculate  also  tli 

'  lergy  of  the  bob  at  its  lowest  point  if  its  mass  is  3  Ibs. 

ly  what  you  understand  by  the  conservation  of  energy. 

v  clock  ? 

ih.body  gain  in  falling  from  the  to; 

t  wer  300  ft.  hi^h  r     ii  foot  into 

a  force  of  a  ton  weight  ? 

4.  A  i  an  ascends  a  3000- ft  i;  >  hours  and  two 
r.  inutcs:  at  what  mean  horse-power  d                  k  ? 

5.  If  in  the  ascent  of  the  previous  question  part  of  the  route  was  downhill, 
s    that  a  gross  rise  of  3600  ft.  occurs,  and  was  made  in  an  hour  and  t 

•ers.  what  was  the  mean  horse-power  during  the  ascending  part  of  the 
r  ute  ? 

. :' a  motor  i  •  liing  200  Ibs.  carries  a  rider  of  1 80  Ibs.  up  a  gr. 

o    I  in  12  at  25  miles  ai  -»rse-power  is  it  extr  •  fiom  its 

o  m  friction  and  the-  road  am!  <  8  ? 

7.  V-  •   horse-power  o :  ill  iooft.  hijili  • 

'     '!•  :.  ity  62$  Ibs.  per  «  at  i  mile  an  hour  o        •         :m<  1 

v  hose  width  is  100  yds.  ai 
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STATICS 

25.  Forces  at  a  Point. — It  was  shown  in  Arts.  7  and  8  that  two 
displacements  applied  to  a  given  point  could  be  compounded  by 
the  parallelogram  law  or  method.  But  we  pass  from  displacements 
to  velocities  by  dividing  by  time,  then  from  velocities  to  accelerations 
by  a  second  time  division,  and  finally  from  accelerations  to  forces 
on  multiplying  by  mass.  Hence  the  construction  that  was  estab- 
lished for  the  composition  of  displacements  must  be  valid  for  that 
of  forces  also. 

Thus  let  forces  P  and  Q  be  applied  to  a  point  O,  as  represented 
in  Fig.  9,  by  OP  and  OQ  at  an  angle  a. 

Complete  the  parallelogram 
on  OP  and  OQ,  and  draw  from 
O  the  diagonal  OR.  Then 
this  diagonal  represents  in 
magnitude  and  direction  the 
resultant  force  obtained  by 
compounding  the  two  com- 
ponent forces  given. 

Let  us  now  obtain  analyti- 
cally the  magnitude  R  of  this 
FIG.  9. — Composition  of  Forces.          resultant  and  its  direction,  as 

specified  by  the  angle  9  which 

it  makes  with  OP.     If  necessary  produce  OP  and  let  fall  upon  it 
from  R  the  perpendicular  RN. 
Then  we  have  from  the  figure, 

OR2=(OP+PN)2+NR2 

=  OP2+  2  .  OP  .  PN+  PN2-f  NR2 
=  OP2  +  2  .  OP  .  PR  cos  a+  PR2 

or,  using  the  single  letters  throughout  for  the  components  and 
resultant, 

R2=P2+Q2+2PQcosa    .      .      .      .     (i) 

NR 

Again,  tan  6  =  Op+pN 

0  sin  a 

or  tan  0=  ^-^ (2) 

P  +  Qcosa 
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Let  it  now  be  requii-  «l\v  the  force  R  along  given  direc- 

tions specified  by  the  angles  a  and  0  as  shown  in  the  figure.     We 
then  use  for  the  triangle  OPR  the  property  that  any  side 
divided  by  the  sine  of  the  opposite  angle  gives  the  same  quotient. 
This  t; 

R 


MII  (a-0)       sin  0      sin  a 

from  which  I*  and  Q  are  calculable. 

In  the  last  quotient  sin  a  is  written   for  simplicity  instead  of 
sin  (90°  —  a),  as  the  values  are  the  same. 

Obviously  if  the  angles  a  and  6  had  not  been  specified  there 
would  have  been  an  infinite  number  of  ways  of  resolving  the  given 
force  into  two  others.  When,  without  further  explanation,  the 
component  of  a  force  along  a  particular  direction  js  >pnken 
is  understood  that  the  two  components  are  taken  at  ri^ht  angles. 
Thus  if  the  northerly  rump  a  wind  1  to.  it  \\oiild 

\>e  on  the  MippoMtinn  that  the  other  component  was  along  the  east 
;  nd  we>t  line. 


\MPLES    XI 

ic  resultant  obtained  by  compound 
nta  Pand  Q  in  the  angle  a  for  the  values  gi\ 

:s  i  to  4. 

I  Q. 

1.  30  dynes.  20  dynes  <><>° 

2.  40  Ibs  40  Ibs.  wt.  120° 

3.  60  tons  wt.  25  tons  wt.  45° 

4.  50  oz.  60  oz.  wt.  30° 

In  numbers  5  to  8  del  -components  P  and  Q  into  which  the 

K  may  be  resolved  along  directions  as  there  specified. 

R.  a  (between  P  and  Q)  0  (between  R  and  P) 

90*  30° 

6.  85  dynes  60°  30° 

7.  20  poundals  W  25° 

8.  50  oz  120*  60° 

a    If  forces  of  70  and  30  Ibs.  wt.  give  a  resultant  of  80  Ibs.  wt.,  at  what 
.  ogle  are  they  inclined  ? 

10.  I  jo  and  30  dynes  act  Qyonapfti 

;  i  *w  on  a  diagram  the  magnitude  a  inch  will 

1  ttance  th 

11.  l    •  iM;  !i  t! .-•  i   Ittions  bet^-i  ^ultant  and  its  inclined  com- 
]  onents  acting  on  a  given  po: 

26.  Parallel  Forces.     Suppose  now  tl  •   parallel 

i  Drees  )  appli.d  at  ,  and  B  in  a  rigid  body,  and  an- 

i  -quired  to  tind  tl.  Mil     Tl 

;  nd  BQ  in  Fig.  10.     Now,  rigid,  we  may  without 
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changing  the  resultant  apply  two  opposite  but  equal  forces,  AF 
and  BG. 

But  these  compounded  with  P  and  Q  give  respectively  P'  and 
Q',  which  produced  back  meet  in  O.  They  may  then  be  resolved 
into  forces  parallel  to  the  original  ones. 

Thus  from  P  and  F  we  have  a  force  P  along  OCR  and  OF'  as 
shown  ;  and  from  Q  and  G  we  have  a  force  equal  to  Q  along  OCR 
and  OG'  opposite  to  OF'  and  equal  to  it.  Thus  OF'  and  OG'  annul 


FIG.  10.  —  Parallel  Forces. 


one  another,  and  we  are  left  with  the  resultant  along  CR  equal  to 
the  sum  of  P  and  Q,  or 


The  position  of  C  may  also  be  found  from  the  geometry  of  the 
figure. 
For 


AC_AF  _ 

OC  -  P     an      OC  ~  Q 

Thus,  since  AF=  BG,  we  find 

P  .  AC  =  Q  .  CB 

Z       Q. 
~ 


The  last  quotient  in  this  series  is  obtained  by  adding  numerators 
and  denominators  in  the  first  and  second. 

The  resultant  R  may  be  supposed  as  applied  at  any  point  of 
the  body  in  the  line  OCR  parallel  to  the  forces  P  and  Q.  It  should 
be  noted  that  in  equation  (2)  the  orders  of  the  letters  indicate 


STATICS  29 

lengths  in  the  same  directions;  if  any  such  length  is  negative,  the 
length  is  in  the  opposite  direction. 

If  the  components  act  in  opposite  directions,  they  must  have 
opposite  signs,  then  the  equations  (i)  and  (2)  still  hold. 

To  picture  the  resultant  in  any  case,  as  to  position  and  direction, 
it  is  desirable  to  have  in  mind  a  set  of  three  parallel  forces  in  equi- 
librium. Then  thje  resultant  of  any  two  is  equal  but  opposite  to 
the  third  and  along  the  same  line  of  action. 

This  is  shown  in  Fig.  n.  in  which  the  three  forces  P,  Q,  S,  applied 
at  A,  B,  and  C,  are  in  equilibrium.  Then  the  resultant  of  P  and  O 


' 

FIG.  ii.— E-,  :  Forces. 

i   a  force  applied  at  C  equal  and  opposite  to  S.     Again  the  resultant 
•     P  and  S  is  a  force  ;.J  and  opposite  to  Q  as  shown 

c  rtted  by  BQ'. 

EXAMPLES  XII. 

i.  Establish  the  formulae  that  express  the  magnitude  and  position  0 
r  sultant  of  any  two  parallel  forces. 

•       _•     Draw  carefully  a  set  of  three  parallel  forces  in  etiuihl»rium  and  then 
:i  how  to  determine  very  simply  the  resultant  of  any  tu 

i  and  6  IDS.  wt  ically  downwards  at  points  18  ins. 

s  >art.     Find  the  magnitude  and  line  of  action  of  the  resultant. 

it-sand  positions  of  the  r<  of  the  parallel  forces 

s  «cified  in  numbers  4  to  7. 

At  A.  At  B  AB 

4.  10  02.  wt.  vertically  up.  40  oz.  wt.  vertically  up. 

awards.  10  Ibs.  wt.  southwards.        < 

6.  400  dynes  due  <  350  dynes  du  10  . 

;.  3  tons  vertically  down.  4  tons  vertically  down.         13  ft.  - 

8.  What  with  a  vertically  upward  force  of  . 

K  ves  a  downward  force  of  30  Ibs.  wt.  five  feet  away  ?    Also  where  do. 
t   rce  act  ? 

Moments. — Tin-  moment  of    force  about  a  point  measures 

^  or  turning  i-tk-<  t  of  the  fonx-  with  i.-spect  to  that  point. 
It  may  be  formal  1-, 
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DEFINITION. — The  moment  of  a  force  with  respect  to  a  point  is 
the  product  of  the  force  into  the  perpendicular  from  that  point  upon 
the  line  of  action  of  the  force,  and  is  reckoned  positive  when  the 
direction  of  the  force  about  the  point  is  counter-clockwise. 

THEOREM. — If  two  forces  act  at  a 
point  O,  then  the  algebraic  sum  of  their 
moments  with  respect  to  any  point  P  in 
their  plane  is  equal  to  the  moment  of 
their  resultant  about  P. 

PROOF. — In  Fig.  12  let  the  forces 
be  at  OA  and  OB  and  their  resultant 
OC.  Join  O,  A,  B,  and  C  to  the  point 
P  about  which  the  moments  are  to  be 
taken.  Then,  on  the  figure  the  moment 
of  OC  about  P  is  twice  the  area  of  the 

trianSle   O^'   and  so    for    the   other 
forces,  we  may  thus  write 

Half  moment  of  OC=  area  of  A  OCP 

=  A  OBP+  A  OCB+  A  BCP 
=  AOBP-f  AOAPi 

=  half  sum  of  moments  of  OB  and  OA. 

When  P  is  differently  placed,  the  figure  must  be  drawn  accordingly, 
and  then  the  proof  follows  in  like  manner,  though  it  may  involve 
differences  instead  of  only  sums. 

Since  parallel  forces  constitute  a  limiting  case  of  inclined  forces, 
where  the  angle  between  the  forces  vanishes,  this  theorem  applies 
to  them  also. 

It  may  be  seen  that  the  results  obtained  for  parallel  forces  is 
in  accordance  with  the  present  theorem,  which  indeed  might  have 
been  used  instead  of  the  method  of  Art.  26. 

28.  Couples. — Let  us  now  return  to  the  parallel  forces  and  suppose 
that  we  have  two  components  in  opposite  directions  but  of  equal 
magnitude.  By  equation  (i)  of  Art.  26,  the  resultant  has  zero 
magnitude ;  and  by  equation  (2)  of  the  same  article  its  point  of 
application  is  at  an  infinite  distance  away. 

Hence  such  a  pair  of  forces  cannot  be  reduced  to  a  single  equiva- 
lent force,  but  these  forces  must  themselves  be  regarded  as  a  new 
entity. 

DEFINITIONS. — A  pair  of  forces  numerically  equal  and  acting 
in  opposite  directions  along  parallel  lines  is  called  a  couple.  The 
plane  containing  these  is  the  plane  of  the  couple. 

Any  line  perpendicular  to  this  plane  may  be  regarded  as  the 
axis  of  the  couple. 

The  product,  either  force  into  their  perpendicular  distance  apart, 
is  called  the  moment  of  the  couple. 

1  Because  on  equal  base  (OA=BC)  and  between  the  same  total  parallels 
(OA  and  parallel  line  through  P)  as  the  two  triangles  replaced  by  it. 
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Suppose  a  couple  consists  of  forces  of  magnitude  P,  acting  at 
a  di>tance  p  apart.  Consider  their  moments  about  a  point  whose 
perpendicular  distance  from  the  nearer  force  — P  is  r.  The  values 
are  obviously 

-Prand  +P(p+r) 

Hence,  the  algebraic  sum  of  these  moments  is  Pp,  which  is  inde- 
pendent of  r.  Thus,  the  value  which  has  been  defined  as  the 
moment  of  the  couple  is  the  algebraic  sum  of  the  nwmcntx  of  its 
component  forces  with  respect  to  any  point  in  their  pkme.  Hence. 
the  axis  of  the  couple  (always  perpendicular  to  it^  plane)  may  be 
tak<n  as  passing  through  any  point  in  the  plane  without  altering 
thi>  moment. 

29.  Reduction  of  Coplanar  Forces. — Suppose  a  number  of 

.iiferent  points 


FIG.  13. — Reduction  of  Coplanar  Forces. 
a  rigid  body.     And  let  it  \><  :  to  tln-ir 

S    nplt^t    eqnr.  11    be   found    that    th; 

g  neral,  a  my  prescribed  point  and  a  couple,  and 

t   at  t:  -in  Kjiiiil  force  only,  but 

a  >plied  along  another  line. 

uiy  proceed  as  foli 

Let  a  f<  tnd  Y  a«  int  A  0 

c»  dinates  x,  y,  as  shown  by  A!'.  A  '.  AY  in   1  .vhrre 

C  M=  ON=<y.  '  '      potite 

f,  xces  l'»al  to  X.      I  i.i  I  will  not  alter 

t  ie  r«  ;'it.  taki;  -btain 

a  couple  in  tin-  plane  of  the  diai^i.c  iue  —X. ON,  Since  tin: 

cl.rection  ;  OH  at  t  i.     Ifcn.v  th«- 
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component  X  at  A  reduces  to  X  at  O  together  with  a  couple  of 
moment  — Xy. 

Similarly,  to  deal  with  the  component  AY,  we  introduce  at  the 
origin  the  opposite  forces  OK  and  OL  each  equal  to  Y.  And,  with 
the  original  AY,  these  give  a  force  Y  at  the  origin  together  with  a 
couple  +Y#. 

But,  as  we  have  a  number  of  forces  distributed  in  the  plane,  we 
may  distinguish  them  by  the  subscripts  i,  2,  etc.  What  we  have 
just  proved  for  our  force  will  accordingly  apply  to  all.  We  thus 
obtain  the  scheme  shown  in  Table  III.,  in  which  U,  V,  and  G 
are  used  for  the  sums  of  the  force  components  along  the  axes  and 
for  the  sum  of  the  couples  in  their  plane. 

TABLE  III. — REDUCTION  OF  COPLANAR  FORCES. 


Forces. 

Coordinates  of 
points  of  appli- 
cation. 

Force  components  transferred 
to  origin. 

Couples  in  the 
plane  of  XOY. 

OX 

OY 

P! 

#1.  y\ 

Xi 

YI 

Y1^1-X1y1 

X2 

.Y*. 

Y2^2-X2>/2 

2P 

2X=U 

,v=v 

2(Y,-Xy)  =  G 

We  may  then  further  reduce  the  forces  U  and  V  to  a  resultant 
force  of  magnitude  R  and  direction  inclined  6  to  OX,  see  Fig.  14, 
given  by 

R2=U2+V2 (I) 

and  tan  0=V-f-U (2) 

The  couple  still  remains       G=Z(Yx—Xy) (3) 

But  we  may  finally  reduce  R  and  G  to  a  force  R'  parallel  and  equal 
to  R  and  which  replaces  both  force  and  couple. 

Thus,  referring  to  Fig.  14,  which  shows  U,  V  and  their  re- 
sultant R,  let  the  couple  G  be  formed  of  forces  each  equal  to  R 
and  at  a  distance  apart,  r=G-i-R,  one  of  them  being  applied  at  O 
opposite  to  R  as  shown  by  OS,  the  other  being  O'R'.  Then  OS 
annuls  OR,  and  we  are  left  with  the  equal  force  O'R'  parallel  to  OR, 
but  transferred  from  OR  by  the  perpendicular  distance 


(4) 


Equations  (i)  and  (4)  accordingly  express  the  results  obtained 
in  the  preliminary  and  final  reductions  of  any  set  of  coplanar  forces 
acting  on  a  rigid  body.  Of  course,  if  either  R  or  G  vanish,  no  further 
reduction  is  possible. 
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30.  Equilibrium  of  Rigid  Body  under  Coplanar  Forces.— Since 
force  is  the  product  of  mass  and  acceleration,  if  any  acceleration 
is  to  be  zero,  the  corresponding  force  must  be  zero  also.  Hence, 


FIG.  14. — Reduction  of  Force  and  Couple. 

foi   the  condition  of  fquilihrium  of  a  rigid  body  under  coplanar 
foi  :es,  we  have 

•      •       (5) 
(7) 


I    -V=G=o 


EXAMPLES  XIII 

.  Define  the  moment  of  a  force  about  a  given  point  and  show  that  th< 
•ments  of  two  forces  about  any  point  equal    that  <>t 
th        n-MiItant  about  the  same  point. 

.  Define  a  couple  and  si  the  algebraic  sum  of  the  mom 

for.    s  about  any  point  in  its  plan*  i ,  the  same. 

•  .  Explain  « -a:- -tullv  with  •li.igrams,  tabl<  «  th,-  in.  t hod  of 

torccs  to  a  single  force  acting  at  a  nt  .m«l  a 

sinj.  e  con, 

.     H  he  reduct  is  example  be  carried  a  stage 

furt    •  r  ?     \V1.  lo  ? 

Deduce  the  following  system  of  coplanar  forces  to  R  and  G  : — 


Cornp- 


dynes.  dynes. 


Coordinates. 

x  y 

cm. 

i  2 

5  8 

4  0 

7  3 
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6.  A  square  ABCD  of  8  ft.  side  has  forces  of  2,  3,  4,  5,  and  6  Ibs.  wt.  acting 
along  the  sides  AB,  BC,  CD,  DA  and  the  diagonal  AC  respectively.     Find  the 
couple  and  the  resultant  at  A  and  its  angle  with  AB. 

7.  Along  the  sides  AB,  BC,  and  CA  of  an  equilateral  triangle  of  side  6  ft. 
forces  of  3,  6  and  8  Ibs.  wt.  act,  also  a  force  of  9  Ibs.  wt.  along  the  median  AD. 
Reduce  this  system  to  a  single  force,  stating  its  magnitude,  angle  with  AB, 
and  the  shortest  distance  from  A  to  its  line  of  action. 

8.  A  figure  ABCDE  consists  of  a  square  ABCE  of  4  ft.  side  and  an 
equilateral  triangle  ECD.     Forces  act  as  follows:  4  Ibs.  wt.  along  AB,  2  along 
CE,  5  along  AC,  6  along  BE,  and  7*72  along  AD.  Reduce  the  system  to  a  force 
at  A  and  a  couple. 

9.  Along  each  side  of  a  regular  hexagon  forces  of  3  Ibs.  wt.  act  all  counter 
clockwise,  along  the  sides  of  the  triangle  whose  corners  are  the  alternate 
corners  of  the  hexagon,  forces  of  2  Ibs.  wt.  act  all  clockwise.     Reduce  the 
system  as  far  as  possible,  given  that  the  side  of  the  hexagon  is  4  ft. 

31.  Density  and  Specific  Gravity.  —  The  density  d  of  any  substance 
is  the  quotient,  mass  M  of  a  portion  of  it  divided  by  its 
volume  V.  The  reciprocal  of  density,  volume  per  unit  mass,  is 
called  specific  volume,  and  may  be  denoted  by  v.  The  specific  gravity 
s  of  a  substance  is  the  ratio  weight  of  a  portion  0f  it  to  the  weight 
of  the  same  volume  of  the  standard  substance.  For  solids  and 
liquids  the  standard  substance  is  water  at  4°  C.  For  gases,  hydrogen 
at  the  standard  temperature  and  pressure  may  be  used  as  the 
standard  substance.  These  statements  may  be  put  compactly  in 
symbols  as  follows  :  — 

M         V         w 


It  is  thus  seen  that  the  specific  gravity  of  any  substance  is  the 
ratio  of  the  density  of  that  substance  (in  any  units)  to  the  density 
of  the  standard  substance  (in  the  same  units). 

Whatever  units  are  in  use  the  specific  gravity  of  a  given  substance 
referred  to  a  given  standard  substance  is  represented  by  the  same 
number  ;  for  specific  gravity  is  a  pure  ratio  of  like  quantities  and 
is  therefore  of  zero  dimensions,  i.e.  it  is  independent  of  the  units 
of  length,  time,  and  mass  in  use.  Density,  on  the  other  hand,  is 
of  the  nature  mass  divided  by  volume,  or  of  dimensions  plus  one 
in  mass  and  minus  three  in  length.  Hence,  the  number  expressing 
the  density  of  a  given  substance  varies  with  the  units  of  length 
and  mass  in  use,  and  the  measure  of  a  density  is  incomplete  unless 
the  units  are  stated,  as  well  as  the  number.  Thus,  the  specific 
gravity  of  water  at  4°  C.  is  unity  simply,  but  its  density  is  I  gm. 
per  c.c.,  62*3  Ibs.  per  cubic  foot,  and  0*03606  lb.  per  cubic  inch. 

The  term  specific  weight  is  sometimes  used  for  weight  per  unit 
volume. 

One  of  the  simplest  methods  of  finding  the  density  of  a  liquid 
is  to  weigh  the  quantity  of  liquid  required  to  fill  a  specific  gravity 
bottle  and  then  weigh  the  water  required  to  fill  it.  The  quotient  of 
the  first  weight  by  the  second  gives  the  density  sought. 
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EXAMPLES  XIV. 

1.  Define  density,  specific  volume  and  specific  gravity.    Given  that  a  cubic 
toot  of  water  weighs  62*3  Ibs.  and  that  tofl  specific  gravity  of  a  specimen  of 
wrought  iron  is  7*77,  what  is  its  density  in  Ib.-inch  units  ? 

2.  A  given  kind  of  timber  has  a  specific  gravity  of  one-half:  what  space 
will  it  occupy  per  ton  ? 

3.  The  specific  gravity  of  sea  water  being  1*025  at  a  certain  temperature, 
fin  1  the  mass  of  it  required  to  raise  by  10  ft.  the  level  in  a  rectangular  lock 
400  ft.  by  50  ft. 

4.  A  bottle  weighs  40-38  gins,  empty,  then  8r88  gms.  when  full  of  spirit, 
and  finally  90*38  gms.  when  filled  with  pure  distilled  water,     \\hat  is  the 

.  of  the  spirit  ? 

5.  A  rectangular  block  weighs  8  Ibs.  6  oz.  and  measures  6  ins.  by  4  ins. 

it  is  its  density  in  Ib.-inch  units  ? 

32.  Centres  of  Gravity  and  of  Mass.  —  The  centre  of  mass  of  a 
numbtT  of  particles  of  masses  mlt  m2,  nt3,  etc^,  at  point  -;  (v,.  _\-1), 
.,  has  co-ordinates  given  by  *  ami  v,  \\  hnv 

Smx  Smv 

(i) 


Tlii-  -tatement  may  !»«•  takrn  as  a  dt-liniti.ui  or  its  naturalness 
ai  -I  -impli-  ity  inav  IxJ  traced  out  tin:  unit 

miss,  the  cr;  nassisol  point  of  bisection  of  thdi 

](  \\\\\^  lim  -.     Ht-nce,  in  that  case,  we  should  have 


Then,  extending  to  n  \  h«»ul<l  1'nnl  n 


leof  tli«  -••  unit   ]  i  .  tlu- 

al  >Vf  :    ;;/,.   unit 

p.  -tides,  o                        •  ,.  the 

Cc  Tesj                  term  in  th«-  nui.  , .  ;in<l  I ; 

tli  fdciuMi,-  Mud  I'm  tii.-. ..  ordinatea 

A,      '  "I    tll< 


And  these,  when  abbreviated,  form  the  equations  (i)  with  \\hieh 
we  b< 

It  tin-  <  o-ordinatcs  of  point^  \\itli  respect  to  the  c<-nti< 
ar<  called  a  ami  l>. 

x=x+a  and  y=y+b  ......     (a) 
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And  accordingly 

2mx=x Em  -\-2ma  and  2my  =  y2m  -\-2mb 
But,  using  these  values  in  the  right  sides  of  (i),  we  find 

Q=Sma  and  Q=Zmb (3) 

as,  of  course,  must  be  the  case  in  accordance  with  the  principles 
of  (i).  But  equations  (3)  may  be  borne  in  mind  as  a  convenient 
alternative  expression  instead  of  (i).  Thus,  if  (i)  is  regarded  as 
the  definition  of  centre  of  mass,  (3)  may  be  taken  as  a  result  or 
property.  If,  on  the  other  hand,  (3)  be  taken  as  the  definition  of 
centre  of  mass,  then  (i)  expresses  the  working  rule  for  finding  its 
position. 

If  we  now  pass  from  the  masses  of  the  particles  to  their  weights, 
we  may  usually  regard  these  weights  as  parallel  forces  proportional 
to  those  masses.  It  accordingly  follows,  from  equations  (i)  and  (2) 
of  Art.  26,  that  the  point  through  which  the  resultant  of  these 
parallel  forces  always  passes  is  identical  with  their  centre  of  mass. 
And  this  central  point  of  these  weights  is  called  the  centre  of  gravity. 
But,  if  our  body  is  so  large  in  comparison  with  the  distance  to  the 
centre  of  attraction  that  the  weights  of  the  various  particles  form 
a  set  of  inclined  forces  and  of  values  not  proportional  to  the  masses, 
then  the  centre  of  gravity,  if  there  is  one,  cannot  be  assumed  to  be 
identical  with  the  centre  of  mass.  Thus,  the  centre  of  mass  is  the 
simpler  conception  and  its  position  is  more  easily  determined.  But, 
the  term  "  centre  of  gravity  "  is  of  wider  vogue  and  may  be  freely  used 
alternatively  with  centre  of  mass  in  all  ordinary  cases  of  terrestrial 
mechanics,  since  the  distinction  between  the  two  points  then  practi- 
cally vanishes. 

The  term  "centre  of  gravity "  is  often  used  in  connection  with 
purely  geometrical  figures,  either  solid,  plane,  or  linear.  The  point 
in  question  is  then  identical  with  the  centre  of  mass  of  a  body  of 
uniform  density  occupying  the  given  figure.  Thus  the  centre  of 
gravity  of  a  triangle  is  that  of  a  piece  of  infinitely  thin  uniform 
material  occupying  that  triangle.  In  cases  like  this,  when  neither 
gravity  nor  even  mass  is  present,  the  purely  neutral  term  centroid 
is  really  best. 

33.  Centroids  or  Centres  of  Mass  of  Simple  Figures. — It  is  almost 
obvious  that  the  centre  of  mass  of  a  symmetrical  figure  of  uniform 
material  is  at  the  geometrical  centre  or  centre  of  symmetry. 
Thus,  the  centre  of  mass  of  a  uniform  straight  wire  is  at  the  centre 
of  its  length,  that  of  a  right  circular  cylinder  at  the  centre  of  its  axis, 
that  of  a  circle  (or  of  a  sphere)  at  its  centre.  But  there  are  other 
important  and  simple  cases  which  need  determination,  for  the 
position  of  the  centroids  of  triangles,  pyramids,  trapezoids,  bent 
wires,  parts  of  circles,  and  hemispheres  are  certainly  not 
obvious. 


STATICS 


37 


Triangle. — Consider  the  surface  of  the  triangle  ABC,  Fig.  15, 
as  though  it  \\vrv  of  uniform  material  but  infinitely  thin,  and  draw 
the  two  medians  AD  and  BE  intersect- 
ing  at   G.     Then,  since  each    median 
bisects  all  elementary  strips  parallel   to 
the  corresponding  base,    each    median 
contains    the    centroid    of    the    whole 
triangle.     Consequently  it  is  at  G,  the 
intersection  of   the   two   medians.    To 
find   in   the   form   of  an   equation   the 

>n  of  G,  join  DE  ami  then  : 
by   construction   and   tin-  similarity  of 
tli-j  triangles  concerned,  that 


I  _  <_L>      <_K      El)         _ 
HJ      <  A      AH      AU 


Hence, 


AG=  two-thirds  oi  AD 


j  s- — Centroid  of 
Mgle. 

•      •      -      (4) 


That  is,  the  centre:  >  on  any  median  and  two-thirds 

o  its  length  from  t  -j>«»mliiiL:  .  <>•  : 

n  with  a  tetrahedron  or  pyramid  on  a  triangular 
b  ise  a^  shuwn  by  ABCD  in  Fig.  16.     Bisect  AC  in  E  and  di.i\\  tin- 

Ilirll, 

by    symmetry,     thU     |il.uu' 
contains  the  cent n -id  «>i  tin 
the  ocn- 
1  G  of   tin-  1 

CDA  and  ABC  respectively, 
and    join    \>>\       DG,    ind    I  6, 

•.    symmetry  tin-  • 
tiuid  of  the  : 

be  on  BF,  because  it  cont 

illrl   to  CDA.     similarly, 
"ii  DG,  consc(|iicntl\-  tin- 

tersection  of  BF 
and  D(.  la  Ate  it.  we 

ve    by    construction    and 
lilai  ig  equal  ratios: — 


i'i. — Centroid  of  Tetrahedron. 


51 


iEFEG     FG     GH 


„ 


1)1 1     >>ev-/uiir///i- of  DG       ....     (5) 


And,  if  d  i-,  th«  « .  ntroid  <»f  the  base  of  any  pyramid  or  cone 

D  its  !  I,  til--  (  rntmid  (.1   th.it 

pvramidorcoi  DG    kffl  contains  the  centre 
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all  slices  parallel  to  the  base,  and  therefore  contains  that  of  the  whole 
figure  ;  further,  H  must  be  situated  the  same  fractional  distance 
along  DG,  because  the  law  of  increase  of  the  slices  is  the  same  as 
before. 


EXAMPLES  XV. 

1.  Distinguish  between  the  terms  centroid,  centre  of  mass,  and  centre  of 
gravity.     Give  one  example  where  the  points  coincide  and  one  where  they  do 
not. 

2.  Derive  expressions  that  locate  the  centre  of  mass  of  any  number  of 
particles  distributed  over  a  plane. 

3.  Masses  of  i,  2,  3  and  4  Ibs.  are  placed  at  the  corners  (taken  in  order)  of 
a  square  of  side  5  ft.  How  far  is  the  centre  of  mass  from  the  sides  determined 
respectively  by  the  4  and  i  Ibs.  and  the  i  and  2  Ibs.  ? 

4.  A  regular  hexagon  of  side  2  ft.  has  masses  of  i,  3,  5,  7,  9  and  n  ounces 
placed  at  its  corners  taken  in  order.     Locate  their  centre  of  mass  with  respect 
to  the  two  sides  which  meet  where  the  i  oz.  is. 

5.  At  the  corners  of  a  regular  octagon  taken  in  order  are  placed  weights 
of  i,  3,  5,  7,  33,  3,  5,  7  Ibs.    How  far  is  the  centre  of  mass  of  these  eight  weights 
from  the  centre  of  the  octagon  and  towards  which  corner  ? 

6.  Establish  the  position  of  the  centroid  of  a  triangle. 

7.  Draw  carefully  a  pyramid  upon  a  triangular  base  and  determine  its 
centroid. 

8.  Without  assuming  any  formula  for  a  solid  figure,  determine  the  centre 
of  mass  of  a  square  pyramid. 

9.  Find  the  centroid  of  a  right  circular  cone. 

10.  A  capital  letter  W  is  marked  out  with  strokes  each  4  ft.  long  and 
angles  of  60°.     Beginning  at  one  end,  masses  of  3,  7,  8,  7  and  3  are  placed  at 
its  five  corners.     Find  their  centre  of  mass. 

34.  Sum  or  Difference  of  Simple  Figures. — If  a  figure,  though 
apparently  complicated,  consists  of  simple  figures  whose  centroids 
are  known,  that  of  the  whole  is  easily  found. 

Thus,  use  equation  (i)  of  Art.  32  and  distinguish  the  two  parts 
of  the  system  by  the  subscripts  i  and  2.  We  may  then  write 

Smx     Sm-t  x*i  -j- 

x= 


2m          2](mi-\-mz)  2mi-\- 

or,  (Mj  +  M2)x  =  M!*!  +  M2£2)  ^ 

Similarly  (Mj  -j-  M2)j/  =  M^  -j-  M^ ) 


where  the  capitals  denote  the  masses  of  the  separate  parts  of  the 
system. 

Obviously  this  equation  may  be  used  to  determine  x,  the  abscissa 
of  the  centroid  of  the  sum  of  two  figures,  or  to  determine  xlf  the 
abscissa  of  the  centroid  of  the  difference  of  the  whole  figure  and  the 
other  part.  Indeed,  the  equation  states  that,  for  the  purposes  of 
finding  the  centroid  of  a  compound  figure,  its  component  parts  may 
be  treated  as  particles  of  corresponding  masses  situated  at  the  centroids 
of  those  parts.  And  this  could  be  extended  to  apply  to  any  number 
of  parts. 
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From  equation  (6)  we  see  that  the  centroid  of  a  figure  of  two 
parts  is  situated  on  the  line  joining  the  centroids  of  the  two  parts, 
and  divides  that  line  inversely  as  the  masses  of  those  parts. 

35.  Rectangle  and  Triangle. — As  an  example  of  a  figure  which 
is  the  sum  of  two  simpler  ones,  take  that  in  Fig.  i6A,  com- 
pounded of  an  isosceles  triangle  ABC  and  rectangle  CDEA,  each  of 
height  a  and  on  the  same  base  b.  Draw  the  median  through  B 


I'>A.  —  Ccatroid  of  a  Compound  Figure. 

on  it  the  o  id  G  of  the  rectani;l«   and  tn  .m-lr 

ipectively.    'I  h>-n,  MM.-,-  tln-ir  areas  are  respectively  ab  and  half 
:1  at  product,  w»-  can  i  case  as  though  .  of  m;i-> 

were  at  G  and  one  of  ma^  I  fence  the  centi<>M  11  of  the 

is  on  FG  at  one-third  of  FG  from  F.    Thus  if  the  median 
ts  AC  in  J,  we  h. 


-. 


. 


JH   '««-*)-!•  • 


(7) 


36.  TrapezoicL — As  an    illustration  of  a  figure  which  may   I" 

:i  sated  as  the  difference  of  two  figures,  tak«    tin-  trapezoid 

BCD                                  7  and  r«  06  "I  tin-  two 

los  AED.i:      l;l.<  ,  \\ith  <  ..Him  .it  K  found  l>v  produc- 

l  till  tin  ;•  .1  (oi  in. i    j  ot  KBC  be 
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denoted  by  M1  and  its  centroid  by  F,  that  of  the  whole  triangle  AED 
by  (Mj-f-M^)  and  its  centroid  by  G.  Thus  the  area  (or  mass)  of  the 
trapezoid  will  be  denoted  by  M2  and  its  centroid  is  shown  by  H. 
Then,  applying  equation  (6)  to  this  case,  we  have 

(M!+M2)EG=  (Mi)EF+(M2)EH    ...      (8) 

But  EF  is  known  to  be  two-thirds  of  EJ  and  EG  to  be  two-thirds 
of  EK.     So  EH  can  be  found  if  the  relations  of  the  M's  is  known. 


.  —  Centroid  of  Trapezoid. 


From  the  geometry  of  the  figure  it  is  seen  that  the  areas  of  the 
triangles  are  proportional  to  the  squares  of  their  corresponding  sides. 
We  accordingly  have 

AD2      EK2 
2 


This  gives  the  relation  needed,  and  makes  EH  calculable. 
In  the  figure  EJ  is  shown  half  EK,  so  that  M2=3M!,  and  (8) 
becomes 

4EG-EF+3EH 

or  4(|EK)=JEK+3EH 

whence  EH=|EK, 

and  HK=|EK=|JK, 

in  this  case,  where  BC  is  one-half  AD. 

37.  Frustum  of  a  Pyramid.  —  Let  us  now  treat  the  frustum  of 
a  pyramid  (or  cone)  as  the  difference  of  the  whole  completed  pyramid 
and  the  small  completing  portion.  Then,  referring  to  Fig.  18,  the 
lettering  being  as  in  Art.  36,  we  must  now  remember  that 

EF=|EJ,  EG=fEK 

M!  +  M2      AD3      EK3 
and  _L_2  =  _  =  _       .... 
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or 


Putting  these  values  in  equation  (8)  of  Art.  36,  we  have 
EK3  .  JEK  -  EJ3  .  |EJ=  (EK3-  EJ3)EH 


4EK3-EJ3 


In) 


This  result  expresses  very  compactly  the  distance  of  the  centroid 
from  the  apex  of  the  completed  pyramid  in  terms  of  other 
distances  from  that  apex.  If  we  want  the  result  in  the  form  of  the 
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,.  18.  —  Centroid  of  Pyramid. 

(K1I  :  KJ)   up  th«-  hright  «.f  the  frustum  from  the  larger 
>ase,  we  may  proceed  as  follows. 

tn  put  EK=aandEJ=6.    Thm 


EH 


KH  =  a-EH  = 

KH        /      KM 
KT       ~^b 


(12) 
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It  may  be  noticed  that  a2  and  b2  are  proportional  to  the  areas 
of  the  larger  and  smaller  bases  respectively.  These  areas  may 
accordingly  be  substituted  for  them  if  preferred. 


EXAMPLES  XVI. 

i  .  Derive  a  formula  for  the  location  of  the  centroid  of  a  figure  compounded 
of  simpler  figures  whose  relative  areas  and  centroids  are  known. 

2.  A  capital  letter  L  has  a  height  of  6  ft.  and  a  breadth  of  4^  ft.,  the  strokes 
,being  a  foot  and  a  half  wide.     Find  its  centroid. 

3.  The  parallel  sides  of  a  trapezoid  have  lengths  a  and  b,  where  a  is  the 
longer.     Show  that  the  distance  from  the  middle  point  of  the  longer  side  to 
the  centroid  of  the  figure  is 

a-\-  zb     c 
~7+~b  '  3" 

where  c  is  the  length  of  the  line  joining  the  middle  points  of  the  parallel  sides. 

4.  Find  the  centroid  of  a  trapezoid  whose  parallel  sides  are  6  and  4  ft., 
and  length  of  line  joining  their  centres  3  ft. 

5.  If  the  area  ol  the  base  of  a  pyramid  is  P  and  that  of  its  top  Q,  show  that 
the  height  of  its  centroid  divided  by  the  height  of  the  frustum  is 

P+2JPQ+3Q 


6.  Determine  the  height  of  the  centroid  of  a  pyramidal  frustum  whose 
height  is  8  ft.  and  its  bases  of  areas  as  4  to  i. 

7.  Upon  a  cube  fits  a  square  pyramid  of  height  equal  to  that  of  the  cube. 
If  cube  and  pyramid  are  of  the  same  uniform  material  find  the  height  of  their 
centre  of  mass. 


CHAPTER  V 


SUM. MAI  IONS 

38.  Work  of  a  Variable  Force.     \\ V    have  seen   that    the  work  W 
by  a  force  of  constant  ina^nit  hile  the  point  of  appli- 

cation iuo\v.>  through  a  distance  s  in  the  direction  o{  tin-  force,  is 

Fs. 

ThiiN.  if  tin-  dMancr-*  a iv  laid  off  along  the  axis  of  x  and  the  force 
ht  angles  to  it,  the  line  for  a  constant  force  would  be  parallel 
to  the  axis  of  x  and  the  pi.. duct.  expn-sMni;  the  work  for  ;t 
jpace,  would  be  represented  by  the  ii<;le  under  tlu 

orce  line  for  the  space  in  question. 

Mippo-.  i  from  Instant  to  instant,  then 

he  li:  will  be  a  corresponding  curve  of 

•ariable  onlmate-.     Hut. 

or  each  small  space,  the     Y 

orrespon 

jea  would  correctly  re- 

»resentthe  work  for  that 

i nail  space,  its  area  I- 

he  product  (mean  CM 

iate)  multiplied  by  (small 

pace).     This  is  shown  in 

rig.  19  by  F  and  s.     1 

he  whole  v, 

entcd  by  the  whole  . 

nder  the  curve,  or  may 

*  <:  um- 

aation 


0 


.— Work  ol  a  Variable  1 


W=F1s1+  Frt-f  F8ss-f   .  .  .  = 


(i) 


If  the  curve  for  F  were  precisely  knoun  and  exactly  plotted  on 
d  paper,  the  area  in  qv  ouldbeascert.nip  d,  to  a  certain 

legree  of  approxi  i  nation,  by  counting  the  squares  and  ports  of  sqi 

ied  by  it.    Or,  any  one  of  the  various  rules  of  inuisui 
able  to  an  irregular  area  could  be  adopted. 
39.  Simple    Summations.     Hut     th«-n-    are    cases   in  which   the 
iing  line  i^  an  inclined  >tiai:;ht  line,  a  circle  or  other  Dimple 
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FIG.  20. 


curve  easily  specified,  and  the  area,  or  other  summation,  to  be 
computed  may  be  required  for  other  purposes  than  the  work  of  a 
force,  and  a  precise  result  may  be  needed  instead  of  any  approxi- 
mation. Thus,  some 

Y  definite       but       general 

method  is  desirable  to 
obtain  the  summation  of 
a  series  of  products  in 
which  one  factor  varies 
according  to  some  pre- 
scribed law  and  the  other 
factor  is  a  small  increment 
-^  of  another  quantity  which 
has  a  certain  specified 
range. 

To  introduce  this  as- 
pect of  the  subject,  con- 
sider first  the  very  simple 
cases  illustrated  in  Figs. 
20  and  21. 

In  Fig.  20,  the  ordinate 
has  the  constant  value 
unity.  In  Fig.  21  the 
ordinate  is  expressed  by 
y=x.  Let  the  small  in- 
crease of  x,  or  width  of 
the  strip,  be  denoted  by  h. 
Then,  in  Fig.  20,  if  we 
_X  extend  the  summation 
from  x  =  o  to  %  =  a,  we 
may  write 


b     *%"  CL 

FIG.  21. — Simple  Summations. 


(i) 


In  Fig.  21,  taking  the  summation  up  to  the  same  limits,  we  have 


Area  = 


(2) 


The  right  sides  are  easily  written  in  both  these  cases,  since  we 
are  only  concerned  with  a  rectangle  and  a  triangle. 

When  the  line  is  a  more  complicated  one  than  those  just  dealt 
with,  the  regular  mode  of  summation  is  that  of  the  integral  calculus, 
which  every  mechanical  student  should  learn  as  soon  as  possible. 
But,  to  avoid  its  use  here,  we  shall  now  note  the  law  which  holds 
in  the  above  cases  and  assume  its  extension  to  the  other  (although 
the  proof  of  this  extension  will  be  one  of  the  earlier  parts  of 
integration).  See  Art.  40. 
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EXAMPLES  XVII. 

v  boat  is  towed  by  a  force  of  100  Ibs.  weight  and  a  freight  train  is  hauled 
by  a  force  of  12,000  Ibs.  weight.    Plot  a  force-space  diagram  for  each  and  liiul 
vork  done  on  the  boat  as  it  moves  120  ft.  and  the  distance-  the  train  goes 
for  the  same  \vork. 

2.  A  tennis  ball  is  struck  by  a  racket,  a  cricket  ball  with  a  bat,  and  a  cold 
rivet  by  a  hammer.    Suppose  the  work  done  to  be  the  same  in  each  case,  draw 
three  force-space  diagrams  to  the  same  scale  and  representing  the  respective 
phenomena. 

3.  A  long  wire  is  stretched  one  inch  and  a  half  by  a  force  which  is  pro- 
portional to  the  elongation,  its  final  v.  wt.     Plot  a  force- 
space  diagram  and  calculate  the  work  «: 

4.  A  pyramid  is  pu  into  a  lump  of  clay,  the  force  varying  luarly 
as  the  square  of   the  distance.     The    hnal   force  being  20  Ibs    \\  t ..    plot   a 

1  paper,  ami  find  the  work  done. 

5.  A  wedge  is  ;,  I  b  and  in- 

portional   to   its  p«  lei    the 

•<»r    the    next  .j    ins.,    and    what    i^    the    toire    \\ith    a 
penetration  of  10  ins.  ? 

40.  Summations  of   Powers  of  a  Variable.  be    required 

t)  effect  the  summation  <»t  any  p<-\v.  :  :i  given 

lirnit>.      Ih.  v  of  an 

and  the  \  small  inn-rase  of  x. 

(  an  we  put  the  case  v  noticed  in  this  form  ?     We  can,  as 


\\.    thus  sec  that  on  th«  tin-  upper  limit  </ 

r  one  higher  than  that  oj  x  on  the 
it,  and  tl.  .\  id.  d  1> .  >ulex. 

robable,  the  genera!  i«    ult 

\  th<-  int.  •.— 


(4) 


formula  and  will  carry  the  reader 
required  in  the  present  text- 


i   most   imp 

1  ook. 

It  i.  one  notable  exception  which  OCCUR  when  n  —  Q. 

he  r-  the  summation  is  then  a  Napierian  logarithm  <>r  a 

tse  *  whose  value  is  2*7183.    Logarithms 
t  >  this  base  are  2*3091  the  ordinal  ro. 

If  we  now  re.juire  the  suinn.  :  ending  from  the  origin  to 

,-  ny  other  value  (  of  *,  it  is  evident  that  6  n  /  mi  both  sides 

<  f  equation  (.}),  and  that    ti  -  .wn  in  I;ig.  20 

\vhusr  f«.ot  is  m.ii  k<  d  A.      lint,  if  we  wish 


ml  Ji  np  t«. 
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to  extend  our  summation  between  the  two  ordinates  at  distances 
b  and  a  from  the  origin,  we  should  naturally  indicate  this  by  the 
symbol  El,  and  it  is  evident  from  the  figures  that  the  value  required 
will  be  the  difference  of  the  two  previous  summations  to  a  and  to  b 
respectively.  We  may  accordingly  write  (except  for  cases  where 
n=  o) — 

ZT*-*= 2-=^  =  -21)"-'*     ....     (5) 

where  v  is  a  variable  instead  of  x,  and  s  is  a  small  increase  of  r. 
And  for  n=  o,  we  have 


=2 


-3026  iog10(f)  = 


The  expressions  on  the  extreme  right  are  here  introduced  to 
remind  the  reader  that  since  x  and  its  small  increase  h  on  the  left 
disappear  from  the  result  of  the  summation,  any  other  quantity 
r  and  its  small  increase  s  might  have  been  used  if  preferred.  This 
is  often  a  convenient  notation  when  we  are  using  a  radius  from  a 
centre. 


EXAMPLES  XVIII. 

1.  If  the  ordinate  of  a  curve  is  equal  to  the  square  of  its  abscissa,  find  the 
area  under  it  from  the  origin  to  x=  6  ins. 

2.  Effect  the  following  summations  :  — 


3.  Find  the  values  of  the  areas  to  be  obtained  by  the  following  expressions, 
the  linear  units  being  feet  :  — 

Slxh,     Slx*h,     2\°x*h,     2(x-*h 

4.  At  the  abscissae  4,  5,  6  and  7  cm.,  the  ordinates  of  a  curve  are  4,  6*25, 
9,  and  12*25  cm.  respectively.    Find  the  area  between  the  portion  of  it  named 
and  the  axis  of  abscissae. 

5.  Plot  a  curve  in  which  the  ordinates  are  always  one-fifth  of  the  cube  of 
the  abscissas,  and  find  the  area  between  it  and  the  axis  of  abscissae  from  the 
origin  to  x=  3,  and  from  there  to  x—  6  inches. 

41.  Summation  of  a  Cosine.  —  Suppose  now  we  wish  to  sum  the 
products  of  a  cosine  of  an  angle  6  and  the  very  small  increases  8 
of  that  angle.  Then  it  is  shown  by  the  integral  calculus  that  the 
result  involves  a  sine  of  the  same  angle.  What  we  have  seen 
previously  as  to  limits  applies  equally  well  here.  We  will  accord- 
ingly write  the  complete  expression  for  summation,  between  the 
limits  0=  )3  and  6=  a,  in  the  form 

Z5(cos0)8=sina—  sinjS     ....      (6) 
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This  is  illustrated  in  Fig.  22. 

The  Figs.  20-22  are  drawn  as  though  the  summations  were  desired 
for  the  purpose  of  determining  areas,  but  the  summation  formulae 
apply  equally  well  to  any  other  problem  involving  the  expressions 
in  question. 

We  have  thus  the  power  to  evaluate  the  summation  between 
given  limits  of  any  power  of  a  variable  or  the  cosine  of  a  variable 
for  whatever  purpose  such  summations  may   be  required.     And 
these    two    simple 
cases  will  suffice  for 
all  the  problems  of     y 
this  kind   likely  to    * 
arise  in  the  course 
covered     by     the    +| 
present  text-book. 

4_>.  Summation  as 
Ordinate  of  a  Second 
Curve. — The     sum- 
mation for  a  cosine 
v  as  given  in  Art.  41 
v  ithout  any  pro 
/  n       approximate 
r  ieck  on  any  su<  h 
i  lie   is    of    course 
]  jssible      by     t: 
i  iCthod  of  plotting     — 
1  ie  cosine  graph  on     °  P 

?  jiiared  paper  and  Fig.  22. 

c  mnt  in^th'- squares 
«-  id  i  up  to  any  given  ordinate.    And 

t  lis  :i.       I'.ut 

i     .  Mirther  support  to  tin-  formula   for  cosine  suiiiin.iti..ii, 

.'   1(1  t    oil    the    \\hole   sul.)'  r\liil)it    the 

i  suit  of  summation  f-.i   th<  one  curve  by  the  ordinate  of 

lother, 

\\.   may  call  these  two  a  /  and  the  sitmnnitinndl 

<  irves. 

v  dealt  with,  in  •  «•  with  equations 

(  :)  to  ((>),  it  will  be  seen  that  \v.-  m.i\   wiitr  tin-  rquatmns  f,,i  th«- 
•    diiiat«-s  as  foil 


mat  ion  of  a  Co 


national  curve 


(7) 


y=- 

y-sinO    . 


•  •    (9) 

•  -  (10) 
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The  cases  expressed  by  equations  (7),  (8)  and  (10)  are  shown 
in  Figs.  23,  24  and  25  respectively.     In  each  of  these  figures  the 


FIG.  23. — Summation 
of  Rectangle. 


/Original 
'  Curve. 


Summational 
\Curve. 


upper  part  shows  the  original  curve  whose  area  is  to  be  summed, 
while  the  lower  part  shows  that  curve  whose  ordinate  at  any  place 


X       FIG.  24. — Summation 
of  Triangle. 


Original 
Curve. 


Summational 
Curve. 


represents  to  scale  the  area  of  the  original  curve  from  the  origin 
to  the  place  in  question.  Thus,  the  shaded  area  of  any  original 
curve  between  the  ordinates  whose  bases  are  marked  a  and  b  is  given 
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to  scale  by  the  difference  AB  of  the  corresponding  ordinates  on  the 
summations!  curve  just  below  it  in  the  same  figure. 

By  looking  over  these  three  figures  we  may  learn  much  as  to 

their  mutual  relations.     Thus  in  Fig.  23,  the  ordinate  of  the  original 

curve  being  unity,  the  slope  of  the  corresponding  summational  curve 

n  to  be  unity  also  (measuring  the  slope  by  the  tangent  (unity) 

of  the  angle  (45°)  with  OX).     Clearly  if  the  urdinate  in  the  original 


(  'n-iime 


1 

of 

Graph. 


Simima- 

tional 

Curve. 


cu -ve  had  been  two  instead  of  on.  imationa] 

CU  \  *  would  have  been  doubled  al>o. 

Kef<Trinij   n-  .,tl 

be  ng  nothing  at  the  origin,  tin-  xl.,p<-  of  tin-  -uiinii.ition.il  curve 
n-  In:  origin,  i.<\  it 

as  the  ye*  uniformly,  tin-  do 

th1  lower  one  increases  in  likr  man: 

\V«-  this  ihr  suinmational  curve  at 

an  ?  place  note  in«  retft  ,1th  in 

E 
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the  original  curve,  this  slope  must  be  equal  to  the  corresponding 
ordinate  of  the  original  curve. 

We  might  thus  formulate  the  following  direction  for  the  con- 
struction of  the  summational  curve  corresponding  to  any  original 
curve. 

The  summational  curve  may  begin  at  the  origin  and  its  slope  must 
everywhere  b&  equal  to  the  corresponding  ordinate  of  the  original 
curve. 

We  may  now  apply  these  observations  to  check  the  relation  of 
the  two  curves,  the  cosine  and  sine  in  Fig.  25,  the  relation  having 
been  first  given  without  any  attempt  at  proof.  Here  the  ordinate 
of  the  original  curve  is  unity  at  the  origin  entailing  a  unit  slope  in 
the  summational  curve  where  it  passes  through  the  origin.  Then 
as  the  ordinate  of  the  original  curve  decreases  gradually  to  zero, 
the  slope  of  the  summational  one  falls  to  zero  also  and  in  like 
manner. 

It  should  be  noted  that  the  unit  slope  may  not  be  exactly  45°  on 
an  actual  diagram.  This  is  a  matter  depending  on  the  choice  of 
scales  for  the  abscissae  and  ordinates.  Thus  in  the  lower  curve  of 
Fig.  23,  the  slope  is  unity  and  the  angle  45°,  because  unity  on  each 
axis  is  made  the  same  length.  But  in  the  lower  part  of  Fig.  25, 
unit  angle  (the  radian)  along  the  horizontal  is  not  represented  by 
the  same  length  as  the  unit  ordinate.  Hence  the  slope  at  the  origin 
is  not  45°,  but  it  is  unit  slope  to  scale  ;  that  is,  it  rises  at  the  rate 
of  a  unit  ordinate  to  scale  in  the  width  of  a  unit  abscissa  to  scale. 
And  all  slopes  must  be  interpreted  in  this  manner,  then  all  is 
harmonised. 

We  have  accordingly  this  double  relation  between  the  two 
curves,  (i.)  that  the  ordinate  of  the  second  represents  to  scale  the 
area  of  the  first ;  and  (ii.)  that  the  slope  of  the  second  (measured  to 
scale)  equals  the  ordinate  of  the  first  (to  scale). 

If  these  ideas  are  applied  to  the  cosine  and  sine  graph  of  Fig.  25, 
either  generally  or  minutely  by  any  measures  however  exact,  it 
will  be  found  that  the  relations  stated  are  confirmed.  The  sine 
may  accordingly  be  accepted  as  the  summation  of  the  cosine.  (Very 
early  in  the  student's  work  on  the  Integral  Calculus  this  relation 
would  be  rigorously  established.) 

EXAMPLES  XIX. 

1 .  Find  the  values  of  the  following  summations  : — 

Zo/2  (cos  0)8,  Z^'fl  (cos  0)8,  £o/4  (cos  0)8. 

2.  Effect  the  following  summations,  giving  the  answers  in  decimals: — 

^!  (cos  0)8,  ZgJ!  (cos  0)8,  ZjJI  (cos  0)8. 

3.  Write  down  a  summation  involving  a  cosine,  evaluate  it  and  make 
diagrams  both  for  the  original  cosine  and  the  summational  curve. 
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graphs  on  squared  paper  in  illustration  of  any  one  of  the 
i  in  UK-  first  example  above  and  its  corresponding  summational  curve, 
showing  the  parts  cut  off  from  each,  and  explain  fully. 

valuate  the  following  and  plot  graphs  for  the  original  and  summational 
curves  and  show  that  calculation  and  diagrams  agree : — 

2fck,  Zi**h. 

Centroid    of    Circular    Arc.— To  find   the   c.-ntroid   G   of  a 
circular  arc   A'  I'.,   or  the  centre  of  mass  of  a  line  uniform  wire 

3S  of  x  through  the  centre  O  of  the 
circle  and  the  centre  C  of  the  arc,  as  shown  in  Fig.  26.     Let  the 


FIG.  26.  — Ccntroid  of  Circular  Arc. 

;    '  thOC  th< 

11  rx>rt  i'lin-  th-  .it  the 

arc  being  r,  the  arc  PQ=r8  =  u/ 
:e  is  practically  that  of  1',  which  i- 
to  find  OG,  we  apply  the  rule  and  find 


_      Em  v 


8}8 


r(2  sin  a) 
r(2a) 


OG 


<:h<>rd 
arc 


radiu- 


(I) 


4.  Centroid  of  Sector  of  Circle.     \\V  can  very  easily,  by  a  little 
»v  ce.  to  the  plane  sector  of  a  circlt   in 
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finding  the  centroid.  Let  the  plane  sector  be  denoted  by  OACB, 
in  Fig.  27,  and  take  in  it  the  very  small  elementary  triangle  OPQ. 
Then,  the  centroid  of  this  triangle  is  at  F,  distant  from  O  by  two-thirds 
the  radius  of  the  sector.  That  is,  OF=fOA.  Through  F  draw 
the  arc  RFS  with  O  as  centre.  Then  on  this  arc  must  lie  all  the 
centroids  of  the  small  triangles  like  OPQ  into  which  the  whole 
sector  OACB  may  be  divided.  But,  in  finding  the  centroid  of  any 
figure,  we  have  seen  that  instead  of  taking  every  particle  separately 
in  the  summation  2mx,  we  may  take  any  finite  parts,  each  such 
part  being  supposed  concentrated  at  its  centroid  (see  Art.  34). 


FIG.  27. — Centroid  of  a  Sector. 

Thus,  the  whole  sector  may  be  replaced  by  the  uniform  arc  RFS 
of  two-thirds  the  radius  of  the  sector.  But  the  position  of  the 
centroid  of  the  arc  is  known  from  Art.  43.  We  may  accordingly 
write  for  the  sector 


„„     2  chord      ,.        , 

OG  = radius  of  sector 

3     arc 


(2) 


45.  Centroid  of  Segment  of  Circle. — Let  the  segment  be  denoted 
by  ACBD  in  Fig.  28,  the  centre  of  the  circle  being  O,  the  radius 
r,  and  the  half  angle  of  the  sector  AOC  being  a.  Thus,  we  may  treat 
the  segment  as  the  difference  of  the  whole  sector  OACB  and  the 
triangle  OADB,  with  centroids  at  G  and  F  respectively,  the  centroid 
of  the  segment  being  at  H  on  the  centre  line  OC.  Then,  using  the 
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principle  of  Art.  34,  we  may  write  the  areas  of  the  figures  as  though 
they  were  masses,  and  thus  obtain 


(r*ax 


(OACB  x  OG)  =  (OADB  x  OF)  +  (ADBCA  x  OH) 


-i  —  (r2  sin  a  cos  a  X  §r  cos  a)  =  r2(a  —  sin  a  cos  a)  X  OH 


/ 


whence 


OH=§OA 


sin3  a 


(3) 


a  —  sin  a  cos  a 

Equations  (2)  and  (3)  may  both  be  checked  by  taking  the  case 


Segment  of  a  Circle. 


of     semicircle.  whi<  h  is  at  once  a  sector  and  a  segment,     l.y  ritlu-r 
mid,  *=(44-37r) 


\MPLBS  N 

h  a  general  expression  for  th  <>iofa 

thu   ..ire  so  bent. 
.  .  Find  the  ecu 
;  .  Using  the  general  expression,  tm<l  '  .1  .-  •  HIM  IK  ul.c 

•     <|iiaili.int;il  halves. 

..FindthecV:  sot.iim                 tintothree-qii*rtenof  AI 

an.l     h«-tk  it  by  con  tMthen                               '»iu-t|uau 

.« .  Obt.ui:  lie  sector  of  acin  1. 

<  .  ("  'ii  of  the  centre  of  mass  of  a  (jiKuliantal  plate  of 
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7.  Derive  an  expression  for  the  centroid  of  a  segment  of  a  circle. 

8.  Confirm  the  expressions  for  the  centroids  of  sectors  and  segments  ol 
circles  by  consideration  of  a  particular  figure  which  is  at  once  a  sector  and  a 
segment. 

9.  Locate  the  centre  of  mass  of  one  quarter  (cut  along  the  axes)  of  an 
elliptical  plate  12  ins.  by  18  ins. 

46.   Centroid    of    a    Hemisphere. — To  obtain  the  centroid  of  a 
hemisphere  we  may  take  a  very  thin  slice  parallel  to  the  base  as 

our  elementary  part,  as  shown 

p  by  PQRS  in  Fig.  29,  in  which 

the  radius  OA  is  r.  The  ab- 
scissa OM  of  the  slice  will  be 
denoted  by  x,  its  radius  MP  by 
y,  and  its  thickness  by  h.  Then 
the  m  for  the  slice  is  its  volume 
Try2/*.  But  y*=r*—x*.  We 
accordingly  find,  from  the  cen- 
troid rule,  the  equation 


or 


=   r 


47,  Centroid  of  a  Spherical 
Zone. — Referring  again  to  Fig. 
29,  we  see  that  for  the  surface 
of  the  sphere  the  very  narrow 
band  PQRS  may  be  taken  as 
the  element.  Then  the  m  for 
this  band  is  its  area.  Now 
&/PQ=sm  6=y/ri  and  the 
circumference  of  the  band  is 
•27ry.  Hence  its  area  is  2?ryPQ 
=  Zirrh.  But  this  is  the  same 

as  the  area  of  the  band  cut  by  the  same  planes  from  the  circum- 
scribing cylinder.  Thus,  if  the  zone  lies  between  the  planes  whose 
abscissae  are  a  and  b,  the  centroid  is  midway,  or 


FIG.  29. — Centroid  of  a  Hemisphere. 


a+b 


(5) 


48.  Centroid  of  any  Plane  Figure  Graphically  Determined. — For 

any  plane  figure  the  position  of  the  centroid  may  be  seen  to  be 
related  to  the  area  of  another  figure  graphically  derived. from  the 
original  figure  as  follows.  In  the  original  figure  OPAQ  of  width 
OA.=a,  see  Fig.  30,  take  the  complete  ordinate  PQ;  from  its  ends 
draw  lines  parallel  to  OX,  meeting  in  p  and  q  the  line  through  A 
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parallel  to  OY.  From  p  and  q  draw  straight  lines  to  the  origin  O, 
cutting  the  ordinate  PQ  in  P'  and  Q'.  Then  P'  and  Q'  are  the 
points  on  the  new  figure  corresponding  to  P  and  O  on  the  old  one. 
Aa  we  may  for  other 
purposes  again  derive 
another  figure  by  re- 
peating the  above  pro- 
cess, we  shall  distinguish  j  /  X  P 
those  just  dealt  with 
as  the  original  figure 
(OPAQ)  and  the  first 
d  figure  (OP'AQ'). 
All  the  necessary  points 

d  like  P'  and 
Q',  and  the  figure  is 
drawn  through  them  as 

ded  in  Fig.  30. 
Let   the  abscissa  of 


FIG.  3u. — Ccntroid  Graphically  Determined. 


;nd    P'Q'=r 

i  rom     the    construction 

ve  have 


=  -,    or    xy—ay 


,  for  the  centroid  uf  the  original  figure,  we 


(0 


.  •  •  (-) 

'here,  as  iiMial.  //  is  a  very  -mall  in« Tease  of  x. 

I  hu>,  Mil^tituti:  d  A'  for  t 

id  derived  figures,  we  imd 


r.  in  words — 

' 


id       Area  of  first  derived  figure 

Width  of  cither  ligun-          Area  of  original  figure 


(3) 


(3") 


Accordingly  on  finding  the  tw«>  an  as  by  mensuration,  counting 
>  [aares,  or  anyoti.  -•  ol)tain  the  value  of  the  ab 

iit. 

tion  of  the  same  process  parallel  to  the  ;ixis  of  y, 

A     the 

-nl«l  have  y=O,  so  the 
\alur  of  v  would  t 
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EXAMPLES  XXI. 

i  .  Determine  the  centre  of  mass  of  a  uniform  hemisphere. 

2.  A  sphere  is  circumscribed  by  a  cylinder:  show  that  any  zone  of  the 
sphere  (parallel  to  its  line  of  contact  with  the  cylinder)  has  the  same  area 
as  the  corresponding  zone  of  the  cylinder. 

3.  A  school  globe  is  3  ft.  diameter  :  how  far  from  its  centre  is  the  centroid 
of  the  temperate  zone  ? 

4.  Where  is  the  centroid  of  the  arctic  cap  on  a  globe  i  ft.  diameter  ? 

5.  To  what  latitude  must  a  zone  extend  from  the  equator  in  order  that 
its  centroid  shall  coincide  with  that  of  the  solid  hemisphere  taken  as  uniform  ? 

6.  Draw  on  squared  paper  the  section  of  a  railway  or  tram  rail  4  ins. 
wide  in  the  base  and  4  ins.  high,  the  base  being  half  an  inch  thick,  the  web 
i  in.  and  the  head  2  ins.  wide  and  one  and  a  quarter  thick.    Find  graphically 
the  centroid  of  this  section. 

7.  Find  graphically  the  centroids  of  a  semicircle  and  a  quadrant. 

8.  Draw  a  kite-shaped  figure  and  find  its  centroid  graphically. 

49.  Moment  of  Inertia  Introduced.  —  The  moment  of  inertia  (I) 
of  any  rigid  body  about  a  given  axis  may  be  denned  as  the  value 
of  the  summation,  taken  over  the  whole  body,  of  the  product  mass 
(m)  of  a  particle  into  the  square  of  its  perpendicular  distance  (r) 
from  the  axis  of  rotation.  Or,  in  the  form  of  an  equation, 

I=2mr*     ......        (i) 

In  the  mechanics  of  the  rotation  of  rigid  bodies,  this  quantity 
is  of  fundamental  importance,  for  the  moment  of  inertia  is  there 
shown  to  play  the  same  part  in  rotations  as  that  played  by  mass  in 
translations.  The  student  of  fluids,  however,  may  naturally  inquire 
in  what  way  he  is  concerned  with  moment  of  inertia.  The  answer 
is  that  the  summation  referred  to,  although  usually  called  by  the 
above  name,  crops  up  in  various  other  connections,  in  the  statics  of 
fluids  for  example.  The  problems  of  evaluating  this  summation 
in  certain  cases  must  accordingly  be  faced  here. 

We  have  already  seen  that  the  centre  of  mass  of  a  uniform  thin 
lamina  may  be  referred  to  in  a  neutral  or  abstract  fashion  as  the 
centroid  of  the  corresponding  geometrical  figure.  Just  so,  the 
moment  of  inertia  of  a  uniform  thin  lamina  may  be  dealt  with  in 
the  same  abstract  fashion  as  the  moment  of  inertia  of  the  correspond- 
ing geometrical  figure.  Here,  the  term  inertia  is  a  misnomer,  because 
the  mass  of  the  particle,  represented  by  m  in  equation  (i),  is  now 
replaced  by  an  element  of  area,  just  as  was  the  case  in  passing  from 
a  real  lamina  to  a  geometrical  figure  in  the  case  of  centres  of  mass 
and  centroids.  Thus  using  a  to  denote  an  element  -  of  area,  we 
might,  for  these  cases,  rewrite  equation  (i)  in  the  form 


(2) 


Indeed,  it  is  with  this  application  of  the  summation  that  we  are 
here  chiefly,  if  not  solely,  concerned.  It  follows  from  the  equation 
that  this  summation  is  of  four  dimensions  in  length,  since  r  is  a  length 
and  a  a  length  squared. 
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It  is  obvious  that  some  length  k  could  be  taken  such  that  the 
moment  of  inertia  of  the  given  body  or  figure  would  be  equal  to 
the  total  mass  M  nr  total  aiva  A,  multiplied  by  k2. 

This  len  allrd  the  nidi  us  oj  n  of  the  given  body  or 

figure  for  the  axis  in  question. 

Hence,  for  an  abstract  ti^uiv,  we  may  \ 


and 


(3) 
(4) 


50.  Moment  of  Inertia  Theorems. — Before  evaluating  any  moments 

of  inertia  we  will  ln-t  m>tijv  two  tluornns  that  will  be  useful. 

l\ir,tlU!    Axes    Theorem. — This    theorem    establishes    a    >implc 


Fie.  31. — Parallel  Axes  Theorem. 


:i  tin-  moment-  (»f  inertia  of  any  body  about  any 

oid  or  rcntre  of 

In-  |)«Tprndirul;ir    lo    tin- 

•e  of  tli'  .  .m«l  the  cent  «ss  C, 

.creAC  =  ^.     And  let   t  In-  «  oii,-,jH,ndiii^   inoni«nt^  <•!   i: 

i      e  any 

lilt     I'  ;i>  til*1   pn-jrctinn    Ujxil)    it    nl    a 

int  iii  thr  l)od\    at  whi«  h  a  p.iititlr  of  ma--  ni  is  situated,      join 

\-  />.  </  and  r  \  tO  tin-  EU 

!  '  .       I  hen  the  .  C,      l-'uitln-r.  -UK  e 


C  is  th»-  r-.-nti.  ion  (.;)  <»i  Ait .  32,  that 
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Ema  =  o.    We  may  accordingly  write,  from  our  definition  of  moment 
of  inertia  and  the  geometry  of  the  triangle, 


or 


I=Zmr2=2m(p2+q2  —  zpq  cos  C) 
=Zmp2+Zmq2  —  2pHma. 
I=I0+M#» 


(5) 


If  the  actual  body  is  replaced  by  a  geometrical  figure  of  area  A, 
the  corresponding  relation  may  be  written 

I-Io+A/)2    ......      (6) 

This  theorem  thus  enables  us  to  pass  from  the  moment  of  inertia 
about  any  axis  through  the  centre  of  mass  to  a  parallel  one,  or 
vice  versa.  The  student  is  reminded  that  it  does  not  apply  directly 
to  a  pair  of  parallel  axes  neither  of  which  passes  through  the  centre  of 
mass. 

Lamina  Theorem.  —  Take  any  two  rectangular  axes  in  the  plane 
of  any  lamina,  as  OX,  OY  in  Fig.  32,  and  let  the  corresponding 


FIG.  32. — Lamina  Theorem. 

moments  of  inertia  of  the  lamina  be  I  and  J.  Also  let  K  be  the 
moment  of  inertia  of  the  lamina  about  an  axis  through  O,  but 
perpendicular  to  its  plane. 

Take  a  point  P  in  the  lamina  at  a  distance  r  from  O  and  with 
co-ordinates  %  and  jy,  and  let  there  be  a  particle  of  mass  m  of  the  body 
at  P.  Then,  by  our  definition  and  the  geometry  of  the  figure,  we 
have 


or 


=  2my*+Zmx* 
K=I  +  J (7) 

expressing  the  simple  relation  which  it  was  sought  to  establish. 
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5i.  Moment  of  Inertia  of  a  Rectangle  about  a  Side. — Let  the 
<le  have  sides  a  and  b  and  take  the  co-ordinate  axes  along 
adjacent  sides,  as  in 
Fig.  33-  Take  point s  P 
and  Q  of  abscissa  v  and 
x  -f  h  respectively,  and 
take  as  element  the  very 
narrow  strip  cut  off  by 
<>rdinates  through  P  and 
<J.  Let  the  moments  of 
L  about  OX  and  OY 
be  denoted  b 
respect  i\v  n,  by 

definition,  we  have 


I 


0  P  0  "  X 

FIG    33.  —  Moment  of  Inertia  of  Rectangle. 


ba* 


or,  writing  A  for  the  urea  ab. 


Thus,  by  symmetry  of  ni.tati«-n,  \ve  see  that 


-       -      (N) 


(9) 


52.  Moment   of   Inertia   of   Rectangle   about   Central   Axis   in    its 
Plane.     Deiu.i:  |0  tin-  inuinenK  ••[  ineitiu  about  e.nn.il 

1  applying  tin-  i»uiullel  ..\«     theorem, 

equal  1'  'II   ('  ')     <  >t   ,\  iVC 


(10) 


whence  Iu  ~ — 61   . 

nietry  of  nota 


T  A 

Jo= 


(II) 


I 


EXAMPLES  XXII. 

1.  Give  definitions  •  aent  of  inertia  as  applied  to  solid  bodies  and 
surfaces. 

2.  Establish  the  relation  between  about  parallel  axes. 


^h  what  special  point  in  :  these  ax< 

3.  Prove  that  the  monv 


mou  of  a  square  is  the  same  about  any 

its  plane. 
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4.  What  is  the  moment  of  inertia  of  a  door  about  its  hinges,  if  the  mass 
is  54  Ibs.,  height  6  ft.  8  ins.,  and  width  2  ft.  8  ins.  ? 

5.  Find  the  moment  of  inertia  of  a  thin  rod  2  ft.  long  and  weighing  a 
pound  about  a  perpendicular  axis  through  one  end.     If  two  such  rods  are 
joined  end  to  end,  what  is  their  combined  moment  of  inertia  about  perpen- 
dicular axes  (a)  through  the  middle,  (b)  through  one  end  ? 

6.  A  rectangular  lamina  is  4  ft.  by  3  ft.     Find  its  moments  of  inertia 
about  its  edges  and  about  lines  through  the  lamina  parallel  to  the  edges  but 
a  foot  distant  from  them. 

53.  Moment  of  Inertia  of  Circle. — Let  us  now  find  the  moment 
of  inertia  of  the  surface  of  a  circle  of  radius  a  and  first  about  an 
axis  through  the  centre  and  perpendicular  to  its  plane.  In  the 
circle  take  as  the  element  a  very  narrow  ring  of  radii  r  and  r-\-s, 
as  shown  in  Fig.  34.  Then  the  circumference  of  this  ring  element 


FIG.  34.  —  Moment  of  Inertia  of  Circular  Area. 


is  2irr  and  its  area  2irrs.  And,  since  it  is  equally  disposed  at  a 
distance  r  from  the  axis  of  rotation,  the  moment  of  inertia  of  the 
ring  will  be  277T3s.  This  quantity  must  be  accordingly  summed 
for  the  moment  of  inertia  K  required.  Hence 


.fl 

4 


or 


(12) 


where  A  is  written  for  the  area  Tra2  of  the  circle. 

Writing  I  and  J  for  the  moments  of  inertia  about  the  perpendi- 
cular diameters,  we  have  by  the  lamina  theorem  that  their  sum 
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equals  K      Hut,  by  symmetry,  I  and  J  must  be  equal.     Thus,  we 
have  for  the  moment  of  inertia  of  the  circle  about  a  diameter 

I  =  ]=l\a* (13) 

54.  Moments  of  Inertia  of  a  Triangle  about  Axes  Parallel  to  a 
Side.— In  the  triangle  ABC,  Fig.  35,  take  the  co-ordinate  axes 
through  B  as  shown,  and  consider  first  the  moment  of  inertia  J  about 
OS  "f  V  parallel  to  the  base  CA.  Let  the  elementary  area  be 
a  strip  parallel  to  OY  of  abscissa  x  and  very  small  width  //,  as  shown 
by  PQ.  Then,  writing  b  for  the  length  of  the  base  CA  and  p  for  that 


P  MX 

FIG.  35. — Moment  of  1m  rti.i  of  aTriam 

•  f  th«-  piTprndirul.ir  KM  up«»n  it.  the  1«  ngth  PQ  of  the  strip  is  bx/p. 
is  area  is  h  tiuu-s  tin-,  and  it-  m«>m«  n:  l.out  BY  ; 

imesthat.     II  i  A=  bp/2.  \M •  h.iv.- 


t!>h  Vertex)    J|  =  - 


(M) 


By  :  t  the  parall-  •  <»r«  -in.  we  can  now  pass  from 

•he  moment  01  lx>ut  the  a\i>  through  the 

«  ntioid  and  still  parallel  to  the  base  CA. 


-      or, 


.1  xis  through  Ceniroid)         Jo=ri&p*        ......  (15) 

>ase  CA  as  axis  and  writing  J2  for  the  correspond- 
ng  moment  of  we  have 


Axis  along  base) 


(16) 
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i  55.  Moments  of  Inertia  of  a  Triangle  about  Axes  Perpendicular  to 
a  Side.  —  Still  referring  to  Fig.  35,  let  us  now  determine  the  moment 
of  inertia  Ix  about  the  axis  BX  perpendicular  to  the  side  CA.  It 
will  obviously  be  the  difference  between  those  of  the  triangles  ABM 
and  CMB,  each  about  BX.  But  these  values  can  be  written  down 
from  the  dimensions  by  application  of  equation  (16).  Thus,  writing 
d  for  the  length  MC,  we  have 


A 

(Axis  through  Vertex)          Ii=  g-(&2+  3bd+$d2)      .      .      .     (17) 

Then,  writing  I0  for  the  parallel  axis  through  the  centroid  at  a 
perpendicular  distance  (  -  H  --  )  above,  we  find 


(Axis  through  Centroid)          I0=  A  (b*+bd+dz)      .      .     .    (18) 

It  is  noteworthy  that  the  denominators  of  the  fractions  occurring 
in  the  moments  of  inertia  are  — 

3  for  rectangular  lamina  about  an  edge, 

4  for  circular  lamince  about  a  diameter, 

2,  6  or  18  for  triangles  about  axes  in  their  plane. 
56.  Graphical  Method  for  Moment  of  Inertia  of  any  Plane  Area.— 
Referring  to  Fig.  30,  in  Art.  48,  we  had  in  equation  (i)  the  relation 


y    a 

Now  let  a  second  derived  figure,  characterised  by  the  points 
P"Q",  be  obtained  from  the  first  derived  figure  precisely  as  it  was 
obtained  from  the  original  figure.  And  let  P"Q"  be  denoted  by/'. 
Then  we  have  the  extended  relation 

;=H  •••-•-  w 

Thus  £  =  £       .   . (3) 

or,  a*y"=yx* (4) 
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But,  if  J  denote  tin-  moment  of  inertia  of  the  original  figure  about 
OY,  \ve  see  that  it  may  be  expressed  by 


•  (5) 

>  for  the  "f  the  second  derived  figure,  we  should  have 

A"=Zfy"/*      ......     (0) 

•rdini,rly,  from  (4),  (5)  and  (6),  we  liiul 

J  =  «'A".     ...  (7) 


whi'-h  expresses  the  moment  «>f  inertia  of  the  uri^na!  figure  in  terms 
of  tlie  area  of  the  second  d<  -ire. 

It  is  often  convenient  to  introdin  v  the  radius  of  gyration,  which 
ill  denote  by  K.     Then  J=  AK-,  and  we  see  that 

HA     ......    (8) 


.11! 

a  un  ul. i 
about  a  diameter  and  theme  tnul  the  moment  of  inertia  about  a 

2.  Derive  expressions  for  the  moments  of  inertia  of  a  triangular  area  about 
a    ide  and  about  axes  parallel  to  a  side  but  through  th  And  vertex 

re  p< 

3.  O  :;anglealx>  iirou^h  the 

\.  in  each  case  perpemli*  ular  t<>  a  i  [i 

4    \  >ment  of  i  nclc  of 

2    t.  i 

5.  I  :  aomcnt  «»:  high  about  its  base, 

6.  Obtain  by  ->d  the  moment  of  inertia  of 
al  »ut  a  side,  and  ch                    ult  1>\  cal 

7.  I  -  i  of  a  semicircle  about  its 

8.  A  plane  figure  consists  of  the  square  ABCD  and  the  semi>  m  1-  CED: 
fit  1  graph:  moment  of  inertia  about 


PART   II.— HYDROSTATICS 
CHAPTER  VI 

LIQUIDS    IN    EQUILIBRIUM 

57.  Conception  of  Stress. — In  dealing  with  problems  as  to  the  rest 
or  motion  of  a  given  body  we  often  think  of  a  force  acting  on  that 
body  as  though  this  single  force  were  isolated.  But  this  is  never 
the  case,  and  in  certain  problems  it  is  imperative  to  bear  this  in 
mind  and  remember  that  when  one  body  is  under  the  action  of  a 
force  F,  some  other  body  is  under  the  action  of  the  equal  but 
opposite  force  minus  F.  Thus,  if  an  engine  hauls  a  truck  along 
so  that  the  truck  is  acted  upon  by  a  force  F,  the  engine  is 
acted  on  by  the  numerically  equal  but  opposite  force  — F.  (If 
there  is  acceleration,  the  above  is  strictly  so  only  on  the  sup- 
position that  the  coupling  used  to  connect  engine  and  truck  is 
of  negligible  mass.)  Now,  when  considering  how  the  truck  will 
behave  we  are  concerned  with  the  force  F  and  the  other  forces  on 
the  truck.  When  considering  how  the  engine  will  behave  we  are 
concerned  with  the  force  — F  and  any  other  forces  acting  on  the 
engine.  But  if  we  are  asked  about  the  strength  or  possible  elonga- 
tion of  the  coupling  we  are  concerned  with  the  equal  and  opposite 
forces  F  and  — F  which  constitute  a  stress  or  put  the  coupling  in  a 
state  of  stress.  If  either  of  these  forces  had  been  lacking,  the  coupling 
would  have  had  an  acceleration  corresponding  to  the  other  force. 
The  stress  in  the  above  case  would  be  a  tension,  because  the  tendency 
of  the  forces  was  towards  a  separation  of  the  substance  lying  on 
opposite  sides  of  a  cross  section  of  the  coupling. 

On  the  other  hand,  if  a  vertical  column  of  stone,  say,  is  supporting 
a  load,  then  the  stress  of  the  column  is  a  pressure  or  thrust,  because 
the  parts  of  the  column  above  and  below  a  horizontal  cross  section 
are  being  forced  together. 

By  the  term  stress  some  writers  mean  the  set  of  forces  in  equi- 
librium applied  to  a  body  from  outside,  others  mean  the  mutual 
forces  occurring  within  the  body  itself.  But,  in  most  cases  with 
which  we  are  concerned  in  hydrostatics,  the  measure  of  the  stress  in 
forces  per  unit  area  would  be  the  same  in  either  interpretation. 
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It  is  well  to  note  that  in  1855  Kelvin  gave  the  following  definition 
and  corollary : — 

"  DEFINITION. — A  stress  is  an  equilibrating  application  of  force 
to  a  body. 

"COROLLARY. — The  stress  on  any  part  of  a  body  in  equilibrium  will 
thus  signify  the  force  which  it  experiences  from  the  matter  touching 
that  part  all  round,  whet  her  entirely  homogeneous  with  itself,  or 
only  so  across  a  part  of  its  bounding  surface."  (Encyclopedia 
Britannica,  ninth  edition,  vol.  vii.  p.  819.) 

ordinary  modern  usage  of  the  term  stress  may  be  thus 
expressed:  Stress  is  the  pair  of  forces  per  unit  area  constituting  the 
intensity  of  the  mutual  interaction  at  or  across  a  plane.  Stress 
accordingly  includes  both  the  action  and  the  reaction  of  which 
cither  >ingle  force  is  only  one  ] 

58.  Normal  Stress  and  Tangential  Stress. — The  tensions  and 
pressures  just  reft  iously  perpendicular  or  normal 

to  the  cross  sections  at  which  they  are  estimated.  But  it  is  rlcar 
th.it  tin-  >tr«^s  at  a  plane  might  be  a  tangential  one;  that  is.  the 
portions  of  substance  <•  >ide  of  it  might  be  so  circumstanced 

a-  to  have  a  tend. -IK -y  to  slide  past  •  a  sheet  of 

ci  rdboard  is  held  horizontally  and  cut  by  shears  in  a  \«  itical  plane, 
tl  en  the  parts  of  the  card  on  opposite  sides  of  that  \t  itical  plane  move 
p;  st  each  other,  showing  that  the  forces  were  tangential  to  that 
p  me.  Hut  in  the  case  of  liquids  (or  gases)  such  tangential  stresses 
w  >uld  pm  : ion.  wl  ere  viscous  or  not. 

U  ?nce,  for  tluicK  at  rest  in  equilibrium,  we  may  rule  tangential 
st  esses  out  of  account,  thus  leaving  for  our  present  consideration 
n  rmal  stresses  only.  And  sine-  property  of  a  liquid 

t<  produce  this  imrm.il  is  often  called  a  hydn^tatic  procure. 

Hydrostatic    Pressure    Independent   of    Direction.     \\ V    ha\< 
n<  w  to  show  that  the  pressure  of  a  fluid  at  rest  uj>  lace  is 

tl  i  same  how*  turned  about,  provided  its  cen 

n<  t  shifted.     Or,  in  other  words,  th  of  a  lluid  at  a  point  /s 

in  kpendent  <  >n. 

'•stahli^h  this,  consider  the  equilibrium  of  a  small  wedge- 
si;  iped  portion  of  the  fluid,  as  shown  by  OM<  1  >F  in  Fig.  36.  In 
th  §  wedge  the  edges  OA  and  OC  are  placed  hori/ontallv,  and  the 
ed  ;e  OB  \ «  ic  edges  OA  and  <  1 )  have  length  a,  the  edges 

O<  ,  AD  and  BE' the  length  c,  the  vertical  edg.  id  CE  the 

he  ght  i  DF  in.  n  with  the  v< 

n  the  norma!  <•  N  on  the  slant  face  is 

in<  ine  >sure  on    the   vertical 

re<  tan  denoted  by  P.  and  that  mi  the  base  by  Q,  each 

no  m,  face  on  which  it  acts.     I !  :  of  the  fluid  in  the 

We  Ige  .mdxh,.v  v.-rtically  down  as  applied 

at  ri,  :  >.     Then  this  wedge-shaped  portion  of  fluid 

Is  ill  equilibrium  under  the  action  oi  md  the  forces  ex- 

pr«  5sed  by  the  products  of  ,  |  into  an-,^  on  which  the\ 
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Hence,  resolving  horizontally  parallel  to  P,  we  have 

Pbc=Ncscos  6=  Neb 
or  P=N     .......     (i) 

Again,  resolving  vertically,  we  find 

Qca—Ncs  sin  0—%abcdg=o, 

where  the  third  term  gives  the  weight  of  the  wedge  of  fluid  of 
density  d. 

This  equation  cancels  to 


Now  to  have  Q  and  N  acting  at  the  same  point,  O  say,  we  may 
continually  reduce  our  wedge  in  the  dimensions  a,  b,  c  of  its  edges. 


FIG.  36. — Hydrostatic  Pressure  Independent  of  Direction. 

Thus  the  whole  wedge  shrinks  to  O,  the  forces  P,  Q,  and  N  all  act 
at  the  point  O,  and  the  third  term  in  the  equations  vanishes  in 
comparison  with  the  others.  That  is  to  say,  when  the  edges  are 
very  small,  the  volume  involving  the  product  of  three  edges  is 
negligibly  small  compared  with  the  areas  of  the  faces  involving  the 
products  of  only  two  edges.  Hence,  in  the  limit  in  which  the  forces 
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can  be  said  to  really  act  at  a  pvitit,  the  weight  drops  out  of  con- 
sideration in  comparison  with  the  pressure  forces,  and  we  find 

Q=N      .......     (2) 

Thus,  P,  Q  and  N  are  all  equal  when  they  all  act  at  the  same  point 
But  N  acts  at  any  angle  6  with  the  horizontal,  and  in  any 
v.-rtical  plane  we  choose,  so  what  is  true  for  this  N.  that  it  equals 
the  horizontal  pressure  P  and  the  vertical  pn-Miiv  (  ).  i>  true  ot  the 
pressure  in  any  direction  whatever,  provided  that  P,  U  and  N  all  act 
at  the  same  point. 

The  pressures  on  the  triangular  ends  of  the  wedge  have  not  been 
mentioned,  evidently  they  act  on  equal  areas  and  nm-t  In-  equal 
since  there  are  no  other  forces  in  that  din  (tic.  n. 

The  experimental  confim  that  tin 

i   point   i  me  in   any   d  6  drained   1 

ibrr  having  ] 

60.  Pressure  the   Same  throughout   a   Given  Level.     I.tt 
compare  the  pressures 
I*  and  Q  in  a  fluid  at 
T2St  ;in    equilibrium  at 
t*ro   points   A   and    B 
i  i    a    hoii/i.ntal     ; 
i  *  shown   in    Fig.    37. 
ake  the  points  A  and 

]    ^  he  37-—  Pressure  same  throughout  pi 

I**. 

vlindrr  -  .id 

<  f  small  CTOtS-91  n>ol\ing  parallel  to  tin-  I 

<  tli- 


section  of  tl  ilK  r 

r  id  small*  r 

t  iat  ,)   still   holds  and   tl 

i  Iat  ion  :  — 

In  a  fluid  at  rest  in  equilibrium  tin-  />;YV  MM  at  all 

I    ini  horizontal  pi 

6l,  Pressure    increases  with  Depth.     I.«  t  lh. 

p  es-1::-       I'  nd  </'  in  a  fluid 

p  ism  of  tlir  fluid,  «.f  «  i«.-  •  P  .il  and 

•idiiii(  brtwc.  n  tin-  lt-v«-l>  in  qi:<  ln.\\n  in  l;n;.   ;S.       I  i 

re  ol\'iiiL,r  vi-rti(  ally,  v 

I   A-W-PA=o 

W  ier-  •  \\  htofth.  t  fluid.      1  )i\  idm^  out  by 

A  ai 

''        ''        A       ......       «> 
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This  establishes  a  most  important  principle,  which  may  be  put 
in  words  as  follows: — 

The  increase  of  pressure  with  depth  in  a  fluid  at  rest  in  equilibrium 
equals  the  weight  of  a  prism  of  the  fluid  of  unit  cross-section  ex- 
tending   between   the    levels    in 
question. 

If  the  fluid  is  a  liquid  of 
moderate  depth,  the  density  is 
practically  constant,  and  may 


be  denoted  by  p.     Thus 
W      A(d'-d)pg 


W 
A 


d)w 


where  w=  pg  is  the  weight  of 
the  liquid  per  unit  volume,  or 
its  specific  weight. 

Hence,  for  the  case  of  con- 
stant density,  equation  (4) 
becomes 

P'-P=  (<*'-<*)».     (5) 

the  weight  of  the  unit  prism 
being  now  expressed  as  the 
product  of  its  height  and  weight 
per  unit  volume. 

It  is  well  to  note  here  that  equation  (5)  remains  true  whether 
the  prism  is  very  tall  or  very  short,  provided  that  w  is  the  weight 
per  unit  volume  of  the  fluid  present  in  it.  Thus,  if  the  density 
were  varying  continuously  in  any  way,  and  the  prism  were  made 
very  short  indeed,  we  might  write 


FIG.  38. — Pressure  increases  with 
Depth. 


P'-P 

d'-d 


(6) 


This  again  is  an  important  principle  that  we  shall  need  later, 
and  may  be  put  in  the  following  words : — 

The  rale  of  increase  of  pressure  with  depth  anywhere  in  a  fluid 
at  rest  in  equilibrium  equals  the  weight  of  the  fluid  per  unit  volume 
at  the  place  in  question. 

A  little  reflection  will  probably  convince  the  student  that  the 
principles  of  equations  (3)  to  (6)  may  be  included  in  a  single  state- 
ment as  follows : — 

The  rate  of  increase  in  any  direction  of  the  pressure  in  a  fluid  at 
rest  in  equilibrium  equals  the  component  in  that  direction  of  the 
forces  acting  upon  it  per  unit  volume. 

Thus,  for  the  ordinary  gravitating  fluid,  since  no  component 
of  the  weight  is  horizontal,  there  is  no  increase  of  pressure  horizontally. 
The  increase  vertically  is  as  stated  in  equation  (6) . 
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If,  however,  we  have  a  magnetic  liquid,  like  liquid  oxygen,  and 
a  powerful  magnet  placed  near  so  as  to  produce  an   attraction 
•ntally,  then,  when  the  liquid  is  at    rest  in  equilibrium,  the 
ire  will  increase  horizontally  in  the  direction  of  the  attraction. 


EXAMPLES  XXIV 

;a  what  you  mean  by  stress,  pressure,  and   :  :\inij  illus- 

trations from  everyday  life. 

2.  Di>tni  normal  and  tangential  stresses,  and  show  that  wo 

cannot  hx  1  with  the  latter  when  <i  a  r<iuilihiium. 

lake  a  careful  >t  a  wedge-shaped  figun1  and  jnovr  by  it  that 

the  magnitude  of  the  hydrostatic  pressure  at  a  point  has  the  sam*  valu 
every  direction  in  space. 

4.  Prove  that  in  a  liquid  in  equilibrium  the  pressure  is  the  same  at  all 
jKjints  in  anv  mrcn  horizontal  \< 

5    J  -t... t.lish  an  expression  giving  the  pressure  in  a  fluid  at  any  depth  \\  h«  n 
you  know  the  pressure  at  some  one  level. 

6.  How  much  does  the  pressure  increase  on  descending  250  ft.  in  a 
water  lak 

7-  What  M  to  liquid  pressure  on  the  horizontal  bas< 

hollow  cone  filled  with  liquid  ?     How  do  you  account  for  this  force  exceeding 
the  total  weight  of  the  liquid  ? 

62.  Free  Surface   Horizontal.     If  \\«-  imagine  a  liquid 
iibnum  in  a  chamber,  a  vacuum  existing  over  the  liquid, 
easy  to  show  that  tl.  urface  of  the  liquid  \\ill  then  be  1 

zontal.     For,  inany  hori/iontal  planebelov,  bce,thei 

has  eve  a  constant  value   (see  equation  (3)  of  Ait. 

Also  the  decrease  of  pressure  as  we  approach  the  surface  is  pro- 
portional to  the  height  passed  through  (see  equation  (5)  of  Ait 

hese  heights  must  U-  « verywhere  the  same  to  reach  a  zero 

ii  the  gi\  -  '  ..nt  value.      Or.  \se  ini-ht  have  <,!<•: 

ice  in  this  case  as  the  place  of  /<T.>  pi,  i.  h  is  there- 

tal    be*.  •     has    tin-    same 

vali:  face  of  water  or  mercury  in  a  small   trough  can 

accordingly  be  used  as  a  level  surface. 

Strictly  speaking  we  r.mnot  have  a  liquid  devoi 
vapour  in  the  region  above  it  in  the  chamber.     Hut  if  tin-  ; 
of  this  has  the  small  value  p,  say,  thru  th«  <>t  tin 

li<iuid.  over  \vhi<  h  the  i>ic^sure  has  this  constant  valm-.  must   b«- 
horizontal  just  as  truly  as  if  there  were  no  j  bov«  it. 

\\'e  have  been,  of  course, thinking  OOlyol  small  surfa< cs.  \sh<  n  uc 
con-  ;ital  j>lanes.    A  large  sheet  of  water  lil 

has  a  mean  surface  which  is  appi"  sf>hcriiiil  likr  that  of  tin- 

earth.     Ift-re  the  pressure  at  it  oi  the  atmosp! 

at  t  \\hi-h  may  be  found  by  the  baronn -t» -r.     And  n^u;ill\ 

thi  will  be  practically  the  same  over  (' 

able  areas.     Should    •  BT,   1"'   appreciably   !•• 

at  one  end  of  a  1.  D  level  there  would  in  con  - 
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to  a  corresponding  amount  in  accordance  with  equation  (5)  of  Art. 
61. 

63.  Communicating  Vessels. — We  have  now  to  notice  that  the 
separate  free  surfaces  of  a  liquid  in  communicating  vessels  are  at 
one  common  level  when  the  liquid  is  in  equilibrium. 

This  is  illustrated  in  Fig.  39,  which  shows  a  number  of  variously 
shaped  tubes  fixed  on  the  same  vessel  with  liquid  standing  at  the 
same  level  AB  in  all.  The  statement  may  be  experimentally 
confirmed  by  the  apparatus  shown.  That  it  is  in  accordance 
with  the  principles  already  developed  may  be  shown  as  follows. 
Below  the  surface  A  in  one  tube  take  a  point  C  in  the  vessel,  then 


FIG.  39. — Common  Level  of  Liquid  Surfaces. 


level  with  C  take  another  point  D  below  the  surface  E  in  another 
tube.  Then  the  pressures  are  the  same  at  C  and  D,  because  they  are 
in  the  same  horizontal  plane.  It  accordingly  follows  that  the 
pressure  differences  are  the  same  between  A  and  C  and  between 
E  and  D,  since  the  pressures  are  the  same  at  A  and  E.  But  we  have 
seen  that  in  liquids  of  the  same  density  throughout  pressure  differences 
are  proportional  to  differences  of  levels.  Hence  the  two  heights  CA 
and  DE  are  equal,  or  AE  is  a  horizontal  (see  equations  (3)  of  Art. 
60  and  (6)  of  Art.  61). 

It  should  be  noted  that  if  any  of  the  tubes  in  the  apparatus 
are  of  very  narrow  bore  at  the  place  reached  by  the  liquid,  then  (i) 
the  level  will  be  raised  there,  if  the  liquid  wets  the  tube  (like  water 
in  glass)  ;  but  (2)  will  be  depressed  there,  if  the  liquid  does  not  wet 
the  tube  (like  mercury  in  glass).  These  effects  are  due  to  the 
surface  tension  of  the  liquid  where  it  meets  the  air. 
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For  fairly  broad  tubes,  say  3  cm.  in  diameter  of  bore,  these 
disturbing  effects  will  not  be  obtrusive. 

Transmission  of  Pressure. — Equation  (0)  of  Art.  61  may  now 
be  written 

P'=P+(d'-d)w (i) 

This  shows  that  whatever  the  pressure  P  may  be  at  the  depth  </, 
the  pressure  P'  at  depth  d'  will  exceed  it  by  a  certain  amount 
proportional  to  the  difference  of  depths  and  the  density  of  the 
liquid. 

II-  :.<  .  if,  by  any  means,  the  piv»uiv  P  be  increased,  it  follows 
that  the  pressure  P'  is  increased  also  and  by  precisely  the  ^une 
amount.  In  other  words,  the  additional  pn»ure  applied  at  one 
place  is  equally  felt  at  another. 

This  i e>ult  is  known  as  Pascal's  principle  of  the  equable  trans- 
it of  fluid  prcssnr  \  been  enunciated  by  him  in  a  some- 
what different  form  in  105;  (Eqiulibrc  dcs  liqut : 

Hydraulic    Press.     Ti  has    various    most     im- 

portant applications.     The  one  jfl  embodied  in   the 

ulic  press  shown  diagrammatically  and  partly  in  section  in 
40. 
In  this  pre»  the  plunger  Pof  the  pump  i>  of  quite  small  diair 

:il  K  of  the  prr>s  bein^'  mu-  1  hat  diameter. 

Then-  ,,f  plunder  and  ram  .-.-  144.     Now  .tn\  •  y\> 

per  unit  area)  a]  liquid  by  the  pi-,:  trans- 

mitted  iindiminM.  thfl   liquid   to   the   ram.      But    the 

the  plunger  and  by  the  ram  are  each  obtained  by  multi- 
plying    the    liquid  bv     the     le^.e.  I  -  .     the 

^er  and  ram  i^  th<-  ratio  of  their  areas.     Or, 
the  force  applied  to  the  p! 

•ial  area.   K   |  1  bv  the  ran  cross- 

sectional  area,  p  Ix-in^  the  pr,-  liquid,  \\«  have 

I'  i  el  R  =  pb (2) 

SO  that 


H< 


or  R=^P| 


with    the   nun)'  ues  name«l.  1\  would   be 

We  have  supposed  in  'un^er  and 

ram  are  on  the  same  level.     If  th«-v  are  at  slightly  dille: 

!'•<!  in  accordance  witli  equation  (i)  at 

the  be^innini:  of  this  article.      Hut.  in  aiiv  case,  the  ,-\/;-(/  pn 
put  on  bv  the  plunder  and  its  effect  on  th«-  ram  would  be  correctly 

ken  to 
<t. 
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It  is  thus  seen  that  any  force  however  small  applied  to  the  plunger 
may  be  made  to  balance  a  very  large  one  on  the  ram  if  the  ratio  of 
areas  of  ram  and  plunger  be  made  large  enough.  This  fact  is  often 
referred  to  as  the  hydrostatic  paradox.  There  is  nothing  surprising 
in  it  if  we  note  that  any  work  done  by  the  ram  needs  its  full  equiva- 
lent at  the  plunger.  Thus,  if  the  force  at  the  plunger  were  only 
one-hundredth  that  at  the  ram,  the  plunger  would  have  to  move 
one  hundred  times  as  far  as  the  ram.  Thus  many  strokes  of  the 


FIG.  40. — Diagram  of  Hydraulic  Press. 

plunger  are  required  for  a  small  motion  of  the  ram.  Strictly  speaking, 
rather  more  motion  than  this  is  required  for  the  plunger  when  reach- 
ing very  high  pressures  (say  2  tons  to  the  square  inch),  as  the  water 
then  shrinks  appreciably  (one-seventieth  of  the  volume) . 

The  hydraulic  press  was  made  industrially  applicable  by  the 
invention  of  the  U -collar  of  leather  due  to  Bramah  (see  Fig.  124  of 
Art.  177).  It  may  be  noted  that  the  U-collar  is  indispensable  at 
the  ram  because  there  is  here  a  large  circumference  for  leakage 
and  exposed  to  the  liquid  pressure  continuously.  The  plunger  does 
not  need  this  special  device,  although  the  pressure  there  is  just  as 
great  when  making  a  forward  stroke,  because  immediately  after 
that  stroke  the  delivery  valve  closes  and  relieves  the  pressure  on 
the  plunger.  Moreover,  the  circumference  for  leaks  is  very  small. 


EXAMPLES  XXV. 

1 .  Prove  that  the  free  surface  of  any  moderate  amount  of  liquid  is  approxi- 
mately horizontal.     How  is  this  feature  modified  by  the  large  extent  of  a  lake 
and  possible  variations  of  atmospheric  pressure  ? 

2.  Explain  why  the  liquid  stands  at  the  same  level  in  a  teapot  and  its 
spout.     How  is  this  principle  utilised  in  the  gauge  glasses  of  steam  boilers  ? 
Sketch  the  arrangement. 


LIQUIDS    IN    K 


73 


A'hat    do  you    mean    by  tin-    equable  transmission  of  fluid   pressure? 

the  principle  and  thus  explain  the  so-called  hydrostatic  piini. 
lie   ram  of  a  hydraulic  i  ins.  diameter,  the  plunger  is  |  in. 

and  i*  \vorked    by  a  point  on  a   lev-  :rom  the  fulcrum.     What   force 

mu>t  be  exerted  on  the  K  .  .  from  the  fulcrum  in  order  to  overcome 

anceof  30  :it  by  the  rain  ? 

5.  In  the    previous    question,  if  the  stroke  of    the  plunger  were  2    ins., 
how  many  strokes  would  be  required  to  shift  the  ram  i  in.,  even  if  there  wen 
,age  at  the  valves  ':     Also  what  work  would  be-  done  on  the  plunger  and 
by  the  ram  ? 

66.  Superposition   of   Liquids.— If  two  or  more  liquids  which  do 

not  mix  (say  oil,  water  ami  line  vessel, 

.vill  obviously  conn-  to  iv-t  with  t:  below  ; 

the  others  being  in  order  of  density.    After  equilibrium  i>  ivaclu-d 


FIG.  41. 


points  A  and  B  on  the  same  level  in  the  lowest  liquid  an-  at  tin- 

ordingly  follows    that    tin-  surface  <>\  this 

liquid  above  A  i  liquid  were  higher 


FIG.  42. — Interface  of  Liquids. 


above  B,  we  should  have  in  the  next  overlying  liquid 

ntson  thesameh  \(  1  lik<*  CandD  }i),  \\hi«  h 

is  contrary  to  the  ic^t  already  established.     IFm. .    each  inter 
face   of   non-mixing  liquids  in  equilibrium  i^  a  hori/outal    plane, 
i        42.    Obviously  the  same  result  applies  if  the 
:bstance    is    the    atmosphere  or    other  ga^   at    rest  in 
equilibrium. 
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The  pressure  P  at  a  depth  dz  in  a  liquid  of  density  p2,  over  which 
lies  a  layer  of  depth  di  of  liquid  of  density  plt  is  easily  seen  to  be 
given  by 


N 


M 


In  like  manner  the  pressure  may  be  written  in  the  case  of  three 

or  more  liquids. 

67.  Densities  by  U-Tube. — We  may  conveniently  use  the  fact 

of  the  level  interface  of  two  liquids  and   the  law  of  increase  of 

pressure  with  depth  to  find 
the  relative  density  of  one 
with  respect  to  the  other. 
For  this  purpose  a  U-tube 
may  be  used,  with  its  limbs 
vertical  and  open  ends  at 
top,  as  shown  in  Fig.  43. 
Then,  on  introducing  two 
liquids  which  do  not  mix, 
they  will  settle  somewhat 
as  shown  if  their  densities 
differ  slightly.  The  inter- 
face of  the  two  liquids  is 
at  L  on  the  left  of  the 
figure,  and  level  with  it  at 
L  on  the  right,  the  pressure 
must  be  the  same,  P  say. 
Hence,  in  ascending  from 
L  to  M  in  the  one  liquid  of 
density  D,  say,  the  pressure 
falls  to  that  of  the  atmo- 


FIG.  43. — Density  of 


sphere.  And,  in  ascending  from  L  to  N  in  the  other  liquid  of  density 
d,  say,  the  pressure  also  falls  through  precisely  the  same  range.  But 
change  of  pressure  is  proportional  to  the  product  (depth  X  density) . 
Thus,  calling  these  heights  H  and  h  respectively,  we  have 


whence 


or 


d= 


h 

HP 
h 


(i) 

(2) 


If  the  two  liquids  in  the  figure  were  water  and  oil,  we  might 
write  D=  i,  and  thus  find  for  the  density  of  the  oil 


H 


.(3) 


In  performing  the  experiment  the  U-tube  would  be  conveniently 
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held  in  n  clip  stand,  and  the  heights  of  L,  M  and  N  measured  from 
ble.     If  these  \\vrc  respectively  a,  b  and  c,  it  is  clear  that  we 
should  h 

U=b  —  a  and  h=c—a.          ...    (4) 

If   the  two   liquids   to  be   compared 
mix  or  p  Eolation,  like  spirit  and 

I  form  of  the  U-tnbe  is 
adopted.     By  an  opening  at  the  crown 
sucked  out  and  the  liquids  drawn 
up  the  two  limbs  of  the  tube  from  the 
iiich  they  dip.     Obviou>ly. 
as  before,  the  dni>itie>  air  ii 
the  hri^hts.     The  arrangement  is  >hown 
in  Fig.  43A. 

.i   liquid   of    known   density 
and  the  air    completely  removed 
the    upper   part   of    a    single    tube 
dipping  in  a  liquid  below,  the  height  of 

•  lumn  would   mea<u: 
/  the  atmosphere  and  so  illustrate   the 
>rin<  iplr  of  the  baroni' 

68.  Pressure   Gauge  or    Manometer.— 
.   we  see  that 
mot!  rding    tl 

;>ressed  by  saying    that  the 

1      H    of    til'"    drll-MT    liquid 

icess  of  />  i 

itmosphcric  :  ue 

vhethn-  the 

r  T  x.  U-  lube. 

upud    i  olui: 

ibove  or  due   to  any  other  liquid   or   ^a>   pivving   at   thr  same 

placr.     A     >imp 

this 

h<.wn  in   Fig,  .\.\.      Il  the 

mai.  ttnA  thr  pressure 

.1-   in  building,  tin- 
may  br  d    the    t: 
6  of    thr 

it  half  an  in«  h  apart.     The 
DgC  thru  reads  direct  in  inches  of 

§\  -  water.      If  hi^'hri  pi-  to  W 

It    with,    thr    limbs    ini^ht     ha\c 
Irn^tli^  (»f  half  a  inrtiv  and  a  metre 
-   3  nd      the     liquid     be 

§Jv        JJ J      ii  ''    K111- 

^^^^/  c-c- 

FIG.  44. — Simple  Manom 
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EXAMPLES  XXVI. 

1.  Water  and  oil  are  poured  into  a  U-tube  which  is  set  with  its  limbs 
vertical.    The  levels  are  then  found  to  be  above  the  table  by  15,  26,  and  2 8' 5 
cm. ;  what  is  the  density  of  the  oil  ? 

2.  Water  is  drawn  up  one  limb  of  an  inverted  U-tube,  and  spirit  up  the 
other,  the  successive  heights  of  the  columns  being  as  follows  : — 

Water,  49-9,  48,  44,  42*7,  41*9,  39-8,  37-4,  34-3,  29-9,  26  cm. 
Spirit,  60,  58,  53,  51-4,  50-5,  48,  45,  41-4,  36,  31  cm. 
Calculate  the  density  of  the  spirit. 

3.  A  water  manometer  is  put  on  the  gas  supply  of  a  building,  and   the 
levels  differ  by  0*95  of  an  inch:  find  the  excess  of  the  gas  pressure  over  the 
atmospheric  in  Ibs.  per  square  inch. 

4.  Gas  in  a  chamber  is  found  to  give  a  difference  of  levels  of  i'3  in.  in  a 
glycerine  manometer.     If  you  have  a  specimen  of  the  same  glycerine,  explain 
how  you  would  determine  the  pressure  of  the  gas. 

5.  Suppose  the  gas  in  a  gasometer  shows  a  difference  of  levels  of  7-3  cm. 
on  a  manometer  in  which  the  liquid  had  a  density  of  i'24  gm.  per  c.c.,  what  is 
its  pressure  above  atmospheric  in  gms.  wt.  per  square  centimetre,  and  in  Ibs. 
per  square  inch  ? 

69.  Resultant  Force  on  Immersed  Plane  Surface. 

Case  I.  Surface  Horizontal. — Let  the  surface  have  an  area  A 
and  be  situated  at  depth  d  in  a  liquid  of  density  p.  Then,  if  the 
pressure  at  the  free  surface  of  the  liquid  is  P0,  that  at  the  depth  d 
is  P0-f-  wd,  where  w—  pg  is  the  weight  of  the  liquid  per  unit  volume. 
Further,  since  the  surface  immersed  is  plane,  all  the  liquid  pressures 
are  parallel  and  the  resultant  force  is  consequently  their  simple  sum. 
Hence,  we  have  for  this  resultant  force 

R=(P0+iw*)A (i) 

Case  II.  Vertical  Rectangle  with  an  Edge  in  Liquid  Surface. — 
Let  the  rectangle  have  breadth  b  and  depth  d.  Take  in  it  a  hori- 
zontal strip  at  depth  x,  its  width  being  the  very  small  quantity  h, 
as  shown  in  Fig.  45.  Then  the  pressure  due  to  the  liquid  of  depth 
x  may  be  expressed  by  wx,  and  the  area  of  the  strip  is  bh.  Accord- 
ingly the  force  on  the  strip  is  bwxh.  Thus  the  resultant  force  on 
the  rectangle  is  found  by  summing  this  quantity  from  x=o  to 
x=d.  Hence  we  have 

d               d2 
~R=wZQbxh=wb— (2) 

It  may  be  noted  that  the  quantity  inside  the  sign  of  summation  is 
an  element  of  area  bh  multiplied  by  its  distance  from  the  level  of 
the  free  liquid  surface.  Thus  the  summation  of  this  must  give 
the  product — whole  area  multiplied  by  depth  of  its  centroid  or  centre 
of  gravity.  Thus,  if  we  write  A  for  the  area  of  the  rectangle  and 
G  for  the  depth  of  its  centroid,  equation  (2)  takes  the  form 

(3) 
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showing  that  the  force  may  be  regarded  as  being  the  product  of  the 

:nto  the  pressure  at  the  level  of  its  cvntivul. 
If  the  pressure  on  the  free  surface  of  the  liquid  (hitherto  neglected 


-15.— Force  on  Vertical  It 

for  the  rectangle)  were  P0.  it  U  easy  to  see  th.it  I  iant  force 

would  then  be  increased  by  AP0,  the  value  being 


R'=(P0+irG)A 


(4) 


.  Surf  ate. 

Any  Plane  <e  be 

any  prescribed   plane  --.tending   in. in    the 

h  to  tin-  d.-pth  d.      In  it,  at  tin-  drj.th  \  .'»ii/nntal  strip 

il  width  //,  l«-t  the  Irimtli  <»f  this  strip  be/, a-    IK.V.II 
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in  Fig.  46.     Then  its  area  is  Ih  and  the  pressure  at  its  level  is  wx. 
Thus  the  resultant  force  on  the  surface  of  area  A  is  given  by 


R= 


=  AwG 


(5) 


Or,  if  the  pressure  at  the  free  surface  of  the  liquid  is  P0,  then  the 
force  is 

R'=(P0+^G)A (6) 

Of  course,  for  any  regular  figure  the  value  of  /  could  be  found  in 
terms  of  x. 

Case  IV.  Any  Plane  Surface. — Let  the  surface  have  area  A, 
be  inclined  at  6  to  the  horizontal,  and  extend  between  the  depths 


FIG.  47. — Any  Plane  Surface. 

b  and  c  below  the  free  surface  of  the  liquid,  as  shown  edgewise  by 
BC  in  Fig.  47.  Take  in  the  area  a  narrow  horizontal  strip  of  width 
PQ  whose  edges  are  at  depths  x  and  x-{-h  below  the  free  surface 
of  the  liquid,  so  that  h  is  very  small,  and  call  the  length  of  this  strip 
/.  Then  its  area  is  /  x  PQ  =lh+  sin  6,  and  the  pressure  at  its  level 
is  P0-\-wx,  where  P0  is  the  pressure  at  the  free  surface  of  the 
liquid,  and  w  its  weight  per  unit  volume.  Hence,  summing  over  the 
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whole  surface  the  products  of  pressure  into  area,  we  have  the  re- 
sultant pressure  expressed  by 


r  -        .  /•*     I       M,  *•*  , 

:i  6               Mil 
or  R=PoA+wGA 

re,  as  before,  G  denotes  the  depth  of  the  centroid  of  A. 
If  the  surface  pressure  were  absent,  this  would  redi; 


;cal  component  of  the  resultant  for- 

R  cos  6=  (P0H-  wG)  (A  cos  6)      ...      (< ») 

ilii  weights  of  the  vert  quids  or 

jtitiJs  resting  on  the  area  in  question,  since  A  cos  B  is  th<  tin 

lorizontal  projection  of  the  in.  l in,  d  pi  ,  i>  the  depth 

>f  its  erntioid.     And,  on  con-  I  in-  equilibrium  of  tin-  vertical 

:olumnv  on  this  inclined  surface ;  the 

/ertical  sides  are  all  horixontal,  \ve  sec  that  tl,  : 

>f  the  force  on  the  base  n  i 

Whole    Pressure    on    an    Immersed    Surface.       1  h« 
on-  found  f«>r  various  cases  of  in 

\  rrsultant  force  in  MI«  li  ca«  ~iuu 

>£  all  the    forces  <>n  Mirl.nv       I'.nt.  BJnOQ  tin- 

•urfaces  con  :ni   and   tin- 

irithmt  :  .1.     Now  tin-  .n  itluin  ti<  .d 

•um  of  all  the  forces  on  tl  •  UK- 

S   §'•  llllld    on     • 

t  must  !>«•  (.in-fully  noted  t  i  ,mc  the 

vhole  press ir  inimt  1»« 

dike,  and  that  it  is  only  t  force  that  ha  II.HIK  ;d 

•ignificance. 

Thus,  the  whole  pres-  dins  a  under  uniform 

pressure  Pis4Tr</  t  force  on  it  due  to  th<  pressure 

s  zero,  for  the  forces  are  equally  distributed  in  md  the 

*nt  point  i.  jtiM  nident  n 

'lear  id<  as  upon  tin-  Mil-  l»e  tn.ul.l.  d  by  U  -  nee 

< N  whole  pressures  which  he  i  t..  i.r  iio|».  d  that  thr 

crm  whole  pressure  will  soon  drop  out  of  use. 

EXAMPLES  XXVII. 

i .  'i  wards  so  t  i 

•  '.  .1  {>\T:inihl.      It  it  |  <!    ;  :..!  its  base  has  an  <>n 

tl.  iKjuid  of  woiglil  :••  |M-I  unit  voluiin-  ?      It  tin- 
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area  of  the  upper  part  of  the  tank  is  B,  what  is  the  total  weight  of  the  liquid 
contained  ?     Why  does  this  differ  from  the  force  on  the  base  ? 

2.  A  triangle  has  its  plane  vertical,  its  apex  in  the  free  surface  of  water, 
and  its  base  horizontal  of  length  b  ft.  and  at  depth  d  ft.     Find  the  force 
on  the  triangle  due  to  liquid  pressure. 

3.  A  circular  hole  18  ins.  diameter  is  cut  in  the  vertical  side  of  a  tank 
filled  with  liquid  of  density  i'i  times  that  of  water,  the  upper  part  of  the  circle 
being  2  ft.  3  in.  below  the  free  surface  of  the  liquid.     What  force  is  needed 
to  hold  a  plate  on  the  side  to  cover  the  hole  ? 

4.  A  casting  is  to  be  made  resembling  a  table  with  its  legs  upwards.     The 
main  surface  which  is  below  is  5  ft.  by  4  ft.,  and  the  lags  project  upwards 
3  ft.     If  the  specific  gravity  of  the  molten  metal  is  7-5,  what  load  is  needed 
to  prevent  the  moulds  separating  at  the  time  of  casting  ? 

5.  A  barrel  is  2  ft.  6  ins.  diameter  at  the  ends,  and  3  ft.  deep  inside;  it  is 
filled  with  sea  water  (specific  gravity  1*025)  and  then  slowly  tilted  to  30°  from 
the  vertical  and  held  there.     What  is  the  force  due  to  liquid  pressures  on  its 
bottom  ? 

6.  On  the  vertical  side  of  a  tank  filled  with  liquid  a  triangle  is  marked  with 
its  base  in  the  free  liquid  surface.     Where  can  this  triangle  be  divided  by  a 
horizontal  line  so  that  the  forces  due  to  liquid  pressure  will  be  equal  on  its 
upper  and  lower  portions  ? 

7.  On  the  plane  end  of  a  tank  full  of  liquid  a  rectangle  is  marked  with  one 
side  on  the  surface.     It  is  then  divided  into  equal  parallel  strips  by  equidistant 
horizontal  lines.     Find  (a)  the  relative  forces  on  the  portions  of  the  rectangle 
from  the  top  to  anyone  of  these  lines,  and  (b)  the  relative  forces  on  the  strips. 

71.  Centre  of  Pressure  of  Triangle.  —  The  resultant  force  of  all 
the  pressures  on  the  elements  of  an  immersed  surface  has  not  only 
a  magnitude  and  direction,  but  also  a  line  of  action.  To  determine 
this,  we  find  the  point  P,  called  the  centre  of  pressure,  at  which 
this  line  of  action  intersects  the  immersed  surface.  Let  the  distance 
OP  of  this  point  below  the  free  level  surface  of  the  liquid  be  denoted 
by  P  also,  the  resultant  force  being  as  before  denoted  by  R. 

Consider  first  the  vertical  triangle  ABC  with  apex  B  in  the  free 
liquid  surface,  and  base  CA=b  horizontal,  as  shown  in  Fig.  48.  Let 
the  perpendicular  height  of  the  triangle  be  d,  and  take  in  it  a  hori- 
zontal strip  element  of  width  h  at  depth  x.  Then  the  length  of  this 
strip  is  seen  to  be  bx/d,  and  the  pressure  at  its  level  is  wx.  We 
accordingly  have  by  summation 

=»&    ......    (i) 


Let  us  now  find  the  sum  of  the  products  — 
(force  on  a  strip  x  depth  of  that  strip  below  free  liquid  surface) 

Obviously,  this  will  be  found  by  introducing  into  the  previous 
summation  another  x,  making  #3  instead  of  x2.  Further  this  sum 
must  equal  the  product  PR,  the  moment  of  the  resultant  force  R 
about  the  horizontal  line  DBF,  where  the  plane  of  the  triangle 
intersects  the  free  liquid  surface.  Hence,  we  have 

*h=wb-    .....     (2) 
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Then,  by  dividing  (2)  by  (i),  we  find 
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(3) 


that  the  depth  of  the  centre  of  pressure  below  the  surface 
i>  J  that  of  the  triangle.  It  is  also  situated  on  the  median  BPM 
of  the  triangle  through  B,  as  may  be  >een  by  symmetry. 

Centre  of  Pressure:  General  Treatment.  Still  ivf erring  to 
the  triangle  shown  in  Fig.  48,  let  u>  now  see  how  the  treatment 
may  be  generalised  to  suit  the  case  of  any  vertical  surface  whatever. 


FIG.  48. — Centre  of  Pressure. 


et  the  area  of  the  immersed  surface  be  denoted  by  A,  the  dept  h  <>f 

i  s  centn.iil  by  G  and  th.<-  i   prCSSOn  '    both 

of  tin-  li(jui<l.      Let  /  be  ! 
t  drp  th 

1    piiil   per  unit   volume.      Then   fur  the   resultant   force  we   niav 
\  rite 

.....     (i) 


.  gain,  for  the  sum  of  the  moments  about  DBE  of  the  forces  on 
t  ic  strips,  we  have 


K 
s  irface. 


the 


(2) 
of  gyration,  about  DBE,  of  tin-  immersed 

G 
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Accordingly,  dividing  (2)  by  (i),  we  find 

P  =  ?£orPG=K«     .....    (3) 

Or,  in  words,  the  product  of  the  depths  of  the  centre  of  pressure  and 
centroid  of  any  immersed  vertical  surface  equals  the  square  of  its 
radius  of  gyration,  these  depths  and  radius  are  to  be  taken  from  the 
intersection  of  the  plane  of  the  surface  with  the  free  liquid  surface, 
which  is  understood  to  be  free  from  pressure. 

With  some  immersed  surfaces,  it  is  more  convenient  to  use  k, 
its  radius  of  gyration  about  the  horizontal  line  through  its  centroid. 

We  then  have 

K2=G2+£2=PG       .....     (4) 

Hence,  in  this  case,  (3)  becomes 

P=G+§  .......    (5) 

For  example,  it  is  easily  seen  that  this  formula  would  facilitate 
the  work  for  — 

(i.)  A  rectangle  with  edges  horizontal  and  vertical  but  not 
reaching  to  the  free  surface  of  the  liquid  ;  or  for 

(ii.)  A  circle  whether  reaching  the  free  surface  or  not. 

On  the  other  hand,  a  triangle  with  base  in  the  free  surface  of  the 
liquid,  or  a  semicircle  with  base  there  would  be  more  quickly  solved 
by  equation  (3). 

It  may  also  be  seen  that  for  an  inclined  surface  the  slant  depth 
P'  of  the  centre  of  pressure  is  related  to  the  slant  depth  G'  of  the 
centroid,  and  the  radius  of  gyration  K'  of  the  surface  about  its 
intersection  DE  with  the  free  liquid  surface  as  follows  :  — 

K'2 


The  slant  depths  P'  and  G'  are  each  to  be  taken  in  the  plane  of 
the  area  and  perpendicular  to  DE. 

73.  Centre  of  Pressure  by  Centroid  of  Solid.  —  To  find  the  centre 
of  pressure  of  an  immersed  plane  surface  we  may  sometimes  with 
advantage  draw  to  scale  the  forces  representing  the  liquid  pressures. 
Then  the  centroid  of  the  solid  figure,  thus  built  up  of  all  these  forces 
will  afford  the  clue  sought  for  the  centre  of  pressure.  This,  of 
course,  obviates  the  necessity  for  a  general  summation  when  the 
solid  figure  is  of  a  simple  type  whose  centroid  is  known  or  easily 
found  by  elementary  methods.  Thus,  let  the  immersed  area  be  the 
vertical  triangle  ABC,  shown  in  Fig.  49,  with  the  vertex  A  in  the 
free  liquid  surface  and  base  BC  horizontal.  Then  the  liquid  pressures 
on  ABC,  drawn  to  scale,  would  occupy  the  pyramid  ABCDE.  Now 
it  is  known  that  the  centroid  H  of  a  pyramid  is  down  from  the 
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I  by  4  of  it>  height.  Hence  the  centre  of  pressure  P  of  ABC, 
level  with  H,  is  also  down  from  A  by  j  the  height  of  the  triangle. 
1  his  agrees  with  equation  (3)  of  Art.  71. 

Again,  consider  the  vertical  triangle  ABC  with  the  base  AB  in 


FIG.  49. 


no.  49. 

ie  free  liquid  surface,  as  shown  in  Fig.  50.     Then,  drawing  to  scale 
)rizontally  CD  to  represent   the  pressure  at  C,  and  joining  AD 


FIG.  50. — Centres  of  Pressures  by  Centroid  of  Solid. 


dBD,  we  have  the  pyramid  ABCD  to  represent  tin- liquid  ; 
ABC.     i  tn-t  the  centrotd  G  of  the  1  U5C, 

min-GDaiKl  tindin- in  it  t:  <i<l  H<>fili<-  j'vnmnd,  we  have, 
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level  with  H,  the  centre  of  pressure  P  sought.  Further  G  is  down 
below  the  free  surface  one-third  of  the  depth  of  the  triangle,  and 
H  is  below  G  by  one-fourth  of  the  remaining  two-thirds.  Thus, 
H  and  P  are  each  half-way  down  the  depth  of  ABC. 

Both  these  cases  could,  of  course,  be  treated  immediately  by 
equation  (3)  of  Art.  72. 

For  by  equations  (14)  and  (16)  of  Art.  54  we  obtain  for  the  cases 
under  consideration  the  values  of  the  moments  of  inertia  of  the 
triangle  about  the  horizontal  lines  where  their  planes  meet  the 
free  surface.  These  are  respectively  JA/>2  and  |A/>2,  where  A  is 
the  area  of  the  triangle  and  p  is  the  perpendicular  height.  Thus 
the  values  of  K2  for  the  two  are  respectively  %p2  and  J^2.  Further, 
the  depths  G  of  the  centroids  of  the  triangles  are  respectively  \p  and 
\p.  We  thus  have,  for  Fig.  49, 

p=i/>2^=i/> (i) 

and  for  Fig.  50 

P=t#»-T-J#=# (2) 

in  agreement  with  what  was  found  before. 

EXAMPLES  XXVIII. 

1.  Find  by  two  methods  the  centre  of  pressure  of  a  triangle  with  its  apex 
in  the  liquid  surface. 

2.  Determine  the  depth  of  the  centre  of  pressure  of  a  vertical  semicircle 
whose  base  is  in  the  liquid  surface. 

3.  A  circle  of  2  ft.  diameter  is  marked  on  the  plane  vertical  end  of  a  tank 
which  has  liquid  up  to  3  ft.  above  the  centre  of  this  circle.     At  what  depth 
is  the  centre  of  pressure  of  the  circle  ? 

4.  A  rectangle  on  the  vertical  end  of  a  tank  has  its  upper  and  lower  sides 
horizontal  and  7  ft.  and  9  ft.  respectively  below  the  liquid  surface.     Find  the 
centre  of  pressure  of  the  rectangle. 

5.  A  rectangle  has  its  upper  side  in  the  liquid  surface  and  the  lower  one  at 
a   depth  of   20  ins.,  the   plane   being  vertical.       Find  where  to   divide   the 
rectangle  by  a  horizontal  line  so  that  the  pressures  on  each  part  may  be  equal, 
and  find  the  centres  of  pressure  of  each  such  part. 

74.  Any  Triangle   with  Vertex  in  Liquid  Surface. — Let  us  now 

find  the  depth  of  the  centre  of  pressure  of  any  oblique  plane  triangle 
ABC  with  one  corner  A  in  the  liquid  surface.  Produce  the  side  BC 
to  meet  the  liquid  surface  in  D,  as  shown  in  Fig.  51,  and  consider 
ABC  as  the  difference  of  the  two  triangles  ABD  and  ACD.  Let 
the  depths  of  B  and  C  in  the  liquid  be  b  and  c  respectively,  and 
consider  the  moments  about  AD  of  the  forces  on  each  of  the  three 
triangles.  Then  we  may  apply  the  theorem  as  to  the  moment  of 
resultant  being  equal  to  the  algebraic  sum  of  moments  of  com- 
ponents. Further,  for  any  triangle,  this  moment  will  be  pro- 
portional to  the  product  of  three  quantities,  viz. 

(i.)  The  area  of  the  triangle, 

(ii.)  The  depth  of  its  centroid,  and 

(iii.)  The  depth  of  its  centre  oj  pressure. 
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It  should  be  noted  that  the  plane  of  the  triangles  under  examination 
is  not  necessarily  vertical,  though  that  of  the  diagram  is.  1  hus 
H  and  C  may  be  supposed  nearer  to  the  observer  than  A  and  D, 
but  A,  B,  C  and  D  are,  of  course,  all  in  one  plai 

To  construct  the  required  moments,  or  rather  quantities  pro- 
portional to  them,  we  may  conveniently  arrange  tin-  factors  in  a 


FIG.  51. — Centre  of  Pressure  of  Oblique  Triangle. 

tabular  form,  prompt!-.  iing  in  the  areas  any  factors  \\hich 

it  is  seen  will  occur  alike  in  each  line.    The  depths  of  the  cent  n .id 
and  centre  of  pressure  are  correctly  enter,  d.     These  quai 
t.  e  number-,  proportional  to  the  me:  :.-r«-d  in  Table  IV., 

v.  iii-h  should  be  verified  by  reading  d«  <  olumns  and  then 


TABLE  IV.— MOMENTS  FOR  OBLIQUE  TRIANGLE. 


tSSSSi 

Arras  arc  pro- 
portional to 

Depth*  of 

,.nu.  .,.!,. 

Depths  of  centrw 

M.-mrnisol  l,,r,,-s 
about  AD  are 
proportional  to 

ADD 

b 

b 

1 

b 

2 

fc» 

<> 

ACD 

c 

C 

3 

C 

2 

£ 

<> 

ABI 

b  —  c 

b  +  c 

3 

P 

(fc«-c«)P 
3 

tin-  lines,      i  he  remembr-  •    any   moment    in 

tl  tf  fourth  minimi  is  the  product  ot  the  .juantities  occurring  on  tin- 
s:  me  lii.-  i  hrer  pp 

•n  the  \A^{  coluni:  • 

t    the  differei)<  •  oi  the  others,  we  obtain 
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75.  Any  Triangle  wholly  Submerged. — By  making  use  of  the 
result  just  obtained,  and  following  the  same  method,  we  may  find 
the  depth  P  of  the  centre  of  pressure  of  any  plane  triangle  ABC 
wholly  submerged,  the  depths  of  its  corners  being  a,  b  and  c  re- 
spectively, as  shown  in  Fig.  52. 

We  produce  BC  to  meet  the  liquid  surface  in  D,  join  AD  and 
consider  ABC  as  the  difference  of  the  triangles  ABD  and  ACD, 


FIG.  52. — Centre  of  Pressure  of  Submerged  Triangle. 

taking  moments  about  the  intersection  DE  of  their  common  plane 
with  the  liquid  surface.  We  thus  obtain  the  quantities  in  Table  V. 
Since  the  triangles  considered  are  all  between  the  same  parallels, 


TABLE  V. — MOMENTS  FOR  SUBMERGED  TRIANGLE. 


Triangles 
considered. 

Areas  are  pro- 
portional to 

Depths  of 
centroids. 

Depths  of  centres 
of  pressure. 

Moments  about  DE  are 
proportional  to 

ABD 

b 

fl-f-  b 
3 

I   a*-b* 

|(a2+a&  +  &2) 

ACD 

C 

c+a 
3 

i    c3-a3 
2*c2  —  a2 

|(c2  +  ca  +  a2) 

ABC 

h        r 

a+b  +  c 

P 

(&-c)(a  +  6  +  c)P 

3 

3 

their  areas  are  proportional  to  their  bases  BD,  CD  and  BC,  and 
therefore  proportional  to  b,  c  and  b—  c. 

From  the  table,  equating  the  third   moment   to  the  difference 
of  first  and  second,  we  find 

l+ be -\-ca-\-ab  ,  . 


2(a+b+c) 
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76.  Particle  Rule  for  Centre  of  Pressure  of  any  Triangle. — Let 
us  now  suppose  that  the  submerged  triangle  ABC  of  Fig.  52  is 
replaced  by  three  particles  at  the  middle  points  of  its  sides,  their 
masses  being  proportional  to  their  depths  in  the  liquid.  And  let 
us  find  the  depth  H  of  the  centre  of  mass  of  these  particles.  We 
have  simply  to  apply  the  ordinary  rule  for  any  co-ordinate  of  a 
(vntre  of  mass,  and  we  thus  obtain 


b+c     c+a     a+b 

2 

Hut  on  simplifying  the  expression  for  H,  we  find  it  is  that 

.  obtained  for  P. 

If  we  draw  in  Figs.  51  and  52  a  line  I)l;  in  the  common  plains 
the  three  triangles  and  at  right  angles  to  DA  or  1)1     we  may 

take  the  moments  about  DF  and  thus  locate  the  position  of  the 
•re  of  pr<  -.-.     It  \voiihl  thus  be  found  that  in  this 

respect  also  :  with  the  centre  of  mass 

af  the  three  ..     \\V  have  accordingly  the 

following  rule  which  holds  for  all  triangles : — 

Rule.—  The  cent  >f  any  plane  triangle 

immersed  in  a  liquid  coincides  with  the  centre  of  mass  ol   ti 
part  liddle  point>  <.f  the  sides  and  of  masses  proportional 

to  t:  liquid. 

This  rule  may,  of  course,  be  applied  to  plane  figures  wit  1 
sides  by  dividing  them  int  ies. 

Atmosphere.— In  lindm-  s  of  pn 

we  have  hitherto  n-  "\  .   on 

the  liquid-.     \\.-  may  aO  this  mlhi«-n«e.  when  i!'  l»v 

replacing  the  atmosphere  by  a  layer  of  such  t  i  liquid 

as  will  prodi:  -uld  thus  .,!.: 

a  new  imagi nary  liquid  si:  -n  our  j 

on  tin-  plane  areas  prope  ted  \\ith  n>p»-ct  to  \  ,md 

jiiid. 

Submerged  Triangle  by  Radius  of  Gyration.— For  any  plane 
triai  adily  lind  the  depth  P  <>1  the 

centiv  ..i  j.i.  d  in  equation 

of  Art  ure  is  pbvioi 

*9t  """  uu 

lane.  \\'e  n  '.  gyration  K  «»f  this 

verti.-a!  al.out  the  i:  plane  with  the    h.r 

•  e  of  the  liquid. 

I!  th.-  d.-j.ti  corners  u  and  C,  we  then  Imd.  after 

redu<  tion.  t: 

(jj 
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Further,  the  depth  of  the  centroid  of  the  triangle  is  easily  seen 
to  be  given  by 


Then,  applying  the  formula,  we  have 
p=K?=< 


.    (6) 


in  agreement  with  (2)  and  (3). 

This  method  is  not  recommended  for  the  sidewise  location  of 
the  centre  of  pressure,  as  it  leads  to  cumbrous  expressions. 

78.  Graphical   Method  for   Centres  of  Pressure. — This  method  is 
most  useful  for  areas  that  are  irregular  or  complicated  in  outline 

as  shown    by   the    vertical 
B  C 


FIG.  53. — Graphical  Method  for  Centre 
of  Pressure. 


area  QRS  in  Fig.  53.  It 
depends  upon  the  principles 
already  given  in  Arts.  48 
and  56,  together  with  the 
formula  of  equation  (3)  in 
Art.  72. 

Let  the  free  liquid  sur- 
face be  denoted  by  BC,  the 
greatest  depth  of  any  point 
of  the  area  by  a,  and  the 
depth  of  any  horizontal  line 
QR  in  the  figure  QRS  by  x. 
Project  QR  by  vertical  lines 
to  qr  on  the  horizontal  at 
depth  a.  Take  any  point  B 
in  the  free  surface  and  join 
Then 


qB  and  rB,  cutting  QR  in  Q'  and  R'. 

Q'R'_* 

QR      a 

That  is,  Q'R'  represents  QR  reduced  so  as  to  represent  the 
pressure  at  its  depth  instead  of  at  the  extreme  depth  of  the  figure 
QRS.  Hence,  proceeding  in  this  way,  we  might  obtain  the  shaded 
figure  shown,  which  has  the  property  that  each  horizontal  strip 
of  it  represents  the  pressure  on  the  corresponding  strip  of  the  original 
figure. 

Accordingly  the  centroid  of  this  shaded,  or  first  derived,  figure 
Q'R'S'  of  area  A',  say,  is  the  centre  of  pressure  of  the  original  figure 
QRS  of  area  A. 

To  obtain  the  depth  P  of  this  centroid  we  may  refer  to  (30) 
of  Art.  48.  Then  calling  the  area  of  the  second  derived  figure  A", 
we  have 

P  =  ^    •  (7) 
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And  this  agrees  with  equations  (3)  of  Arts.  72  and  48,  and  equation 
(8)  of  Art.  56.     For  by  these  we  find 

\_a.\" 
-   ~~ 


EXAMPLES    XXIX. 

i .   Find  the  depth  of  the  centre  of  pressure  of  a  triangle  with  one  corner 
in  the  liquid  surface  and  the  others  a1  ins.  and 

hsh   the    expression  depth  of   the   centre  of  pressure  of 

an  oblique  triangle  with  one  corner  in  the  liquid  surface. 

pressure  of  a  triangle  whose  corners 
are  at  depths  of  2,  3  and  5  ft.  1  liquid  SUM. 

4.  particle  rule  fur  the  any  triangle. 

5.  1  )<  ri\  e  the  expression  for  the  depth  of  the  centre  of  pressure  of  a  wholly 
submerged  tria: 

6.  ']  :  :  depth  of  centre  of  pressure  of  a  v,  holly  subr 
triangle  by  use  <                  :us  of  gyrat 

7.  1  :  re  of  pressure  of  a  circle  4   ft. 

uith  centre  3    ft.  below  the  liquid  surface,  and  iheck  1>\ 

8.  At  what  depths  arc  s  of  gravity  and  pressu 
corners  are  at  depths  of  4.  6  and  7  ft.  ? 


CHAPTER  VII 


FLOTATION 

79.  Resultant  Force  and  a  Curved  Surface. — As  a  preliminary  to  the 
study  of  floating  bodies,  we  must  consider  the  case  of  curved  surfaces 
so  often  presented  by  them. 

To  make  our  ideas  definite  let  us  treat  the  rounded  corner 
ABCD  of  the  vessel  shown  in  Fig.  54  filled  with  liquid.  It  will  be 
convenient  to  deal  with  the  vertical  and  horizontal  components 
separately,  taking  them  in  the  order  named.  In  Art.  69,  equation 


FIG.  54. — Forces  on  Curved  Surface. 

(9),  it  was  shown  that  the  vertical  component  of  the  force  on  any 
oblique  plane  area  is  equal  to  the  weight  of  the  vertical  column  of 
the  liquid  standing  on  it.  Hence,  dividing  the  curved  surface 
ABCD  into  a  large  number  of  elements,  each  so  small  as  to  be 
practically  plane,  we  see  that  the  vertical  component  Q  of  the 
liquid  pressure  on  it  must  equal  the  weight  of  the  vertical  column 
ABCDabcd  of  liquid  standing  on  the  surface.  Further,  from  the 
way  this  force  Q  is  built  up,  it  is  evident  that  its  line  of  action  is 
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the  vertical  through  G,  the  centre  of  gravity  of  the  liquid  column  in 
question. 

.-ider  now  the  horizontal  component  S  of  the  liquid  pressure 
on  Al'.i  I).  This  component  is  taken  parallel  to  eba,  as  shown  in 
the  figure.  Project  the  curved  surface  in  the  opposite  direction, 
ab,  thus  obtaining  the  figure  a'b'c'd'  on  the  end  face  of  the  vessel. 
Also  isolate  in  thought  any  small  prism  of  liquid  with  its  axis  parallel 
to  abe  and  extending  from  the  curved  surface  to  its  plane  projection. 
Then  on  the  sides  of  this  prism  all  the  liquid  pressures  are  at  right 
angles  to  its  length  and  so  contribute  no  component  parallel  to  its 
•  equilibrium  of  the  pri-ni  requires  the  axial  com- 
ponents at  it-  end-  to  be  equal  and  opposite.  Thus,  if  the  whole 
curved  surface  ABCD  were  supposed  occupied  by  the  bases  of  such 
prisms,  we  Bee  that  the  horizontal  component  S  oi  the  liquid  pivsMire 
.tnd  <>pi"  that  di  a'li'c'd'.  Also,  from 

the  way  th:  |  built  u;  that  it-  line  of  action 

must  pass  through  I1,  th< 

If  this  hori/ontal  through  1'  1  through  (i, 

then  the  resultant  K  of  <  '  /.ill  evid-  i 

ild  be  found  in  the  usual  way 

In  the  case  just  CODM  :iit  K  would  ivpiv-ent  the 

•II    Al'.t    I  )  due   to  the  liquid   plcs-i; 

the  Mirfare  in  question  evidently  receives  no  pressure  component 
illel    to  AD  ..Inn    projected     in    that 

It.  h"\\.  ,rm  as  to  <  tion 

in  this  dnv<  tion.  there  would  be  a  corrc-pondn  .  ,  which 

•!!11    the    final   oblique 
It  1  .    law  Collld   be  extended    to 

a  parullflopipt-J  law  for  ol  taut  in  tin-  COM,     Thus, 

if  ti 

tanl .  K   iv,  would  n  n  pn  ented  i-\ 

that  diagon,;  ^anie  figui.   ,  :n  the  coiner  (onmioii  t«» 

edges. 
In  1  u   li(|uid  68  OH  the  curved  surface  are  down 

and  to  •  l>ecause  the  liquid  is  inside.      li  the  vessel  shown 

.ptit-d  and  tln-n   ;  into  the  .same  liquid  till 

top  a6c<^/becom  level  \\itli  the  h.e  liquid  Mirface,  then  it 

:  Vol  -orces  Q  and  >  would  be  ea<  h  exactly  rCVW    ed 

in  dii«  <  tion,  but  left  the  >aine  in  magnitude.     (1  lie  tlii-  i  he 

Forces  and  Resultant  on  a  Closed  Surface. —Let  09  now  find 

distribution  of  th-  [bed  entirely 

in  a  liquid  and  din-  to  the  liquid  all   lound  it   and  a<  i 

inward-.      \\'.-   uill    !r  [del    hoii/ontal    forces   and    a  It  •  i  \\  ,n  <  1  - 

.  S5  -'t «'!«  indicated  \>\  the  irregular 
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line  passing  through  Q,  S,  P,  T  ;  the  free  liquid  surface  being  at 
A,  B,  C.  In  the  closed  surface  take  a  horizontal  prism  ST,  and 
consider  the  horizontal  forces  parallel  to  its  axis  on  the  ends  of  the 
prism.  By  Art.  79,  these  axial  components  are  obviously  equal 
and  opposite.  And  since  this  applies  all  over  the  closed  surface  and 
in  any  horizontal  direction,  we  see  that  the  pressures  all  over  the 
closed  surface  yield  no  horizontal  component. 

Take  now  a  vertical  prism  PQ  and  continue  it  to  the  free  surface 
at  B.  Then,  by  Art.  69,  we  have  the  vertical  component  of  the 
forces  on  the  lower  base  at  P  equal  to  the  weight  of  the  prism  PB 
of  liquid.  Again,  the  vertical  component  of  the  forces  on  the  upper 
base  Q  equals  the  weight  of  the  prism  QB  of  liquid.  But  the  force 


FIG.  55. — Forces  on  a  Closed  Surface. 

inwards  at  the  lower  base  was  up,  whereas  the  inward  force  at  the 
upper  base  is  down.  Hence  the  resultant  of  the  two  forces  at  the 
bases  P  and  Q  acts  upwards  and  equals  their  difference,  which  is 
the  weight  of  the  prism  of  liquid  PQ.  Accordingly,  extending  this 
examination  throughout  the  closed  surface,  we  see  that  the  resultant 
vertical  force  due  to  liquid  pressures  all  over  the  closed  surface  acts 
upwards  and  equals  the  weight  of  the  liquid  inclosed  by  that  surface. 
Further,  by  the  way  this  resultant  is  built  up,  it  is  clear  that  it  must 
act  through  the  centre  of  gravity  H  of  this  inclosed  liquid. 

But  since  all  the  pressures  yielded  no  horizontal  component, 
this  vertical  force  is  the  sole  and  final  resultant  of  all  the  pressures, 
and  is  shown  by  R  in  the  figure. 

If  only  the  magnitude  of  the  resultant  were  required,  it  could  be 
obtained  more  quickly  by  consideration  of  the  statical  equilibrium 
of  the  liquid  inclosed  by  the  surface,  under  its  own  weight  and  the 
pressures  round  the  surface.  But  the  method  first  given  shows  in 
addition  the  exact  distribution  of  the  forces. 
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Resultant  Force  on  Unclosed  Surface  with  a  Plane  Opening. 

If  it  i>  required  to  lind  the  resultant  force  of  the  liquid  presMire^ 
on  a  curved  suriai  v  not  clo>ed  but  clnsable  by  a  plain-.  V\e  may  pro 
s  follows.     Call  the  force  required  o,  aiul  let  S  be  that  on  the 
plane  required  to  close  the  surl,.  <        1  hen  their  resultant,  R  say, 
will  be  the  force  on  the  nov.  Miriace.     Hem  e  K  and  S  beini: 

eacb  calculable,  Q  follow^  by  the  parallelogram  law.     This  tre.it 
nient  may  be  easily  can ird  out  tor  the  curved  surface  of  a  hemisphere 
(or  other  portion  of  a  sphere)  or  for  the  curved  MI r face  of  a  cone. 

the  curved  surface  of  ti  »  hi.,  as  >ho\\n  in 


FIG.  56. — Resultant  Force  on  Cor  tee. 

6,  with  iied  and  one  point  D  of  the  base  in  tl 

liqu:  AM'.. 

.  tin-  pi-  c;in  find— 

(l)  whole  closed  obtiiined 

base)  and  \>  .lou^h  tin-  cent*  •.  ity  H 

oi'  the  cone  ;  and 

•  c  S  perpendicular  to  the  base  DE  and  pa 
through  P.  itsn-ntiv  «»f  prrxmi: 

o  forces  intersect  at  I  and  set  them  off  to  scale  from 
in  magnitude  and  direction  tin-  n  >ultant  of 
•rce  yet  to  b<  ,  IQ  say.      1  Ini-,  IQ  is 

parallel  and  ctpial  to  >I\.  afl  >hown  in  tl 
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Accordingly,  we  have  now  found  in  magnitude  and  line  of  action 
the  resultant  force  IQ  due  to  the  liquid  pressures  on  the  given 
conical  surface  CDE  and  closable  by  the  plane  base  DE. 

If  the  plane  surface  which  closes  the  opening  of  an  immersed 
unclosed  curved  surface  is  the  free  surface  of  the  liquid  itself,  the 
corresponding  force  vanishes.  It  is  thus  evident  that  the  resultant 
force  of  the  liquid  pressures  on  such  a  curved  surface  will  equal 
the  weight  of  the  contained  liquid  and  act  vertically  through  its 
centre  of  gravity. 


EXAMPLES  XXX. 

1.  A  tank  is  3  ft.  square  in  plan,  has  a  semi-cylindrical  bottom  and  con- 
tains water  to  a   total  depth  of  4  ft.     Find   the  component  forces  on   one 
side  of  half  the  curved  bottom,  also  the  resultant. 

2.  A  cylindrical  tank,  2   ft.  diameter  and  5   ft.  long,   lies  with  its  axis 
horizontal  and  is  full  of  liquid  of  specific  gravity  i'2.     Find  the  component 
forces  and  resultant  on  the  quarter  of  its  curved  surface  bounded  by  the  lowest 
horizontal  line  and  that  level  with  the  axis. 

3.  A  hemispherical  tank  4  ft.  diameter,  placed  with  its  diametral  plane 
horizontal  and   uppermost,  is   filled  with  water.     Find   the  component  and 
resultant  pressures  on  the  quarter  of  its  surface  lying  between  two  vertical 
planes  which  intersect  at  right  angles  in  the  axis. 

4.  Establish  the  expressions  for  the  component  forces  and  resultant  on  a 
curved  surface  exposed  to  liquid  pressure. 

5.  Determine  the  resultant  force  on  any  closed  surface  exposed  to  liquid 
pressure. 

6.  A  body  of  irregular  shape  is  let  down  into  a  vessel  full  of  water  and 
causes  3  Ibs.  of  water  to  run  out.     The  body  is  now  immersed  in  mercury  (of 
specific  gravity  13*6):  what  is  the  resultant  force  upon  it  due  to  liquid  pressure  ? 

7.  A   solid  hemisphere    10  ins.  diameter  is   immersed   in  water   so   that 
its  base  is  inclined  at  30°  with  the  horizontal  and  just  reaches  the  surface. 
Find  the  resultant  force  on  the  curved  surface  of  the  hemisphere. 

82.  Equilibrium  of  Floating  Bodies. — Let  us  now  suppose  that  a 
given  closed  surface  in  a  liquid  is  the  exterior  surface  of  some  body 
entirely  immersed.  Or,  again,  let  us  suppose  that  an  unclosed 
surface  whose  plane  opening  is  part  of  the  free  surface  of  the  liquid 
is  that  of  a  body  partly  immersed.  Then  in  either  case,  we  see 
from  the  previous  articles  that  the  resultant  force  of  all  the  liquid 
pressures,  called  the  force  of  buoyancy,  equals  the  weight  of  the 
liquid  required  to  replace  the  immersed  part  of  the  body  without 
disturbing  the  surrounding  liquid  and  acts  vertically  upwards  through 
the  centre  of  gravity  of  this  replacing  liquid.  This  centre  of 
gravity  is  termed  the  centre  of  buoyancy  of  the  wholly  or  partially 
immersed  body. 

This  replacing  liquid  is  often  for  brevity  spoken  of  as  the  liquid 
displaced  by  the  body.  It  must,  however,  be  noted  that,  in  the 
case  of  a  body  floating  in  liquid  contained  in  a  vessel  very  little 
larger  than  the  body  itself,  the  liquid  said  to  be  displaced  may  be  of 
a  volume  much  in  excess  of  all  the  liquid  present. 

For  the  equilibrium  of  a  body  wholly  or  partially  immersed  and 


FLOTATION 


95 


not  in  any  other  way  supported,  it  i>  evident  that  the  resultant 
force  referred  to  must  equal  the  weight  of  the  body,  and  that  the 
two  must  act  in  the  same  line.  Hence  we  may  state  the  case  as 
follows: — 

For  the  equilibrium  of  a  body  wholly  or  partially  immersed  it 
ressary — 

(i)  That  the  weight  of  the-  replacing  (or  displaced]  liquid  shall 
1  that  of  the  body,  and 

(j)  That  the  centre  of  gravity  (<i)  and  centre  of  buoyancy  (H) 
of  the  body  shall  be  in  the  same  vertical  line. 


FIG.  57. —  1 


ibols,  denoting  by  K  the  resultant  force  of  the  liquid 
vessures,  and  by  W  :  have 

R=W (i) 

md  Ci  and   !  tin-  MB  0  condition 

llustrated  for  bo<  !v  and  p.utially  immersed  in  H-.  57. 

It  must  be  spe<  the  above  cxpi-  •    the 

ipu  ody 

^hich  has  settled  into  mud  at  the  Ix.ttom  and  so  prevented  / 
rot>  /-r  surface.     '1  l>«>,it  left  by 

he  tid-  in  mud  •  d  fro  as  the  tide 

on:  injure  tin-  entry  of  the  water  und<  :  nd  so  enable 

to  float  again  a; 

83.  Archimedes'    Principles.     \\V    have  IV  re  the 

onditions  for  ti  ody,  Imt  have  now  to  ool 

•hat  when  a  bodv  Lfl  not   iloated  by  immer-ii.n  in  a  liquid  it   will 

-  till  it  borne  tln-rel)v.     'i'hu-.  if  a  bodv  wci^hin^ 

r  n-fs  onl\-  i  11).  of  water  on  immersion,  it  \\ill  sink,  but 

i  nly  exert  on  the  bottom  of  tl  tofiolbs. ,  theoth«i 

Ib.  -ipported  bv  the  liquid  pi- 
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The  cases  of  floating  and  sinking  bodies  were  both  dealt  with  by 
Archimedes,  the  Sicilian,  in  the  third  century  B.C.  It  must  suffice 
to  quote  the  six  following  propositions  demonstrated  by  him. 

"  (a)  The  surface  of  any  fluid  at  rest  is  the  surface  of  a  sphere 
whose  centre  is  the  same  as  that  of  the  earth. 

"  (b)  Of  solids,  those  which,  size  for  size,  are  of  equal  weight 
with  a  fluid  will,  if  let  down  into  the  fluid,  be  immersed  so  that 
they  do  not  project  above  the  surface,  but  do  not  sink  lower. 

"  (c)  A  solid  lighter  than  a  fluid  will,  if  immersed  in  it,  not  be 
completely  submerged,  but  part  of  it  will  project  above  the  surface. 

"  (d)  A  solid  lighter  than  a  fluid  will,  if  placed  in  the  fluid,  be 
so  far  immersed  that  the  weight  of  the  solid  will  be  equal  to  the 
weight  of  the  fluid  displaced. 

"  (e)  If  a  solid  lighter  than  a  fluid  be  forcibly  immersed  in  it, 
the  solid  will  be  driven  upwards  by  a  force  equal  to  the  difference 
between  its  weight  and  the  weight  of  the  fluid  displaced. 

"  (/)  A  solid  heavier  than  a  fluid  will,  if  placed  in  it,  descend  to 
the  bottom  of  the  fluid,  and  the  solid  will,  when  weighed  in  the  fluid, 
be  lighter  than  its  true  weight  by  the  weight  of  the  fluid  displaced." 
(The  Works  of  Archimedes,  edited  in  Modern  Notation,  by  T.  L. 
Heath,  Cambridge,  1897,  pp.  253-268,  quoted  by  J.  Y.  Buchanan, 
Trans.  Roy.  Soc.  Edinburgh,  vol.  xlix.  Part  L,  1912,  p*.  17.) 

It  is  now  customary  to  make  a  single  statement  embodying  the 
substance  of  several  of  the  foregoing  propositions  as  to  the  effect 
of  fluid  pressures  on  bodies  placed  in  them.  We  shall  adopt  the 
following  form,  which  may  be  referred  to  as — 

The  Principle  of  Archimedes. — A  body  wholly  or  partially  im- 
mersed in  a  fluid,  at  rest  under  gravity,  is  acted  upon  by  fluid 
pressures  whose  resultant  is  a  force  equal  to  the  weight  of  the  fluid 
required  to  replace  the  immersed  portion  and  acts  vertically  upwards 
through  the  centre  of  gravity  of  that  supposed  replacing  fluid. 

Archimedes  only  referred  to  a  single  fluid,  but  we  may  see,  from 
the  theory  already  developed,  that  it  will  apply  equally  to  several. 
In  this  extended  form  the  principle  embraces  the  cases  of  fish  wholly 
under  water,  of  balloons  wholly  in  the  air,  of  ships  partly  in  water 
and  partly  in  the  air,  and  lastly  the  cases  of  any  bodies  whatever 
surrounded  by  any  liquid  or  liquids  or  fluids  though  not  floating. 
Thus  all  bodies  weighed  in  ordinary  scales  or  balances,  and  also  the 
weights  used  to  weigh  them,  are  alike  buoyed  up  by  the  atmosphere 
to  some  extent,  the  results  being  thereby  slightly  vitiated.  The 
principle  is  thus  of  widespread  importance,  as  we  shall  see  later. 

EXAMPLES  XXXI. 

1 .  Derive  the  conditions  for  the  equilibrium  of  floating  bodies  and  illustrate 
them  by  sketches. 

2.  What  do  you  know  of  the  principles  of  Archimedes  as  to  liquids  at  rest 
and  bodies  floating  or  submerged  in  them  ? 

3.  State  what  is  now  called  the  Principle  of  Archimedes  and  comment 
upon  it. 
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l    Devise  an  experiment  by  which  you  could  attempt  to  verify  any  of  the 
principles  of  Archini 

\  disc  of  wood  of  specific  gravity  0-5  is  thrown  into  water,  also  a  ball  of 
metal  of  specific  gravity  7-5  and  weight  15  Ibs.  How  does  the  disc  float,  and 
what  weight  does  the  ball  exert  on  the  bottom  and  why  ? 

!  t  the  disc  and  the  ball  of  the  previous  question,  when  fastened  together, 
neither  sank  nor  rose  in  the  water,  what  weight  was  the  disc  ? 

Hydrometers  of  Variable  Immersion  for  Liquids.— \\V  may 
now  note  a  simple  application  of  Archinu -de>'  PrinripK-  m  the 
common  hydrometer,  which  indicate^  the  di -n>ity 
of  the  liquid  in  which  it  floats  by  the  graduation 
to  whirh  it  >inks. 

of  graduation 

of  a  uniform  cylinder  loaded  at  tin-  bottom  so  as 
to  fl"  .illy.    Thec\  !i"\vnbyOA, 

in  Fig.  58,  and  sinks  to  \V  in  water  and  to  Q 
in  a  liquid  of  den-itv  1  >. 

Hut  tin-  immersed  volume  in  unv  CaM  • 
i  ng  corresponds  to  a  weight  of  the  j  »ai  tit  nLu 
liquid  equal  i 

<  onstant.    Hence,  for  the  two  cases  named, 
he  volumes  are  proportional   to  the  lengths 
omened 


Liquid 


hu>. 
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•    (i) 
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;8,     I'm 

mi;  ,dro- 

ter. 


•  iiat  if  t!  :ics  in- 

rea-  progress 

}Q    mu  1U    in    liarn: 

imilarly,eqi;  inces 

)Q  i  progres-  (Un- 

ties must  dd 

ial   hyd; 

een  employed   with  t   these  types  of 

raduation. 

form  shown  would  have  to  be 

nemely  long  to  attain  any  deli<  a<  y  in  its  in<i  tin-  lower 

at  is  made  of  much  greater  ci 

lown   in    l;i^.  59.     It  Ic  and  u-u.il  to  1. 

it  of  hydron.  h   having  a  limr  C.      I  hus  a 

'.ur  is   very  •  ;h«-ir   ranges   of   spec;  wty    l"-iii,i; 

spectively  o  to  r6  and  lastly  i  <»  to  2. 

It  i-.  ea  that  the  bulbous  portion^  oi  th.   h\(lionicter  are 

mivalent  in  volume  to  a  lon^  -n  of  tin  -int  O 

H 
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far  beyond  the  edge  of  the  page.     Thus  much  greater  sensitiveness 
is  attained,  as  may  be  seen  from  equations  (i)  or  (2). 

85.  Hydrometer  of  Variable  Immersion  for  Solids.— We  shall  now 
notice  a  hydrometer  made  and  used  by  Mr.  J.  Y.  Buchanan  for 
lecture  demonstrations  of  the  densities  of  solids  (Trans.  Roy.  Soc.t 
Edin.,  vol.  xlix.,  Part  I.,  p.  18,  1912).  Fig.  60  shows  a  sketch  of  it. 


C- 


w 


S 


FIG.  59. — Common 
Hydrometer. 


FIG.  60. — Buchanan's  Hydro- 
meter for  Solids. 


The  stem  of  the  instrument  was  of  glass  tube  of  about  a  centimetre 
diameter  outside,  of  a  truly  circular  section  and  uniform  diameter. 
It  has  equidistant  graduations  of  any  convenient  size,  the  numbers 
increasing  upwards.  It  is  ballasted  with  mercury  or  shot  so  as  to 
sink  to  the  middle  of  the  scale  (W  say)  when  in  water  at  the  room 
temperature  and  with  its  scale  pan  M  in  place  at  the  top.  The 
hydrometer  is  finished  with  a  hook  K  at  the  bottom. 
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1 .  •  determine  the  density  of  a  solid,  a  suitable  fragment  of  it  is 
placed  on  M,  thereby  sinking  the  hydrometer  to  the  reading  A.  The 
solid  is  then  transferred  to  the  hook  K,  tlu-  hydrometer  sinking  to 
B  say,  if  heavier  than  water  ;  or  to  C  if  lighter  than  water. 

It  then  follows  that  the  densities  of  the  solids  are  given  by  the 
expressions 

A-W  A-W 

D=A=B     °r     A-C     •     •     '     '        (3) 

For  the  weights  in  air  and  apparent  losses  of  weights  in  water  (of 
d-  ii->itv  unity)  are  proportional  to  the  numerators  and  denominators 
of  the  above  fractions. 

Of  cour  water  was  not  pure  distill* -d  wau-r.  or  if  it  was 

at  such  a  t«  mperature  that  the  density  was  sensibly  diiim-nt  from 

unity,  the  above  expressions  would  not  iji\v  tlu-  drn>itirs  sought. 

\v«  >iikl  then  give  only  the  r<  '  vities) 

:th  respect  to  tin-  liquid  in  use  of  trur  d«  n-itv,  d  say. 

IK  n  tlu  ival  <  t  the  solid  would  be  expressed  by  the  product 


EXAMPLES  XXXII. 

1.  A  uniform  rod  of  wood  is  varnished  and  fitted  with  a  plug  of  lead  at 

1.    When  placed  in  water  it  floats  with  8  ins.  of  its  length  submerged, 
ut  in  another  liquid  has  only  5  ins.  submerged.     What  is  tht 

to  what  depth  would  it  be  submerged  if  placed  in  a  liquid  <>t 
pecific  gravity  0*83  ? 

2.  A   pi. i  hydrometer  of  variable  immersion  floats  with    .1 

>  ins.  submerged  in  water :  draw  carefully  to  scale  its  graduations 
>r  liquids  of  specific  gravities : — 

0-7,  0-8,  0-9,  i  <  .  i  i,  i  .-,  i   ,.  i  |.  1-5.  x-6. 

be  made  shorter,  and  yet  have  the  scale  as  al  - 
iv  the  construction,  graduation  and  use  of  the  Buchanan 
meter  of  variable  immersion  for  solids. 

t.   In  .1   !'••:•  ii.man  hydrometer  the  presence  of  a  bronze  coin  on  the  top 
<  ^presses  the  inv  >y  43*7  scale  divisions  in  k  of  th< 

trument  by  5-1   dr. 
• 

\v;it«  I 

a    4°  C.  by  34*2  scale  divisions,  but  on  transferring  the  wax  t 

•i  the  hydrometer  rises  by  36*3  scale  divisions.     Find  the  density  of 
t  c  wax. 

86.  Hydrometer  of  Fixed  Immersion  for  Solids.      1  h<   livdmi 

i  kn«>\vn   form   du«-   t«» 

-tated  to  h.tvt   produced  it  from  an  in^tiumrnt 
ie  to  Fiihrt-nlu-it  by  adding  t!  >rm  K  for  the  body  \vln-n 

6z.      I  In?  main   di>phuvi: 

•  the  bod  .d  tin-  !  e  I'.,  the  stem  AB  \> 

-.  nment, 
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To  make  a  determination  of  the  density  of  a  solid,  weights  P 
are  placed  on  the  upper  platform  A  to  sink  the  instrument  to  the 
standard  immersion  as  indicated  by  the  mark  M  on  the  stem.  The 
same  immersion  is  next  secured  by  the  body  on  the  same  platform 
+  weights  Q.  Lastly,  the  body  is  placed  in  the  lower  platform 


FIG.  61. — Nicholson's  Hydrometer. 


FIG.  62. — Buchanan's  Closed 
Hydrometer  for  Liquids. 


E  and  the  adjustment  to  M  secured  by  weights  R  at  A. 
density  D  is  given  by 

_  weight  of  body  in  air  _  P— Q 
apparent  loss  in  water      R — Q 


Then  the 


(4) 


If  the  solid  used  is  lighter  than  water  (like  paraffin  wax)  it  often 
can  be  placed  at  E  so  as  to  be  held  by  the  bow  of  wire  above.  Of 
course,  in  this  case  R  exceeds  P  and  the  above  equation  brings  the 
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density  Ir-s  than  unity.     But  for  a  solid  like  bronze,  the  difference 
in  tin-  denominator  is  only  about  a  ninth  of  that  in  the  numerator. 
87.  Hydrometer    of    Fixed    Immersion    for    Liquids.  —  We    again 
notice  a  form  of  hydrometer  used  by  Mr.  J.  V.  Buchanan  (/ 

•;;..  vol.  xlix.,  Part  I.,  pp.  26-43,  etc.  ,  igu).  and  called 

by  him  a  closed  hydrometer  becaii-e  the  instrument  is  sealed  up 

and  the  internal  ballast  never  altered  in  use.     This  hydrometer  is 

:i  in  Fig.  62.     It  is  of  blown  glass  and  ballasted  to  float  in 

distilled  water  up  to  a  mark  a  little  above  the  zero  when  there  is 

no  platform  or  weight  at  the  top.      Tlu>e  are  then  added  of  such 

weight  as  to  immerse  the  instrument  exactly  in  the  50  mark,  which 

is  the  centre  of  the  100  graduations  on  the  stem.     Tin  graduations 

are  useful  in  finding  by  proportion  what  weights  would  sink  it  to 

the  50  mark  if  none  quite  ritiht  an-  available.     Let  the  weight  of 

r  be  H,  and  let  W  be  •  Jit  of  the  platform  and 

othrr  loads  to  immerse  to  thr  50  mark  in  ]>  I'he  hydro- 

is  th«  -n  placed  in  the  liquid  to  be  tested  and  the  weights  L 

•  und,  which  again  immerse  it  to  the  50  mark.     I  hm  the  volume 

he  same  in  each  case,  hence  the  <1  ifl  the 

otal  loads  in  <\ises.     Thus  that  of  the  liquid  is  ijiven  by 


For  a  good  determin  hould  l>t  at  such 

.  ten.;  'her  liquid 

tempera*  ny  case,  when  the  two 

iquid  i  he  above  equation  would 

:  the  liquid  to  tl.                           :  tin-  irm- 

And  t  t«T   brin;,' 

nmd  fro:.  liquid  could  be  calculated, 

.r  it  i>  obviou-ly  thr  product  Dd. 

•:.\MPLES    XXXIII. 

i.  Describe  Nicholson's  hydromet  il.lUh  th 

I,    I  -Minna 

as     u-  «  --^  IM  K-  nuiii'-r-  •!  to  th--  /-ro  in  irk  \vith  lo.i.l  ,  M  |..llou  ,  :      (i  )    -,o   \ 

2  gms. 
i  i  air.      Wh.it  \v.i-  •  -y  ? 

"•cific  gravity  of  a  specimen  of  wax,  if. 
is  sunk  t<> 

(  }  25*6  gms.,  (2)  the  wax  and  18-8  gms.,  an  \ax  in  water  and  27*9  gms. 

i     -ir. 

4.  A  for  liipiids  \v  'j 

50  mark  i:  i  li 

i    which  i  t  sinki  to  tiie  Mine  mark  wj  1  of  only  10-13  gms.  ? 

88.  Hydrostatic  Balance  for  Densities  of  Solids.  '  hydlD- 

•     ajiplirrl    '  lltlH'iriitly   drlicatr   balalK  r 

v  hen    j'io\-i<lrd    with    .  ,it.ihl\-    ^upp«  -i  ted    and 
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a  hook  for  the  suspension  of  a  body  in  the  water.  Such  a 
balance  is  represented  in  Fig.  63.  With  it  we  are  able  to  weigh 
the  body  in  air  and  then  in  water.  Thus  by  Archimedes'  Principle 
the  former  divided  by  the  apparent  loss  gives  the  density  of  the 

body  in  gms.  per  c.c. 
For  very  accurate  re- 
sults it  is  better  to  avoid 
trusting  that  the  arms 
of  the  balance  are  equal 
and  to  use  counterpoise 
weighings,  especially  as 
this  involves  no  extra 
trouble.  The  counter- 
poise may  be  a  lump  of 
lead,  some  lead  shot,  or 
a  quantity  of  sand ;  but 
it  must  be  heavier  than 
the  body  to  be  dealt 
with.  Three  balancings 
are  then  required  as 
FIG.  63. — Hydrostatic  Balance.  follows: 

1.  Counterpoise  in  left  pan  balanced  by  (ml  gms.),  in  right  pan: 

2.  ,,  ,,  „  (body  in  air-fw2  gms.) 

in  right  pan. 

3- 

in  right  pan. 

Then  the  density  D  of  the  solid  is  obviously  given  by 

D  =  I^~  ~-gm-/c-c M 


If  the  solid  is  lighter  than  water,  it  must  be  held  under  the  water 
by  a  sinker,  which  may  be  in  the  form  of  a  wire  cage  into  which  the 
body  may  be  placed. 

This  sinker  should  be  attached  to  the  right  pan  and  hang  immersed 
in  the  water  at  the  beginning  and  remain  there  throughout.  Then 
the  foregoing  scheme  of  balancings  is  only  modified  by  its  presence 
on  each  occasion.  But  this  makes  no  change  in  the  significance  of 
the  differences  of  weights  used.  Hence  no  extra  weighings  are 
needed  and  the  expression  for  the  density  given  in  equation  (i)  is 
still  valid. 

Great  care  must  always  be  taken  that  no  bubbles  adhere  to  the 
body  or  sinker  when  under  water. 

89.  Hydrostatic  Balance  for  Densities  o!  Liquids. — Here  again 
these  balancings  are  necessary  and  sufficient  and  may  well  be 
conducted  on  the  counterpoise  method  as  for  the  solid.  A  sinker 
is  now  used,  and  may  consist  of  a  glass  stopper  or  other  similar 


FLOTATION  103 

smooth  solid  which  is  not  attacked  by  the  liquids  under  test.  Its 
apparent  losses  of  weight  on  immersion  in  a  liquid  and  in  water  art- 
then  found,  and  their  quotient  gives  the  density  uf  the  liquid  in 
gms.  per  c.c. 

The  scheme  of  balancings  is  as  follows  :  — 

1.  Counterpoise  in  left  pan  balanced  by  (sinker  in  air-}-  w±  gms.) 

in  riirht  pan. 

2.  ,,  ,,         (sinker  in  //</;//</  ru'2gms.) 

in  ri^ht  pan. 

3.  „  (sinker  m 

in  ri^ht  pan. 
Then  the  density  D  of  the  liquid  is  given  by 


EXAMPLES  XXXIV. 

1.  A  body  weighs  25-3  gms.  in  air  and  22'  I  gms.  in  watrr     1  in.l  it    .!<  nsity. 

v  equation  you  use. 

2.  A  piece  of  coal  (varnished  over)  weighs  xoj  oz.  in  air  and  2}  oz.  in  \ 
What  is  its  specific  gravity  ? 

3.  A  piece  of  wax  weighs  5}  ,  a  wire  cage  weighs  2}  oz.  in 

n  the  cage  weighs  i|  or.  in  water.     Find  the  specific  gravit 
the  wax. 

4.  A  block  of  wood  (waxed  over)  weighs  35*4  gms.  in  air  ;  \v  1 

to  a  2o-gm.  brass  weight  the  two  appear  to  weigh  6-  4  gins,  r  I  iml  th«- 

den  i  vood  and  the  brass  if  the  weight  alone  appears  to  weigh  1  7*5  • 

5.  In  using  a  hydrostatic  balance  for  the  specific  gravity  of  a  piece  of  i 

a  counterpoise  in  the  left  pan  is  balanced  successively  by  th.  following  m  th< 
right:  —  (a)  50-3  gin  -  metal  and  6'8  gms..  (c)  the  im-t.il  in  water  .m.i 

;ms.  in  an  nsity  of  the  metal. 

6.  The  counterpoise  at  one  side  of  a  balance  is  balanced  by  16*5  gn 
the  other  sid«  .  i  piece  of  wax  and  5*3  gms.,  lastly  by  thi  \\.i\  m  \ 
and  17*7  gms.  in  air.     Wli.a  is  the  specific  gravity  of  the  w.i 

7.  A  sinker  of  glass  weighs  30*7  gms.  in  air,  22*9  gin  14*3 
gms.  in  some  spirit.     What  is  the  specific  gravity  of  the  spirit  ? 

8.  A  sinker  weighs  23*6  gms.  in  air.  15*8  gms.  in  a  salt  solution,  .n 
n  water.     Find  the  density  of  the  solut 

90.  Balance  Work  with  Air  Corrections.    -Toillu  !i<uU 

of  aDowl  !rt  us  nuixid«T  tin-   l<.ll..v. 

detenu  i  i 

It  i>  n-<juir.-(l  t«>  a-ntain  the  true  volume,  density  and  ;//,/ 
a.  Solid  that  >inl.  r.  all«)\\.ui(  c-,  IM-JII^  mad.'  l«»r  tin-  ;iir 

placed  by  the  body  and  the  weight^  and  i..r  tlu  variation  <>t  d.-n 
of  water  with  temperature. 

the  body  dealt  with  have  mass,  volnim  and  density,  M.  \  ,  and 
D  resp-  I  l'-t  tin-  i   havr  t:  i>ciidin^ 

quantities  represented  by  m,  v  an<l  </.  Mibsrripts  l>«-ii.  !  t«» 

d'-ii«.tf  tin-  partienlar  value-  u-rd  ii,  n  operation: 
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It  should  be  noted  that  weights  of  brass,  aluminium,  and  plati- 
num are  in  common  use  and  may  be  mingled  in  different  ratios  in 
the  different  weighings.  Thus,  if  in  any  weighing  the  total  mass  is 
m,  made  up  of  weights  of  masses  a,  b  and  c  of  respective  densities 
a,  j8,  and  y,  we  have 

m=a-\-  b-\-c, 

a  •  6o-£  , 

(I) 

and 

Hence,  in  the  general  case  each  set  of  weighings  will  be  charac- 
terised by  weights  of  a  different  mean  density  as  well  as  of  a  different 
mass  and  volume. 

Further,  in  the  case  of  any  body,  whether  in  water  or  air,  the 
effective  mass  must  be  written — 

Volume  of  body  x  excess  of  its  density  over  that  of  the  fluid  in 
which  it  is  immersed. 

In  these  expressions  W  and  A  will  be  written  for  the  densities 
of  water  and  air  respectively.  The  value  of  W  must  be  ascertained 
for  the  temperature  of  the  water  used  by  reference  to  tables. 

Then,  following  the  usual  procedure,  the  counterpoise  in  the 
left  pan  is  balanced  successively — 

(1)  By  (weights  m^  on  the  right, 

(2)  By  (the  body  in  air-j-  weights  mz)  on  the  right, 

(3)  By  (the  body  in  water  +  weights  m3  in  air),  on  the  right. 

Since  the  counterpoise  remains  unchanged  in  the  left  pan  through- 
out, the  effective  masses  in  the  right  pan  are  the  same  in  the  three 
balancings.  Hence,  we  have 

vi(di  —  A)  =V(D  -  A)  +  v2(dz-  A)  =V(D  -W)  +  v3(dB-  A) 
From  the  first  pair  of  equals,  we  may  write 

Similarly,  for  the  last  pair,  we  obtain 

This  last  equation  gives  for  the  volume  of  the  body 


W-A 

Thus,  if  only  the  volume  of  the  body  were  required,  the  balancing 
of  the  counterpoise  by  weights  m^  is  seen  to  be  unnecessary. 

Suppose  now  that  in  (4),  d3=d2=:d,  say,  the  equation  then 
reduces  to  the  simpler  form 
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To  obtain  an  expression  for  the  density  of  the  body,  divide  (2) 
by  (3).     This  gives 

D-A  ^m^i-^/^-ifigti-  AA/Q) 
\V  -A 


Here,  again,  if  the  d's  are  all  the  same,  the  expression  simplifies 
by  their  entire  disappearance.     We  have  then 

D  —  A  _m1—  m2 
\V-A~;;/3-;;;2 

To  obtain  the  massof  the  body,  put  V=  M-^D  in  (4)  and  substi- 
tute for  D  from  (5).     This  gj 


M=»"'       >-~k-$--vr^»'*- 

Or,  if  the  d's  are  all  alike,  we  may  omit  tin  -ir  subscripts  and 
li«-  <  \pi,  ssion  to 


.  liich  agrees 


with  (4/1)  and  (5a). 


It  should  be  noted  that  the  adoption  of  the  formuhe  (40),  (5a) 
nd  (6a),  w  nd  in 

iffcrent  ratios'm  tlie  several  I  'pi»n»\iin;iti«ni  and 

i  ••xtn-me  cases  involve  errors  corresponding  to  a  third  of  a 
liUlgram  in  a  i^ram.  It  would  thu^  In-  ^  nth 

:MiL,fraiil  ill  loo  k'ii 

Th<-  "1  tin-  I.M.III.  may  be 

•und   from   the  tabula:  ion.     For 

fe  density sbcmld be oorre  iiuinidit\ 

If  wr  wUh  ^iinj>Iv  to  asci-rtain  g  i.odv 

'hose  •  •.•r«)\imat«-lv  known,  we  drrive  from  r<juation  (2) 

he  equation 


•     -     (7) 

'  Inch  is  all  t :  ose. 

91.  Works  of  Emersion  and  Immersion.     In  the  case  of  a  body 
<f  pri  :m  tlo.i1  ly  with  r  tin-  deter- 

i  :  >ati  n.rd.,1  to  raise  it  just  clear  of 

t  te   liquid   and  to  depress  till  wholly   immersrd   form   int«  ; 

li(}uid  have  weight  w  ]>«-r  unit  vnlunn-,  be  contain*  d  in  a 

with    v»-rti«al    Bi(  B,    and    li-t    tin- 

d  'j)tli  of  th«-  liquid    !>«•  It  whrn  th<-  l)od\-  i^   tloatin^'  fivdv.      I.,  t   tin- 

*w  per  unit  voluin.-.  hav«-  a  base  of  area  A=rB 

aid  h'-ii/ht  n. 
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Then  we  have  to  consider  the  body  in  the  three  positions  already 

referred  to  and  illustrated  in 
Figs.  64,  65,  and  66,  viz.  freely 
floating,  just  clear,  and  wholly 
immersed. 

To  obtain  the  works  required 
it  will  be  well  to  calculate  the 
potential  energy  of  liquid  and 
body  in  each  case.  Then  calling 
these  U,  V  and  W,  their  differ- 
ences will  express  the  works 
sought. 

Further,  it  will  be  convenient 
to  consider  the  liquid  with  the 
body  wholly  or  partly  immerse'd 
in  it  as  made  up  of  (i.)  the  whole 
volume  of  liquid  as  if  the  im- 
mersed part  of  the  body  were 
replaced  by  liquid  added  to 
that  already  there  ;  (ii.)  less  this 
liquid  supposed  added.  Then 
each  volume  is  simple  in  form 
and  its  centre  of  gravity  at  its 
half  height.  We  shall  naturally 
reckon  potential  energies  from 
the  level  of  the  bottom  of  the 
liquid. 

,  Then,  for  the  natural  position 
of  equilibrium,  the  depth  im- 
mersed being  as,  we  have 


ct 


V 

FIG.  65. 


as\ 
--  ) 

2/ 


FIG.  66. — Works  of  Emersion  and 
Immersion. 


U     B&2      .     • 

——  --  A(as) 

W          2  V      ' 


2U 

or    —  = 
w 

To  find  the  new  depth  y  of 
the  liquid  when  the  body  is 
raised  clear,  we  equate  volumes 
of  the  liquid  in  the  two  states. 
Thus 

By=~Bb-A(as) 
or  y=:b—  ars ,      .     (2) 

Then,  forming  the  expression 
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for  the  potential  energy  in  this  second  state  and  using  this  value 
we  rind 

V   *By2  ,         ,  / 

-=  — — h  (Afl)sl  y-f-  -  I 
w  J  V 

which  may  be  reduced  to 

oV 

Laas— AaVs2      ....     (3) 


Hence,  from  (i)  and  (3),  we  have  for  the  work  of  emersion 


r)s*    .....     (4) 

the  depth  z  of  the  liquid  in  tht^thinl  >t.ite.  where  the  body 
iiully  immersed,  we  have  tin-  relation 


wlu-nce  *=&-far(i  -  s)  ......     (5) 

Then,  for  the  new  value  of  the  potential  energy  W,  we  find 

\V     Bz«   '  .   /      «V         .  /      a\ 
—  —  --  A«  -f(Aa)s\z  -- 

W          2  \  '  \        2* 

or  by  reduction 

2\V 


s)*.      .      .    (6) 

.1 

Heqce,  subtracting  (i)  from  (f»),  we  have  for  the  work  of  immersion 
W-U=-Aa«(i-r)(i-s)«    ....    (7) 

It  mav  «  a-ily  be  seen  tli  ions  (4)  and  (7)  an^\\«  T  t<»  the 

valius  .  forr=oorr=i. 

If  wt-  wish  t<»  tind  th«-  c.inditi«.n  that  i  D  and 

iniin.  :  il  be  equal,  a  comparison  of  (.\)  and  (7)  shows  it  to  be 

.   s=t  .      .      .     (8) 
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procedure  for  v  tin 

n  expression  for  it  allowing  fo:  ttjTOi  tin-  a ii-  ami 

•  »f  the  same  den 

how  how  to  obt  \ .  and 

mass  of  a  body  by  the  hydrostatic  balance,  an< ! 

allmvi:  !  iced  by  body  ami  r  to  be 

all  o: 

quit--  nn.  :   terminations  of  volume, 
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density,  and  mass,  and  show  that  they  reduce  to  those  of  the  previous  question 
on  assuming  that  all  the  weights  have  the  same  density. 

4.  Prove  that  in  a  determination  of  the  density  of  a  solid  by  the  hydro- 
static balance,  allowing  for  air  displaced  by  body  and  weights,  the  density  of 
the  weights,  if  the  same  throughout,  has  no  influence  on  the  result. 

5.  In  careful  balance  work  a  counterpoise  on  the  left  side  is  successively 
balanced  by  the  following  loads  on  the  right  side  : — 

(i.)  Weights  1*035  Sm-  of  average  density  7-8  gins,  per  c.c. 
(ii.)  Body  in  air  and  weights  0*865  gm.  of  average  density  2*5  gms.  per  c.c: 
(iii.)  Body  in  water  and  weights  in  air  of  0*889  gm.  and  of  density  2*5  gm. 
per  c.c. 

If  the  densities  of  the  air  and  water  are  respectively  0*0012  and  0-9992  gm. 

per  c.c.,  find  as  accurately  as  you  can  the  volume,  mass,  and  density  of  the 

body. 

6.  In  the  previous  example,  find  the  volume,  density,  and  mass  on  the 
assumption  that  all  the  weights  were  brass  of  density  8  gms.  per  c.c. 

7.  Taking  the  densities  of  air  and  water  as  in  example  5,  find  the  density 
of  the  wax  from  the  following  observations  with  brass  grams   and  platinum 
fractions  (of  densities  8  and  21  gms.  per  c.c.).   Counterpoise  at  left  side  and  sinker 
in  water  at  right  balanced  successively  the  following  loads  on  the  right  side : — 

(i.)  Weights,  22*132  gms. 

(ii.)  Wax  and  weights,  2*986  gms. 

(iii.)  Wax  in  water  and  weights,  23*937  gms.  in  air. 

8.  If  all  the  weights  were  taken  as  brass  in  example  7,  what  value  would  be 
obtained  for  the  density  ? 

9.  A  counterpoise  at  the  left  side  of  a  balance  is  balanced  successively  on 
the  right  by  65  gms.  in  brass  weights,  and  by  a  block  of  lead  in  air  and  brass 
weights  5*015  gms.     If  the  density  of  air  and  lead   be  taken  as  0*0012  and 
11*4  gms.  per  c.c.,  what  is  the  mass  of  the  lead  ? 

10.  Find  the  mass  of  a  piece  of  wax  of  approximate  density  0*9  gm./c.c. 
when  its  presence  at  one  side  of  the  balance  involves  the  removal  of  platinum 
weights  (density  21  gm./c.c.)  0*987  gm. 

11.  Obtain  expressions  for  the  potential  energies  of  the  liquid  in  a  vessel 
and  prism  floating  upright  in  it. 

12.  Find  the  work  needed  to  lift  a  floating  prism  till  none  of  it  is  immersed. 

13.  Determine  the  work  needed  to  depress  a  floating  prism  till  it  is  just 
entirely  immersed. 

92.  Stability  of  Floating  Bodies :  Metaeentre. — A  very  brief 
reflection  suffices  to  show  that  for  vertical  displacements  a  body 
freely  floating  partly  immersed  is  in  stable  equilibrium.  For,  on 
pushing  it  down,  too  much  is  immersed  and  the  resultant  force  on 
it  is  upwards.  Conversely,  if  we  raise  it  from  the  position  naturally 
assumed,  too  little  is  immersed,  and  it  sinks  again  on  being  let  go. 

But  the  question  of  angular  stability,  that  is,  stability  for  tilts 
about  horizontal  axes,  is  not  so  easily  solved.  To  treat  it  we  proceed 
as  follows. 

Consider  the  stability  of  a  body,  a  boat  say,  which  floats  freely 
with  a  volume  V  immersed  in  a  liquid  of  weight  w  per  unit  volume. 
Let  the  boat  tilt  a  very  small  angle  6  about  its  longitudinal  axis  CD 
(see  Fig.  67),  the  centre  of  buoyancy  thereby  shifting  from  H  to  H' 
(see  Fig.  68).  Instead  of  redrawing  the  boat  tilted,  it  is  preferable 
to  redraw  the  water  line,  which  is  then  represented  by  A'OB', 
whereas  the  original  water  line  was  AOB. 

This  shift  HH'  must  be  calculated  from  the  wedges  of  emersion 
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and  immersion  AOA'  and  BOB'  iv-juvtively.     The  calculation  may 
•.kimj  about  an  axis  through  O  (perpendicular  to  the 
plane  of  Fig.  68)  the  moments  of  the  \\vights  of  the  liquids  corre- 
sponding to  the  wedges  and  the  whole  volume  immer^-d. 


FIG.  68. 


B 


RATION 

FIGS.  67,  68. — Location  of  M< 

new  voluni'  "1<1  vi>lum«  . 

fie  are  rxrludint;  all  vntical  displa*  I  tlie  body  as  a  whole 

indtal                                    irthcr,  ti  -lu me  may  be  regarded 
lade  up  of— 

..Id  volume-  the  wedge  AOA'-f  the  wedge  BOB' 
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But  the  moment  of  a  resultant  is  equal  to  the  algebraical  sum 
of  the  moments  of  its  components.  To  apply  this  to  the  present 
case  we  must  form  an  expression  for  the  moments  of  the  forces 
corresponding  to  the  wedges.  For  this,  take  at  a  horizontal  distance 
r  from  the  axis  of  tilt  a  small  vertical  prism  of  base  s  ;  its  height  is 
accordingly  r&.  Thus  the  weight  of  the  corresponding  portion  of 
liquid  is  drsw,  and  the  moment  r  times  this.  And  summing  all  over 
the  wedge  gives  the  moment  sought. 

Hence,  applying  the  moments  theorem,  with  gravity  parallel  to 
MH,  we  find 


Vw  X  HH'=Vz£>  X  zero-  0z02£(-  r*)s+  Ow2%r*s, 
or  — 

Moment  for  new  volume 

=  that  of  (old  volume—  wedge  AOA'-J-  wedge  BOB') 

It  is  seen  that  the  addition  of  the  wedge  AOA'  would  contribute 
a  negative  moment  ;  thus  its  removal  gives  a  positive  term.  The 
equation  accordingly  reduces  to 

V.HH'^flZfr's. 

But  the  expression  now  under  the  sign  of  summation  for  both 
wedges  is  evidently  the  moment  of  inertia  I  of  the  surface  of  flotation, 
taken  about  the  axis  of  tilt  CED.  We  may  accordingly  write 

HH'=0(IH-V)  ......      (i) 

Let  us  now  take  in  the  new  or  tilted  position  a  vertical  through 
the  new  centre  of  buoyancy  H',  meeting  in  M  the  original  vertical 
through  H.  Then  M  is  called  the  metacentre  of  the  body  for  the 
tilt  in  question,  and  is  located  by  the  height  HM.  Obviously 

HH'=0(HM)    ......     (2) 

Thus,  (i)  reduces  to 

HM=I-rV      ......     (3) 

which  fixes  the  position  of  the  metacentre  for  rolling.  That  for 
pitching  is  given  by 

HM'=I'-rV     ......   (3*) 

where  I'  is  the  moment  of  inertia  of  the  surface  of  flotation  about  a 
transverse  axis  through  its  centroid. 

We  may  now  easily  show  that  the  angular  stability  depends  on 
the  relative  positions  of  the  metacentre  M  and  the  centre  of  gravity 
G  of  the  floating  body. 

Thus,  if  G  (as  shown  in  Fig.  68)  is  below  M,  then  on  the  body 
being  slightly  tilted  it  is  subjected  to  a  righting  couple. 

This  consists  of  the  weight  W  acting  vertically  down  through  G 
and  an  equal  force  acting  vertically  up  through  M,  and  is  seen  to 
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act  so  as  to  reduce  the  tilt  and  bring  the  body  back  to  its  normal 
or  upright  position. 

If,  however,  by  the  shape  of  the  boat  M  is  low  and  by  the 
character  of  its  lading  G  is  so  high  as  to  be  above  M,  then  a  slight 
tilt  would  bring  into  play  a  couple  of  the  opposite  sense  or  character, 
and  the  boat  would  be  urged  further  from  the  vertical  and  would 
therefore  upset.  In  other  words,  such  a  boat  would  be  unstable 
and  could  not  long  remain  floating  er« 

93.  Practical  Location  of  Metacentre.     The  practical  test  of  the 

stability  of  a  boat  may  be  made  by  shifting  a  ijiven  weight  across 

k  and  noting  by  a  plumb  line  the.  angle  of  tilt  thereby  pro- 

du'-ed.     From  this  experiment  the  height  GM  may  be  obtained  if 

the  total  weight  is  also  known. 

Thus  by  shifting  a  weight  w  a  distance  b  across  the  deck  let  the 
boat  of  total  weight  \V  be  tilted  through  the  very  small  angle  shown 
plumb  bob  moving  a  dista  .-n  the  line  has  a  length  ;. 

n,  the  tilting  couple  is  balanced  by  the  righting  ample. 
:iting  these  and  equating.  \\e  have 


Mould  be  noted  t.  1  method  gives  HM,  while 

tVM  <  «M.        I  he    forn  •  •   'lit    quaiititx 

lK>atSUIi!.  .rime.!!  ;it  ot  the  particular 

<    striluiti"  lion  of  G.     (  >n  the 

:it  GM,  given  by  the  practical  method. 
tual  import.  i:  :  ,   ,,t  the  boat 

7,  hcnever  it  is  loaded  in  the  same  manner  as  when  tested. 

"vin^  a  >ss  the  deck  of  a  ship. 

t  fo  boats  a  distance  b  apart  maybe  alternately  filled  \\ith  the  s.imr 
\  eight  w  « 

As  a  numerical  example  of  this  determinat  ion.  suppose  W=  1000 
t  ns,  t£>;=5  tons,  6=40  feet,  s=  i  foot,  and  r=25  feet.     I  hen.  \\« 
1  ive 

GM  =  T^X  40x25=5  f 

•  >  called  nit'litct'ulric  •  height,  but    the 

me  term  is  also  applied  to  the  distance  HM  expressed  by  (3)  in 
The  ;  <1  with  caution,  if  at 


• 
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i.  Obtain  an  expression  for  the  height  of  the  metacentrc  above  the  centre 

ncy. 

•hcmctacci  :.nli us  a,  thickness  b, 

in  .t  li<jui«l  ol  douhlc  its  own  den.M' 


112  MECHANICS    OF   FLUIDS 

3.  Where  is  the  metacentre  for  "  pitching  "  of  a  cylindrical  log  7  ft.  long 
and  4  ins.  diameter,  floating  half  immersed  in  water  ? 

4.  Why  does  a  disc  float  with  its  axis  vertical,  and  a  long  cylinder  float  with 
its  axis  horizontal  ? 

5.  A  uniform  cylinder  of  length  I  and  radius  r  has  specific 'gravity  s  and 
floats  in  water.     Find  the  relation  between  these  quantities  to  insure  its 
ability  to  float  with  its  axis  either  vertical  or  horizontal. 

6.  If  s=£,  what  is  the  ratio  of  diameter  to  length  for  the  condition  of 
example  5  ?     Also  what  becomes  of  the  relation  if  *  >  i  ? 

7.  Prove  the  equation  used  in  the  practical  location  of  the  metacentre  and 
apply  it  to  the  following  case.     The  ship  displaces  3500  tons  of  water,  and 
heels  over  i  ft.  in  30  ft.  when  a  load  of  10  tons  shifted  a  distance  of  50  ft. 
across  the  deck. 

8.  A  500- ton  boat  is  tilted  so  that  the  bob  on  a  2o-ft.  pKmb  line  moves 
6  in.  when  i  ton  is  shifted  20  ft.  across  the  deck :  where  is  its  metacentre  ? 
On  starting  another  trip,  though  drawing  just  the  same  water,  it  requires  the 
shift  of  2  tons  to  give  the  same  tilt :  how  is  this  ? 

94.  Tension  of  Cylinder  and  Sphere  due  to  Pressure  of  Contained 
Fluid. — The  pressures  of  a  fluid  on  the  sides  of  the  containing 
vessel  not  only  give  a  resultant  force  on  them,  but  also,  when  the  sides 
are  curved,  produce  a  tension  in  them.  This  effect -we  must  now 
examine. 

Cylinder. — Suppose  we  have  a  cylinder  filled  with  a  fluid  at  such 
high  pressure  that  the  changes  in  pressure  due  to  the  weight  of  the 
fluid  are  negligible  over  the  space  under  notice.  Consider  a  ring  of 
the  cylinder  of  unit  width  and  imagine  its  internal  radius  to  increase 
from  its  actual  value  r  to  a  very  slightly  larger  one  r-\-s.  Call  the 
circumferential  tension  in  the  wall  of  the  cylinder  T  per  unit  width, 
and  let  the  excess  of  the  internal  pressure  over  the  external  be  P. 
We  can  then  determine  T  by  forming  two  expressions  for  the  work 
done  in  the  imagined  expansion.  For  in  this  expansion  the  work 
done  by  the  pressure  on  any  small  area  a  would  be  given  by 

Force  X  distance  =P#X  s 
Hence,  for  the  whole  ring,  we  have 

W=  P27rrs= pressure  x  (volume  described)    .     .     (i) 

Again,  this  work  may  be  regarded  as  done  against  the  tension  T, 
and,  for  the  unit  width,  will  be  T  X  increase  of  circumference.  We 
thus  find 

W-T27TS (2) 

But  these  two  expressions  for  W  are  equal,  so  we  obtain 
Circumferential  tension  =  T=  Pr 

or  P  =  -r (3) 

which  is  the  relation  sought. 

It  must  be  remembered  that  this  T  is  the  force  per  unit  width 
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of  a  ring.     The  tension  per  unit  area  of  the  material  would  be 

(T-?- 1),  where  /  is  the  thickness  of  the  wall. 

Denoting  now  by  T'  the  longitudinal  tension  of  the  walls,  and 
-iderini;  tin-  effect  of  a  slight  increase  h  in  the  height  (or  axial 

length)  of  the  cylinder,  we  derive  in  the  above  manner  the  equation-- 


Pr 

so  that  Longitudinal  tcnsion=T'—  — 

P—  T'- 

Accordingly  the  longitudinal  tension  is  only  half  the  circuin- 
•.iiai.      1  1ms  in  a  cylindrical  steam  bm  the  longitudinal 

Qtial  ten 

Sphere      \Ve  see  by  the  above  simple  example  that  the  wort: 
mall  e\i  .  may  be  regarded  as  either 

pressure  x  increase  of  volume,  or 
;  increase  of  surface. 

this  to  the  sphere,  we  should  lind  an  equation  like  (4). 
I'ui  method,   lit   us 

he  sphere  by  «  iMium  «.i"  th«  h  side 

»f  a  d:  piinciples  d«-v,-l«.j.ed   at    the   i 

ling  of  tin  '         r  the 

urved  he:  t   as  the 

P  on  tin-  base.     And  this  force  must  be  balanced  by  the 

'ii  round  thi  ;id 


P-  -      (5) 

,hi<  h  agrees  with  the  longitudinal  t  t   the  cylinder  in  beim; 

alf  the  circui  D  round  the  c\  lin. 

M*--e    value-,    u.  !i    be    obtaiiHtl    by    interchanging    the 

ieth<  • 

i  he  cylinder  it  would  be  quite  easy  to  consider  the 
•    milii  \'>\    tin-  method  it   U  shown 

any  place  where  the  j  I',  what - 

it   may  be  els,-wl: 

TlieM-  etjuations  hold  for  pipes  and  boilers,  for  krla-^  bulbs,  and 
iK  s<ja|)  bubbl.  9  and  «  \  lindi  K  al  jets  oi  «  other  liqui- 

[n  ue  case  of  the  jets  of  ^  e  to  what  is  termed 

M/«C»  iMMiofi  of  the  liquid  ionT* 
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has  a  value  near  73  dynes  per  cm.  for  clear  water  with  a  newty- 
exposed  surface,  or  about  27  dynes  per  cm.  for  the  soap  solution 
used  for  soap  bubbles. 

It  should  be  noted,  however,  that  in  the  case  of  a  bubble,  thin 
as  the  film  may  be  at  times,  there  are  usually  two  surfaces,  the  inner 
and  outer,  each  presenting  its  surface  tension  T" =27  dynes  per  cm. 

Hence  for  such  a  case  the  excess  of  pressure  inside  over  outside 
for  a  spherical  bubble  of  radius  r  is  given  by 

AT" 

P=£-  (6) 

Thus,  for  a  bubble  2  cm.  diameter,  we  have 

P=  4  X27=  108  dynes  per  sq.  cm. 

which  corresponds  to  a  difference  of  levels  of  about  ri  mm.  in  a 
water  gauge. 


EXAMPLES  XXXVII. 

1.  Prove  the  relations  between  pressure  inside  a  cylinder  and  the  tensions 
in  its  walls. 

2.  A  boiler  is  7  ft.  diameter :  if  the  pressure  of  the  steam  is  160  Ibs.  per  square 
inch,  what  are  the  circumferential  and  longitudinal  tensions   in  its  plates  ? 
Find  also  the  tensions  per  square  inch  of  the  material  if  the  plates  were  jjj  of  an 
inch  thick. 

3.  A  spherical  soap  bubble  is  5  cm.  diameter,  and  the  pressure  inside  is 
observed  by  a  microscope  to  cause  a  difference  of  levels  of  0^44  mm.  in  a 
water  manometer  whose  outer  limb  is  open  to  the  atmosphere.     What  is  the 
tension  on  the  soap  film  ? 

4.  Water  stored  in  a  tank  at  a  height  of  100  ft.  is  conveyed  at  the  ground 
level  in  pipes  of  2  ft.  6  ins.  internal  diameter.     What  is  the  circumferential 
tension  on  the  walls  of  these  pipes  due  to  the  water  pressure  ? 

5.  In  a  line  of  water  pipes  of  3  ft.  inside  diameter  a  dip^of  560  ft.  occurs 
from  a  hill  into  a  valley.     What  is  the  consequent  circumferential  tension  on 
the  walls  of  the  pipes  in  the  valley  ? 


PAR  I     III  — HYDROKINETICS 

(  HAl'TKK   VIII 

STEADY  FLOW 

0,5.  Steady   Flow   under   Gravity.  -Lot   us  suppose  that  a  liquid  is 

in     motion  and  th.it  v.  •!<•  to  determine  the  velocity  of  its 

it  some  one  point.     I:  tin-  liquid  which  ; 

ays  possesses  the  same  magnitude  and  direction  .it 

such  passage,  then  tin-  motion  is  said  to  be  steady  at 

xstion.  onstancy  of  velocity  applies  to  each 

>oint  of  an  extended  region,  thru  tin-  motion  is  said  to  be  steady 

'  tlhit  re. 

JIM  be  i  le.irly  understood  that  the  condition  for  steadiness 
-i  that  tin-  v«  !  c  of  tin-  liquid,  \chcn  passing  there, 

Iocs  not  change  with  time  either  in  magnitude  or  direction.     At  any 

'  points  may  be  different  in  m a^nitnde 

•  r  dire,  lion  or  both.     ANo.  in  str.idy  i  ity  of  anv 

portion  of  liquid  may  d  ith  time,  because  this 

has  a  different 
hoii  'ant  value. 

t  thrif  d  thfl  \'«'l" 

in  magnitude  and  din-rtion  by 

nes  P.  (_)  and  K  Mgp&  lively.  the  motion  to  be  steady  at 

hese  three  points,  the  velocity  at 

B  always  by  Q,  and  that  at  (  >n  the 

liand.  1'.  <>  .iii-l  K  may  be  all  t  in  magnitude  and  in 

•quid   that   passe*   the   point   A  at  one 

i  istant,  may  perhaps  pass  the  p<  In 

:iflividual  j»oitions  of  liquid  illicit  be  « -hanging  their 
'  .-'Cities  from  ii,  int. 

11.  ion  to  steady  motion  much  simplitits  the  theoretical 

t  eatment  and  all  of  a  very  elementary  section  of   liquid 

s)  to  be  included  in  the  present  work.     We 

-  tall  only  consider  cases  in  which  tl  .  of  the  liquid  do. 

appreciably  vary  and  the  motions  are  of  a  simple  character  and 

:ned  un<l-  88  due  to  t^ravitv  and  the  pn 

c    the  liipiid  itself. 
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Stream  Lines  and  Tubes. — The  path  described  by  a  particle  of  a 
flowing  liquid  is  called  a  stream  line.  A  great  number  of  stream 
lines  passing  through  a  closed  curve  form  what  is  called  a  stream  tube. 
For  obviously  they  may  be  likened  to  the  walls  of  a  tube  along  which 
the  liquid  is  flowing,  for  no  motion  can  occur  across  these  stream  lines. 
96.  Bernoulli's  Theorem  of  Liquid  Flow. — Let  us  consider  a 
column  of  liquid  of  constant  density  d  in  steady  flow  under  gravity, 
and  fix  our  attention  on  a  portion  of  the  column  represented  by 
ABPQ  in  Fig.  69.  We  shall  suppose  this  column  to  be  flowing  in 

a  stream  tube,  hence 
there  are  no  motions 
across  its  lateral 
boundaries  and  there- 
fore no  work  done  by 
the  side  pressures. 
Thus,  in  calculating 
the  flow,  we  are  con- 
cerned only  with  the 
action  of  gravitation 
and  end  pressures 
and  their  effects  on 
the  kinetic  .  energy. 
We  have  seen  in 
Art  23.  that  a  loss  of 
potential  energy  due 
to  loss  of  height  en- 
tails a  corresponding 
increase  in  kinetic 
energy.  Also  the 
resultant  work  done 
by  the  liquid  pres- 
sures on  the  column 
will  have  its  equiva- 
lent in  a  gain  of 
kinetic  energy.  Ac- 
cordingly, to  determine  the  variation  in  speed,  we  must  calculate 
the  actions  of  gravity  and  the  end  pressures. 

At  the  centre  of  AB,  regarded  as  a  fixed  cross  section  of  the 
stream  tube,  let  the  height  above  a  fixed  horizontal  plane  be  x0, 
the  pressure  of  the  liquid  pQ,1  and  its  speed  VQ.  At  the  centre  of 
PQ,  any  other  fixed  cross  section  of  the  tube,  let  the  corresponding 
values  be  x,  p  and  v. 

Now  suppose  the  column  of  liquid  slides  to  a  very  slightly  lower 
position  represented  by  CDRS.  Then,  the  loss  of  gravitational 
potential  energy  equals  the  product,  weight  of  the  column  into  the 
lowering  of  its  centre  of  gravity.  But,  since  the  portion  CDPQ  is 
common  to  the  column  in  its  original  and  displaced  positions,  this 

1  If  the  lb.  is  the  unit  mass,  this  pressure  will  be  in  poundals  per  square  foot. 


FIG.  69. — Bernoulli's  Theorem  of  Liquid  Flow. 
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loss  of  energv  may  be  estimated  by  the  supposed  transference  of 
liquid  from  the  very  small  volume  ABCD  to  the  lower  but  equal 
volume  PQRS.  Let  these  equal  volumes  be  denoted  by  u  ;  then, 
in  the  limit,  where  the  displacement  is  very  small,  this  loss  of 
potential  energy  *  is 

gud(xo-x)    ......        (i) 

For,  in  that  limit,  the  centres  of  AB  and  PQ  are  practically  the 
centres  of  gravity  of  the  liquids  in  the  volumes  ABCD  and  l'<  »U> 
respe 

Consider  next  tl  ie  by  the  end  pivssu:  ii  of 

the-  product  o  .:«•  into  an  a  into  displacement  of  that 

are;;  i  In-  pn-ssuiv  into  the  i  •om-sixmding  small 

volume  it.  Tlm^  .it  AH  \s,  li.ive  the  work  (Jr/>0n)  and  at  IV  the 
work  (  —  pit).  Accordingly  the  net  work  dom  bv  the  liquid  pressures 
on  the  column  as  it  passes  ti«m  ABPQtoCDl\>  is  -iven  by 


UK  Tease  in  ^y  of  the  liquid   from  entering  at 

IB  to  1  iml  by  ;  i  that  in 

PQK-  in  ABCD.    [t  fe  acconftngly  expressed  by 


\nd  thi^  mav  1"  bfl  othci    t\\-- 

i)  and  (2).  ^  steady,  tin-  «-n«  i-\-  ..{  tin-  liipiid 

.vithin  t  MIC  CDP<  '  tin- 

jxpi  ;)  gives  tin-  in«  rease  of  kinetic  energy  in  CI>K>  ovw 

:hat  in    \1UJQ. 
\\  .ve 


>—  -v 
•r.  dividing  out  by  ud,  the  mass  dealt  with. 

P     v1  po     vl 

g*+^H — =g*o  H"~7~l —  =  constant. 

\\Vmayaccordingly  '  in  the  m  >n  compact  foim 

£*4jH — =E,  a  constant     ....     (.|) 
a      2 

A-hirh  1C.  like  evei  v  other  term  in  the  equation,  denotes  energy  per 
tnit  mass. 

:ne  this  equation  and  note  what  each  term  in- 

The  lir-t  on  I  ••"mil  potential  energy  per  unit 

the   si-e»,nd   ^ive.  /.;  .    per   unit   mass   (or  work 

rquin-d  to  intiodu-  «•  unit  mass  into  a  region  .,[  pressure  />  from  a 

1  If  the;  Ib.  is  the  unit  mas  :  ,'\  will  be  in  foot  poundals. 
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region  of  zero  pressure),  the  third  gives  the  kinetic  energy  per  unit 
mass.  We  thus  see  that  the  equation  is  equivalent  to  the  state- 
ment— • 

For  liquid  in  steady  flow  under  gravity,  the  sum  of  the  energies 
per  unit  mass  due  to  gravitation,  pressure  and  velocity  is  constant  for 
all  points  in  a  given  stream  line. 

For  any  other  stream  line  the  sum  of  the  three  energies  would  be 
constant  also,  but  the  constant  value  of  this  sum  might  be  different 
for  each  line. 

If,  however,  the  liquid  has  a  free  level  surface  at  all  points  of 
which  v  is  practically  zero  and  p  constant,  then  it  may  easily  be 
seen  that  for  each  stream  line  the  constant  will  be  the  same. 

We  may  exhibit  the  result  expressed  in  (4)  in  a  new  light  if  we 
divide  through  by  g.  This  gives 

i>     v2 

#+    jH =H,  a  constant     ....    (5) 

gd    zg 

where  H  is  written  for  E-!-g.  It  is  now  easy  to  see  that  each  term 
on  the  left  and  their  sum  on  the  right  is  a  height.  For  the  first 
term  is  clearly  a  height  by  hypothesis,  and,  by  the  theory  of  dimen- 
sions (see  Arts.  14  and  15),  the  others  are  seen  to  be  of  the  same 
nature.  This  leads  to  a  graphical  exhibition  of  the  relation  expressed 
by  equation  (5). 

For  the  second  term  on  the  left  is  not  only  a  height,  but  the 
height  (or  head)  of  a  column  of  liquid  needed  to  produce  the  pressure 
p.  It  is  accordingly  called  the  pressure  head. 

Again,  the  third  term  on  the  left  is  seen  to  be  the  height,  from 
which  a  particle  must  fall  from  rest  to  acquire  the  velocity  v.  It  is 
accordingly  termed  the  velocity  head. 

We  may  now  express  compactly  in  words  the  significance  of  the 
equation  (5),  and  this  statement  is  one  form  of — 

Bernoulli's  Theorem. — If  at  each  point  along  a  stream  line  there 
be  drawn  a  vertical  line  whose  length  equals  the  sum  of  the  pressure 
head  plus  the  velocity  head  at  the  point,  the  upper  extremities  of  all 
these  vertical  lines  lie  in  the  same  horizontal  plane. 

It  is  evident  that  the  H  of  equation  (5)  gives  the  height  of  this 
plane  above  the  datum  level  from  which  XQ  and  x  are  reckoned. 

It  must  be  remembered  that  if  the  pound  is  the  unit  force,  and 
the  unit  force  is  mass  X  acceleration,  then  the  p  and  pQ  all  through 
are  in  poundals  per  square  foot  and  must  be  reduced  where  necessary 
to  Ibs.  per  square  inch  by  dividing  by  32*2  XI44- 


EXAMPLES  XXXVIII. 

i.  Explain  what  you  mean  by  the  steady  flow  of  a  liquid  under  gravity. 
Can  the  liquid  in  a  steady  flow  have  different  velocities  at  different  places  ? 
Also  can  any  one  portion  of  liquid  change  its  velocity  when  the  whole  is  in 
steady  motion  ? 
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2.  What  do  you  mean  by  stream  lines  and  tubes  ? 

3.  Establish  Bernoulli's  theorem  for  liquid  flow  in  steady  motion  under 
grav; 

Vater  flows  steadily  over  a  low  weir  without  breaking  into  drops  or 

md  at  the  top  of  the  weir  the  speed  of  the  surface  water  is  i  mile  per  hour 

What  is  the  speed  of  the  same  particles  of  water  after  falling  a  vertical  height 

5.  Water  is  flowing  smoothly  ir,  and.  at  a  certain  lev.-l    Its  speed 

18  ft.  per  second.     What  are  the  speeds  of  the  same  particles 

nd  2  ft.  lov. 

is  flowing  out  of  a  tank  so  slowly  that  the  speed  is  m-li-ible  at 
the  upper  surface,  but  is  10  ft.  per  second  at  a  depth  of  4  ft.  What  is  the 
pressure  there  ? 


in 


Vena   Contracta.— Consider  the  case  of   a  -mall  oriii 

•  all  of  a  vessel  containing  sufficient  liquid  to  make  the 
immersed.     At  li  it  mi-ht  be  supposed  that 

<-locity  and   discharge  of  the  i  d  could  be  deduced 

an  application   of  Bernoulli's  theorem  to    the 
lie  orifice.     But 
this  N  ii"t  the  case,  and  for 

: — 

i.    II.'-  stream  lines  cut 
rifice  section  obli' 

and  :  j>ends 

on    the   horizontal    compo- 

2.  The  stream  lines  a- 

:  actions  of  the 
cur  and  modify   the 
flow. 

3-  'I 

lifice  section, 
^e    modifications   of 

the 

'lv.      It  \i.^  thu  md  that   .1  little 

U 
in  the  jet  \vh;  •»!  c<inir*' 

1  hi>  i^  a  cross  sectioi  I       follouin 

:  — 

1.  At  the  vena  contract  a  nimum  cross-section  d 

2.  All  the  stream  lines  which  pass  through  the  vena  COntl 
cut  its  plane  perp  :ly. 

in    that  cross  section 

IH  n    the 

into  it. 
The  ap;  :    th«-  Ho'. 

ratedly  in  1  id  PPthe  venacontra< 


FIG.  70.— Vena  Con(  • 
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The  ratio  of  cross  sectional  area  at  the  vena  contracta  to  that  at 
the  orifice  in  the  wall  of  the  vessel  is  called  the  coefficient  of  con- 
traction, and  will  here  be  denoted  by  C.  Its  value  can  only  be  found 
experimentally,  and  it  depends  on  a  variety  of  circumstances.  If 
the  orifice  is  so  far  from  the  free  surface  of  the  liquid  and  from  the 
sides  and  bottom  of  the  vessel  that  these  have  no  special  effect  on 
the  flow,  the  contraction  may  be  termed  complete.  If  the  sides  and 
bottom  are  near  enough  to  affect  the  flow,  the  contraction  may  be 
termed  imperfect. 

In  the  cases  of  imperfect  contraction  the  value  of  the  coefficient 
of  contraction  found  applies  only  to  the  particular  case  investigated, 
and  depends  on  the  exact  degree  of  imperfection  there  present. 
For  complete   contraction   and  a  sharp-edged  orifice  the  co- 
efficient  of   contraction    is 
0*64. 

98.  Torrieelli's  Theorem. 
— Let  us  now  obtain  the 
theoretical  expression  for 
the  velocity  of  the  jet  from 
a  small  hole  in  the  side  of 
a  vessel  and  far  below  the 
free  surface  of  the  liquid. 

We  apply  Bernoulli's 
theorem  to  the  case,  as 
shown  in  Fig.  71.  Let  the 
height  of  the  free  surface  of 
the  liquid  be  called  x0  and 
that  at  the  centre  of  the 
vena  contracta  be  x,  their 
difference  x0  —  x  being 
denoted  by  h.  Call  the 
atmospheric  pressure  p  and 
the  speed  at  the  vena  con- 
tracta v.  The  speed  at  the 

free  surface  of  the  liquid  is  practically  zero.     Thus  from  equation 
(5)  we  have 


FIG.  71. 


and 

Then  subtraction  gives 
or 


V2=2g(x0—x), 


(6) 


Putting  this  result  in  words,  we  may  say  that  the  theoretical 
velocity  of  outflow  at  the  vena  contracta  in  the  case  considered  is 
that  of  free  fall  from  the  surface  of  the  liquid  to  this  level.  This 
statement  constitutes  Torricelli's  Theorem. 
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This  theoretical  value  needs  modification,  as  we  shall  see  in  the 
next  article. 

99.  Discharge  from  an  Orifice. — The  quantity  Q  of  liquid  dis- 
charged from  an  orifice,  if  estimated  in  volume  per  unit  time,  will 
isly  be  the  product  of  the  area  of  the  cross  section  concerned 
and  the  velocity  across  that  section  in  a  perpendicular  direction. 

Thus,   to  obtain    the  condition  of    perpendicularity,  we  must 

consider  the  flow  across  that  smallest  cross  section  called  the  vena 

contracta.     Hence,  the  area  to  be  taken  is  not  that  of  the  orifice, 

A  say,  but   the   smaller  value  CA,  where  C  is  the  coefficient  of 

:  action. 

l;urther.  tli<  concerned  is  not  the  v  theoretically  deter- 

mined L*S  theorem,  l>ut  a  rather  smaller  value  Vv,  say, 

V  is  tin-  coefficient  of  velocity  and  is  less  than  unity  because 
of  friction  and  viscosit 

Hence  the  discharge  is  given  by 


Q=CAVvf 


prod 


(7) 
uet,  CV,  of   the  two  coefficients    already  dealt  with  is 

The  data  in  T.r  t  npeni-  'ken 


from  S.  Dunl  1.  i  ,  p.  n,  London,  i< 

are  for  cases  of  complete  <  •  n . 


They 


I. — DATA  FOR  DISCHARGE  FROM  VARIOUS  OPENINGS. 


ol  opening. 

Coefficient*  of 

Contraction. 

Velo- 

Discharge. 

•  Igcd  orifice,  Fig.  70 

0-64 

0-97 

0'62 

Projecting  pipe,  Fig.  7^      .      . 

or    BordaVt 

mou'                  ii».  73                  / 

roo 

0*82 

0'5 

0-97 

0-48 

coefficients   of  «  >n  and  velneitv  mav  l>e  earli 

u-rimentally  d  :    th'-ir  produet.  tin-  ••••ellieient  of  dis- 

iay  be  dfti-rmim-d  <lir«-«-tlv  1>\  •  nt. 

•  «.f  the  IP  tip-  licjuid  be  requiml 

for  anv  L;ivrn  ^in.i!l   oiiti-.-.   it    mav   !•«•   fMiind  for  any  instant  as 
:ollow>.  on  the  suppositinn  that  no  liquid  is  Mowing  in. 
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Let  the  area  of  the  free  surface  be  S  at  the  instant  in  question, 
and  its  velocity  of  descent  be  w.    Then  obviously 

Su=Q 

Hence,  using  the  value  of  Q  in  (7) ,  we  find 
TT  A    / — T~  \ 


> \°) 

or  u*  oc  n          ) 

We  thus  derive  the  result  that  the  rate  of  descent  of  the  free 

3 

FIG.  72. — Discharge  from  Projecting  Pipe. 

surface  of  the  liquid  at  any  instant  varies  inversely  as  its  own  area 
and  directly  as  the  square  root  of  its  height  above  the  orifice  at  that 
instant. 

tE 

FIG.  73. — Discharge  from  Borda's  Mouthpiece. 

Making  use  of  this  result,  it  may  be  shown  (by  the  integral 
calculus)  that  the  height  h  at  time  t  is  given  by 

h=b—kVbi+  —  t2 (9) 

4 

where  b  is  the  initial  value  of  h  and  k  is  written  for  (CVAV2g)-^-S. 
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Equation  (9)  might  be  transformed  to 

^F- 
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(10) 


It  is  r vident  from  (8)  that  when  //  is  zero,  so  also  is  u.     But  in 
of  tin-,  the  subsidence  to  the  level  of  the  orifice  occurs  in  the 

finite  ti: 


t 


\ 

T" 


for/i=o 


(ii) 


as  seen  very  plainly  from  (10). 

A-  an  illn>t:  the  descent  of  the  free  surface  of  the  liquid, 

a     graph      co-ordi- 
nating   i 
plotted    in    IM 
for   b  =  Q  cm.   and 
k=i,  in  which  case 
ave 

(/-6)l=4//  (iia) 

It  iiniM 

tliis    car 

obtained  <MI   ti 
Miinj>tiMii  th.it 
J)  holds  i 

that    it    b 
abola. 

Hut  tliis  i-  n«.tqmtr 

in   accordance   with 

t  the  case, 

-   |)«>int«-d   nut 

C  and  \'  are  modi- 
fied when  tin- 
is     nm 

>wto 
•  cond  form  of 

the    Vo-fl    were   >11J>- 

i  Irom  the 
orifice. 

SAMPLES    XXXIX 

i.  S  cna  contracta,  and  account  for  its  occur- 

tii;it  i>oti.  -1  v\  i"'  ity 

.plain  why  thi     i 


8 
7 

6 
5 

1- 

r- 
£' 

2 
1 
0 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

V 

123456  Seconds 

/  /  ///  f 

of  I.i.jnid  Descent. 
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4.  Sketch  several  openings  in  the  side  of  a  vessel,  and  state  to  what  extent 
the  contraction  and  velocity  are  virtually  reduced  for  each. 

5.  Find  the  number  of  gallons  of  .water  discharged  per  minute  from  a  sharp- 
edged  opening  i  in.  diameter  situated  in  the  side  of  a  tank  2  ft.  6  ins.  below 
the  surface  of  the  water  in  it,  which  is  kept  at  a  constant  level. 

6.  If  a  hole  is  to   be  made  in  the  side  of  a  tank  4  ft.  below  the  liquid 
surface,  which  is  kept  constant,  what  diameter  must  the  hole  be  to  deliver 
50  gallons  of  water  per  minute  ? 

If  this  hole  were  fitted  with  a  projecting  pipe,  what  would  the  delivery 
then  become  ? 

7.  For  the  first  case  in  example  6,  plot  the  graph  of  the  descent  of  the  surface 
of  the  liquid  if  the  supply  were  suddenly  stopped. 

ioo.  Mariotte's   Bottle. — Let  us  now  consider   an   arrangement 
in  which  the  rate  of  discharge  from  a  side  opening  may  be  main- 


FIG.  75. — Mariotte's  Bottle. 

tained  constant  for  some  time  in  spite  of  a  lowering  of  the  surface 
of  the  liquid.  This  may  be  accomplished  by  the  insertion  of  a  pipe 
having  one  end  A  open  to  the  outer  air  and  the  other  B  at  a  fixed 
level  in  the  liquid  at  a  height  h  above  the  discharge  orifice,  the  bottle 
being  otherwise  closed  airtight.  The  arrangement  is  known  as 
Mariotte's  Bottle,  and  is  shown  in  Fig.  75. 
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To  set  the  apparatus  in  working  order,  the  stopcock  C  is  closed, 
the  cork  D  and  pipe  AB  removed,  and  the  bottle  tilled  with  the 
required  liquid.  The  cork  and  pipe  are  then  replaced  when  the 
liquid  stands  at  the  same  level  K  in  the  pipe  as  elsewhere,  the  pressure 
on  the  free  surface  of  the  liquid  beingthat  of  the  atmosphere,  p  say. 
rt,  let  the  stopcock  C  be  opened ;  the  liquid  then  llows  out,  at 

partly  at   the   expe; 
of  the  liquid  EB  in  the  pipe, 
till  this   is   exhausted.      \Ve 

i hen  tlie  tilings 

shown    in   the   figure.     The 

•ire  at  B  i-  atmospheric 
p,  that  at  :  !::c,  where 

:.  is  the  height  BE  and  w  is 
tin-  u  .iquid  per 

unit    volume.     As   th- 
continues  the  height  k  mint 

of  the  air  above    inn 
crease  in  only  happen 

more 

innigli    th«-    pipe    A  I'., 
whieh    accordingly    occurs. 
the   pressure 

• 

/>,  as  though  B  were 
the  level  of  the  fr 
Accoi 

v  at 
• 

v=V2gh     .     (: 

this  velocit 

nt     until      the 

to   the   li-Vel    < 

\\"<-  thus  «  the 

end    of    the    j,-t    tub«- 

led      Up.      the      jet     Would 

Hero's   Fountain.      I  hows  how  a 

fountain  mav  !••  piinnple  of  that   ascribed  to 

If-  •:s-ists  rsM-ntially  <>i  a  bowl  A, 

>  vessels  Band  f,  a  jet   i).  and  the  connectta  \ 

shown.     To    ui:  and    calculate    the    height, 

the  jet,  suppose  the  vessels  part    lil'n-d  as  mdi<  ated  in   the 
diagram,  the  liquid  at  the  same  levrl  in   I  '  de  it  in  the  bowl 

I       the    jet      ,lt      1  >  I.eJ       the    alllln     j    ! 


:ntain. 


A,  and 
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pressure  be  p  and  the  liquid  have  weight  w  per  unit  volume.  Then, 
since  the  tube  F  passes  from  the  liquid  at  A  to  that  at  B,  the  pressure 
in  the  air  just  above  B  is 

p+w.AB (13) 

Again,  since  the  tube  G  passes  from  the  air  above  B  to  that  above  C, 
and  the  density  of  air  is  negligibly  small  compared  with  that  of 
the  liquid,  the  pressure  just  above  C  is  practically  the  same  as  that 
just  given,  3jjz.— 

.AB (14) 


Lastly,  in  $Si!mf£  up  through  liquid  in  the  jet  tube  from  the 
level  C  to  the  level  A,  the  pressure  falls  off  by  the  amount 

w.CA.    .......    (15) 

Hence,  the  pressure  in  the  jet  tube  at  the  level  A  is,  by  subtraction, 

p+w.CB     ......     (16) 

Thus,  at  the  level  A  the  excess  of  pressure  over  atmospheric  is 
w  .  CB,  and,  on  removing  the  finger  from  the  jet,  we  shall  accordingly 
obtain  a  velocity  approaching  that  of  a  free  fall  through  the  height 
CB. 

Therefore,  the  height  AE  of  the  jet  approaches  the  value  BC,  or 

AE=BC  nearly      .....     ^7) 

102.  Uniform  Rotation  of  Liquid  about  a  Jfr^eal  Axis.—  Let 
all  the  liquid  under  consideration  rotate  with**ai^ilar  velocity  w 
as  if  it  were  a  rigid  solid.  This  is  the  state  which  is  approached  in 
a  short  time  when  the  containing  vessel  is  rotated  about  a  vertical 
axis.  For  the  inside  of  the  vessel  is  rough  and  the  liquid  is  viscous. 
So  the  rotation  spreads  inwards  till  all  the  particles  rotate  together 
as  though  the  liquid  were  frozen  to  the  vessel. 

Consider  a  particle  of  the  liquid  at  P,  where  radius  NP=#,  see 
Fig.  77.  Then  its  acceleration  is  directed  inwards  along  NP  and  is 
expressed  by  —  a)2x.  So  the  consequent  reaction  of  unit  mass  against 
the  neighbouring  particles  is  outwards  along  NPR,  expressed  by 
+o>2#  and  represented  in  the  figure  by  PR.  Now  the  weight  of 
unit  mass  is  g,  and  is  represented  by  PW.  Hence  the  resultant 
force  exerted  by  this  unit  mass  may  be  represented  by  PG'  =  g'  say, 
found  by  compounding  PR  and  PW. 

Thus  the  magnitude  of  g',  which  may  be  termed  the  effective  or 
dynamical  gravity,  is  given  by 


g'  =  V£2  +  o>4*2  ......    (i) 

Its  inclination  B  with  the  vertical  is  given  by 

tan  6  =  ^  (2) 
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UK    cur\ v  of  equal  pressures  passing  through  P  and  lying  in 
the  plane  of  the  diagram  must  be  perpendicular  to  g',  and  is  then-Ion1 
inclined  6  t<>  tin-  h<>ii/.<>ntal  as  shown.     Thus  GTG  is  the  normal  to 
irve,  and  XG  is  called  the  subnormal,  PN  =  x  being  the  radius. 


77.— Uniform  Rotv 

le  NGP,  v 
tan  ^5^  .      .     (.;) 

All'  .lid 

-  =-£j=  constant (4) 

Mir  \-  ni "tin-  vali:  ulumnnal  I«»i  anv  jx>Mt  ion 

o    tin-  jM)int    1'  i-  .1  j>;  •!  tin-  paralmla.     Indt.d,  it  may  be 

si  town  that  P  lie  ;  ••••.nationis 


(.5) 
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the  origin  of  co-ordinates  being  the  point  A,  called  the  vertex,  where 
this  curve  cuts  the  axis. 

It  is  evident  from  symmetry  that  the  surface  of  equal  pressures 
through  P  is  that  generated  by  the  revolution  of  the  parabola  PAQ 
about  its  axis  ANG.  This  surface  is  termed  a  paraboloid. 

It  is  noteworthy  that  the  vertical  component  of  the  effective 
gravity  is  the  ordinary  value  g.  Thus  the  change  of  pressure  with 
vertical  depth,  from  any  given  point  on  the  curve,  follows  the  usual 
law  as  if  the  vessel  were  not  rotating. 

Thus,  the  free  surface  of  the  rotating  liquid  will  be  the  paraboloid 
as  shown,  and,  on  taking  any  other  point  A'  on  the  axis,  of  pressure 
p'  say,  the  curve  through  A'  of  pressures  equal  to  p'  will  be  another 
paraboloid  just  like  the  former,  but  shifted  down  by  the  distance 
AA'. 

Hence  the  pressure  at  L'  in  the  liquid  is  found  for  the  vertical 
depth  that  L'  is  below  the  point  L  in  the  paraboloidal  surface. 


EXAMPLES  XL. 

1 .  Sketch  carefully  the  arrangement  known  as  Mariotte's  bottle  and  explain 
its  purpose  and  action. 

2.  Make  a  drawing  of  Hero's  fountain  and  explain  why  the  water  rises. 

3.  Explain  in  general  terms  the  curvature  assumed  by  the  surface  of  a 
liquid  in  a  vessel  rotating  about  a  vertical  axis.     If  the  sense  of  rotation  were 
reversed,  would  the  curvature  of  the  surface  be  reversed,  or  if  not  why  not  ? 

4.  A  vessel  2    ft.  diameter  is   set   spinning  about   a  vertical  axis  at  36 
revolutions  per  minute:  how  much  is  the  centre  of  the  liquid  surface  below  the 
circumference  when  the  steady  state  is  reached  ? 

5.  If  a  vessel  is  3  ft.  diameter,  how  many  revolutions  per  minute  must  it 
make  about  its  vertical  axis  to  cause  the  liquid  to  stand  a  foot  higher  at  the 
outside  than  at  the  centre  ? 

6.  Show  that  if  a  liquid  revolves  about  a  vertical  axis  so  that  all  portions 
have  the  same  angular  velocity,  then  the  axial  section  of  the  free  surface  is  a 
parabola. 


PART    IV.— PNEUMATICS 

CHAPTKR   IX 

GASES 

Thermometry.     \Ye  saw  at  the  outset  that  gases  are  highly 
<:mnp:  But  the  actual  diminution  of  volume  produced  by, 

lay,  doubling  tin-  prc-%ure,  depends  on  the  original  volume,  and  this 

on  the  original  pressure  and  temperature.    The  comj 
t  ility  at  a  given  volume  is  also  affected  by  changes  of  temperature 
IIL;  during  the  compression.     Hence  the  modes  of  measuring 
t  'mperature,  called  thermometry,  is  an  essential  preliminary  to  the 
-  udy  of  gases. 

The    instrument   us-  idicate    temperatures  is  railed    i 

/  'ermometcr,  tin-   form  in   i  mercury  in  a 

f  ass  bull.  i.  as  shown  in   1  u    78.     Thei 

^laduation  with  which  the  >tu-  i!d  be  familiar. 

/..  those  called  C<  ur.      1  he  due 

;  >  their  respective  gradual  -^.  with  their  corre- 

v.nd:  blond  heat,  and  i 

t  -mperatures  of  meltii.  «1  of  stea:  ••  »iliu^ 

These  last  two  ten 

ire  called  the  fixed  points,  or  may  br  :   to  as  th«    ic6 

/  tint  and  steam  point  respectively. 

C°,  F°  and  R°  for  the  m-  "\\  the  tine.- 

i?of  graduation  of  any  one  temperature,  we  have  the  id  i; 


Th-  -int  i-  <l«-t«-rmin-  1.  \>\   juittinij 

t  o  th-  t  and  with  its  bulb  and  part  <>\  tip 

ii   olean  moi.^t  ice  -':  •unnrl,  BO  that  the  top  of  the  m<  n  m\- 

c  Ln  be  just  seen  when  it  ha^  >ettled. 

1  h«  Ixiilint^  orst  iit  is  determined,  or  checked,  by  tin 

o  a/r  'i  boiling  wrai  i  i 

t  iat  the  steam  from  the  water  pas-  inn.  r  tube  and  is  kept 

<!  v  by  the  -train  dr-erndin.L;  in  an  out«-i  Tin-  t  hei  inoin«-t<T 

uider  test  i-  pl.i<  ed  with  it>  bulb  and  stem  in  the  inner  tube  and 

K 
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is  accordingly  immersed  in  dry  steam  so  far  as  the  mercury  extends. 
Every  five  minutes  the  thermometer  may  be  raised  a  little  for  an 
instant  so  that  the  position  of  the  mercury  may  be  noted. 

The  barometer  must  also  be  read  and  a  correction  made  if  it 
is  not  at  the  standard  height  of  76  cm.,  after  the  necessary  reductions 
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FIG.  78. — Thermometer  Graduations. 

have  been  made.    These  minor  details  will  be  dealt  with  in  the 
chapter  treating  of  the  barometer. 

Thus  the  mercury-in-glass  thermometer  acts  by  the  excess  of 
expansion  of  the  mercury  over  that  of  the  glass  when  the  tem- 
perature rises,  the  rise  being  read  off  by  the  graduation  on  the  stem 
reached  by  the  mercury. 


EXAMPLES  XLI. 

1.  Describe  the  mercurial  thermometer  and  its  graduations. 

2.  Derive  a  formula  connecting  the  readings  of  a  centigrade  thermometer 
with  a  Fahrenheit  thermometer  whose  bulbs  are  placed  in  the  same  liquid. 
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3.  Having  found  a  few  corresponding  readings  on  centigrade  and  Fahren- 
heit thermometers,  plot  a  graph  whose  abscissae  give  the  readings  on  one  in- 
strument and  ordinates  the  readings  on  the  other. 

4.  If  it  is  90°  F.  in  the  shade,  what  would  be  the  readings  on  centigrade 
and  Reaumur  thermometers  respectively  ? 

5.  Explain  how  the  fixed  points  of  a  mercury  thermometer  are  determined. 

104.  The  Ideal  Gas.  —  Some  writers  use  the  term  perj\  . 
and  may  thereby  give  the  impression  that  there  are  others  which 
refuse  to  behave  as  they  should.     But  this  cannot  be  true  of  any 
inanimate  substances.     Moreover,  the  so-called  perfect  gases  e.\i>t 
only  in  the  imagination. 

The  chief  facts  are  as  follows.  For  all  gases  the  precise  relations 
between  pressure,  volume  and  temperature  are  somewhat  com- 
plicated. But  for  many  gases,  when  far  above  their  points  of 
liquefaction,  the  relations  holding  dihvr  but  slightly  from  a  certain 
simple  standard  form.  This  simple  form  can  be  easily  expressed 
both  in  words  and  by  equations.  It  is  tcooi  dopted  as  a 

first  approximation  to  the  actual  facts,  and  i-  !ul  when  we  are 

not  anxious  to  enter  into  minute  details. 

\\"e  can  therefore  conveniently  imagine  an  ideal  gas  wlm-e 
properties  are  precisely  expressed  1  approximation, 

'hough  all  actual  gases  behave  in  a    lightly  different  way. 

•ed,  the  choice  as  to  whether  or  not  we  shall  adopt  the  simple 
elation  often  depends  more  upon  the  degree  of  accuracy  required 
ban  upon  the  particular  gas  or  special  range  of  its  variations 
ontei 

Characteristic    Equation    of     the    Ideal    Gas.  nnple 

tandard  f«»nn  of  the  relations  between  the  pressure  P,  the  volume 
r,  and  th  reckoned  Jrom  a  zero  about  273°  C.  below 

0  C.,  may  b-  >ed  in  symbols  as  follows  :  — 

PV=RT  .......    (i) 

'he:  gas  used,  the  mass  of  it 

iken  and  tl 

If  we  call    i   the  absolute  tempci  <-ss  (i)  in 


The  product  of  ;  of  a  given  mass  of  any 

£  is  i>  directly  pmpoi  tmnal  to  its  absolute  temperature.     Equation 
(  )  is  called  the  characteristic  equation  of  an  ideal  gas,  or  the 

Though  tin-  relation  eds  experim. 

nation  by  three  methods  for  its  ve:  methods 

i  volve  the  successiv  -^  of  (i.)  T  constant  ;  (ii.)  P  constant  ; 

a  id(iii.)  V<  .  th«-  interdependent  variations  of  the  other  two 

(]  oantities  b<  <  h  case  investigated. 

Boyle's    Law.—  On  putt:  it  in  (i)  we  have  the 

r  lation 

l'\  -=  const,  for  temperature  constant  .      .      .     (2) 
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or,  in  words,  the  volume  of  a  given  mass  of  any  gas  varies 
inversely  as  its  pressure,  its  temperature  being  maintained  constant. 

This  is  known  as  Boyle's  Law,  having  been  experimentally 
established  by  Boyle  as  a  first  approximation  to  the  behaviour 
of  gases  at  constant  temperatures. 

It  may  be  illustrated  in  a  very  simple  manner  by  the  use  of  a 
straight  glass  tube,  about  5  feet  long  and  about  a  millimetre  bore, 
into  which  a  thread  of  mercury  a  foot  or  more  in  length  is  introduced. 
One  end  of  the  tube  should  be  closed  so  as  to  have  between  it  and 


50-5             HORIZONTAL 

•V  o 

--IOO  . 
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.x              L 

FIG.  79.  —  Boyle's  Law 
illustrated  . 

ERECT       INVERTED 

the  mercury  a  column  of  air  whose  length  is  18  or  20  inches  when 
the  tube  is  horizontal. 

The  experiment  is  performed,  as  indicated  in  Fig.  79,  by  placing 
the  tube  successively  erect,  horizontal,  and  inverted,  and  measuring  in 
each  position  the  lengths  of  the  air  column  and  the  thread  of  mercury. 
The  length  of  the  air  column  is  a  gauge  of  the  volume  of  air  if  the 
bore  of  the  tube  is  uniform.  Any  considerable  deviation  from 
uniformity  of  bore,  as  shown  by  lack  of  constancy  of  the  length  of 
the  mercury  thread,  should  cause  the  tube  to  be  rejected. 

The  results  of  the  observations  may  be  arranged  as  shown  in 
Table  VII.,  the  barometer  being  read  (or  for  a  very  rough  illustration 
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assumed  to  be  as  last  seen  or  recorded  in  the  newspaper).  It  is 
seen  that  the  various  positions  of  the  thread  of  mercury  affect  the 
pressure  and  the  volume  varies  accordingly. 

TABLE  VII. — ILLUSTRATION  OF  BOYLE'S  LAW. 


Length  o 

f  Mercury  Threac 

1  37-5  cm.,  Baroc 

oeter  76  cm. 

Position  of  Tube. 

P. 

V. 

PV. 

Difference  of 

• 

|76+37'5\ 

;    M  , 

—  21 

nl  si 

. 

\  =  "3'5  / 
76 

(76- 
l-.r 

50-5 
1  00'  I 

,*38 

3.854 

+  3 
+  19 

Sum    . 

II.506 

Mean 
pro 

3.835 

It   is  seen   that  with   the  Ik 
tin-  gR    ' 

i<:t  is  only  about  one-half  per 
ts  mean  value,  so  that  tin- 
••  -d  and  appi. 

oofin 

A    better  confirmation   may   be 
:ied  by  UMH^  an  appaiatus  of 

h«»wn  in  Fii<.  80. 

In   tlii^  arran.m-nn-nt   tin-  air  (or 
th.  i  confined  in   t 

aid  its  pressure  is  that  of  the 

:e    plus  M    to    tht? 

ead  of   merciir     BC     It    b   seen 

'  he  glass  tube  ABE  is  clo- 
,  and  that  mercury  extends  from  B 
indiarubber   tulu-    I  1 
ass   tnin-  FCI),   which 
i    ->pen  at  D,  movable  up  and  down 
t  ie  st  and  may  be  fixed  in 

:  ny  desired  position  by  the  damp  d. 
hus  cad  the!  r.tln- 


FIG.  80. — Boyle's  Law 


ressun-  and  volume  of  the  gas  in  A  P. 
led  by  the  read: 

-'  .    !'».   .ind    C,    l-»r   any  position    in 

v  hi.  ii  the  tnlie  is  clamp-   !      I- mm  these  one  value  of  the  product 
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PV  is  derived  and  entered  in  the  table.  A  new  position  is  then 
used,  new  readings  obtained,  and  a  second  value  of  the  product 
derived,  and  so  forth  till  10  or  20  such  products  are  calculated  for 
the  observations.  Then  a  mean  and  deviations  from  it  may  be 
found  as  before.  Thus  the  law  is  more  fully  and  precisely 
confirmed. 

In  the  figure  the  closed  tube  ABE  is  shown  fixed ;  it  is  a  further 
convenience  if  this  moves  down  as  the  open  tube  FCD  moves 
up.  This  may  be  easily  arranged  if  the  two  tubes  are  connected 
by  a  cord  passing  over  a  pulley  at  the  top  of  the  apparatus 
(see  Barton  and  Black's  Practical  Physics,  Fig.  n,  p.  37.  London, 
1912).  Yet  another  form  of  apparatus  is  on  the  market,  in  which 
part  of  the  indiarubber  tube  below  EF  passes  under  a  board 
and  may  be  squeezed  by  a  screw.  This  sends  the  mercury 
columns  up  both  at  B  and  at  C,  and  neither  tube  need  be  raised 
or  lowered. 

107.  Compressed- Air  Manometer. — An  interesting  application  of 
Boyle's  Law  is  presented  by  the  compressed-air  manometer  shown 

in  Fig.  81.  In  this  instru- 
ment for  measuring  pressures 
the  indication  is  given  by  the 
compression  of  the  air  in  the 
closed  end  AB  of  the  bent 
tube,  whose  open  end  D  is 
in  communication  with  the 
fluid  whose  pressure  is  to  be 
ascertained,  the  separation 
being  effected  by  the  mercury 
BC  in  the  dip  of  the  tube. 
Suppose  it  to  be  so  arranged 
that  the  air  in  AB  is  at  a 
pressure  of  one  atmosphere 
when  B  and  C  are  at  the 
same  level  as  shown,  and 
denote  by  a  the  height  AB. 
Next  let  the  pressure  at  D 
drive  the  mercury  round  so 

as  to  depress  C  to  C'  and  raise  B  to  B'  each  by  the  length  x.  Then, 
if  the  pressure  of  the  air  in  AB  is  now  p  atmospheres,  we  have  by 
Boyle's  Law 


FIG.  81. — Compressed-Air  Manometer. 


or 


p(a  —  x)  = 

P= 


a—  x 


(3) 


But  the  pressure  P  at  D  and  C  is  greater  than  p  by  that  due  to 
the  head  of  mercury  B'C'=2#.  Suppose  the  height  of  the  mercury 
barometer  to  be  b,  then  the  head  2%  corresponds  to  zx-^b  of  an 
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atmosphere.     Hence,  using  (3),  we  find  that  the  pressure  to  be 
measured  is  given  in  atmospheres  by 


This  gives  the  interpretation  of  the  rise  x  and  the  rule  for  gradu- 
ating AB  if  the  manometer  is  to  be  made  direct-reading  in  atmo- 
spheres. Of  course,  any  other  units  of  pressure  may  be  adopted 
and  the  graduations  made  accordin. 


EXAMPLES  XLII. 

1 .  Explain  what  you  mean  by  an  ideal  gas,  and  write  an  equation  expressing 
its  behaviour. 

2.  Give  the  characteristic  equation  of  an  ideal  gas,  and  state  what  experi- 

needed  to  verify  it. 

3.  State  Boyle's  Law  an  >\v  it  follows  from  the  gas  equation.     If 
some  gas  occupies  a  volume  of  20  c.c.  at  35  cm.  of  mercury,  \vh.u  will  be  its 
' -Glume  at  the  same  temperature  whvn  the  pressure  becomes  75  cm.  ? 

4.  How  may  Boyle's  Law  be  illustrated  by  a  straight  tube  closed  at  one 
•  nd  and  containing  a  thread  of  mercury  ? 

:  be  a  good  apparatus  for  the  confirmation  of  Boyle's  Law,  explaining 
tow  to  conduct  the  expei: 

6.  Give  a  set  of  ten  specimen  positions  and  twenty  readings  of  m< 

•  's  Law  apparatus,  and  work  out  the  products,  their  mean, 
lu-ir  individual  and  percentage  deviations  from  the  mean. 

7.  Make  a  sketch  of  a  compressed-air  manometer. 

he  air  space  in  a  manometer  is  6  ins.  high  when  the  mercury  in  tin- 
imbs  is  level.  What  is  the  pressure  when  the  mercury  rises  i  in.,  tin- 
•arometer  being  30  ins.  ? 

9.  A  certain  mass  of  gas  fills  a  chamber  whose  volume  is  2  lit:-  ..md 
pressure  of  75  cm.  of  mercury;   if  the  vessel  is  put  into  communication  with 
hree  other  exhausted  vessels  whose  volumes  are  i,  3  and  5  hti<    .  t<»  wh.it 
alue  will 

o  ins.  of  mercury ; 

the  pressure  down  to  24  ins.  of  mercury  ?     (The  temp  to  be 


will  the  pressure  fall,  the  temperature  remaining  constant  ? 
>.  A  vessel  of  300  cub.  ins.  capacity  is  filled 
s.  of  mercury:  what  sized  exhausted  vessel  must  it  coiunuinn \it«-  with 


Charles'     Law. — Reverting    again    to    the    characteristic 

Ait.  105.  and  putting  P  constant,  we  obtain 

V  oc  T  for  P  constant (5) 

nd  this  is  one  mathematical  form  of  Charles'  Law.     We  may  put 
n  words  as  follows  :— 

The  volume  of  a  given  mass  of  any  gas,  kept  under  con 
>ressure,  is  directly  proportional  to  its  absolute  temperature. 

It  was  the  experimental  di>r<>veiy  uf  this  relation  that  led  to 
he  conception  of  the  absolute  temperature  or  temperature  reckoned. 

i  new  or  gas  ££ro,  which  is  ;  ly  —  273°  C. 

Tin ;  temperature  of  a  mass  of  gas  under  constant  pressure 

iy  (JJ  C.,  i°  C.,  2°  C.,  etc.,  i.e.  V)  ;  ,  274°,  275°, 
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etc.,  on  the  absolute  or  gas  scale  of  temperatures,  then  we  see  that 
the  corresponding  volumes  are  as  273,  274,  275,  etc. 

Hence,  it  was  the  discovery  that  a  gas  under  constant  pressure 
expands  per  i°  C.  by  1/273  (or  0*003665)  of  its  volume  at  o°  C.,  that 
showed  the  convenience  of  taking  a  zero  273°  (or  i-f-  0*003665) 
below  o°  C.,  the  freezing  point  of  water.  Denoting  by  T°  the 
temperatures  on  this  gas  or  absolute  scale,  we  evidently  have  the 
relation  T°=  /  -f-  273,  where  t  is  the  temperature  in  Centigrade  degrees. 

But,  if  we  are  experimenting  and  using  centigrade  thermometers, 
we  may  put  Charles'  Law  in  the  forms 


_ 
V0       273 

or  V=  V0(i  +  at)  for  pressure  constant  .      .      .     (6) 

where  V0  is  the  volume  of  the  given  mass  of  gas  at  o°  C.,  t  is  the  tem- 
perature in  centigrade  degrees  at  which  the  volume  is  V,  and  a  (which 
equals  1/273)  is  called  the  coefficient  of  expansion. 

Thus  another  way  of  expressing  Charles'  Law  is  to  state  that  the 
coefficient  of  expansion  has  the  same  value,  viz.  1/273,  for  all 
gases,  and  at  all  temperatures. 

To  exhibit  in  a  still  clearer  light  the  significance  of  the  coefficient 
of.  .expansion,  we  may  transform  (6)  so  as  to  give  a  mathematical 
definition  of  it.  Thus 

y  _  y 

a=  —  for  pressure  constant      .      .     (7) 

V0£ 

Or,  in  words,  the  coefficient  of  expansion  is  the  quotient  of  the 
fractional  increase  of  volume  from  o°  C.  divided  by  the  correspond- 
ing rise  of  temperature,  the  pressure  being  kept  constant. 

It  may  be  noted  here  that  in  expressing  absolute  temperature 
it  is  customary  to  use  degrees  of  the  same  size  as  centigrade  degrees, 
and  this  practice  will  be  followed  in  the  present  book  unless  the 
contrary  is  stated. 

A  very  simple  apparatus  for  confirming  Charles'  Law  is  shown 
in  Fig.  82. 

The  air  (or  other  gas)  to  be  experimented  upon  is  contained  in 
the  bulb  and  part  of  the  graduated  stem  of  the  tube  ABC  and  con- 
fined by  the  thread  DE  of  mercury  or  sulphuric  acid.  Its  tem- 
perature is  regulated  by  the  water  bath  in  which  the  tube  is  im- 
mersed and  read  by  the  thermometer  FG.  The  bulb  tube  and 
thermometer  are  both  placed  horizontally  and  at  the  same  level,  so 
that  all  parts  of  each  may  be  at  the  same  temperature  when  the 
bath  is  stirred.  Let  the  volume  of  the  bulb  and  stem  to  the  zero 
mark  be  c  times  that  of  one  division  of  the  stem.  (The  value  of 
c  is  ascertained  by  weighing  the  tube  empty  and  filled  to  various 
graduations  with  water  or  mercury.)  Then  when  the  air  extends 
to  r  divisions  along  the  stem  the  volume  may  be  represented 
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proportionally  by  (c-fr).     Thus,  it"  at  the  temperatures  /x  and  /2 
the  -tcm  readings  were  respectively  ^  and  r.2,  we  should  have 


i  •  /-.j     Va^ 

^ 


(3) 


Hence,  we  could  calculate  a,  the  only  unknown.  A  number  of 
such  pairs  of  readings  for  various  I^LIM-S  OVW  various  ranges  of 
temperature  should  give  approximately  the  same  value  of  a  and 
thus  confirm  Charles'  Law. 

Another  method  would  be  to  tabulate  the  values  of  r,  /,  c+r, 
and  /  4-273°  for  anyone  gas,  and  then  in  another  column  enter  the 


^ r 


Fie.  82.  —  Charles'  Law  Apparat 


•  (c-fr)-f-(/  +273).     This  quotient  -houhl  lu- 
onfirms  Charles'  La  win  the  fonngivni  in  f(jnati«ni 
(5). 

n  any  case,  both  pressure  and  temperature  of  a  gas  change, 

>ly  l>e  toimd  diie«  tlv  by  OM  "t  the  gas 


PV=RT. 

NOTE.—  It  the  degrees  in  use  are  those  on  Fahrenheit's  scale, 

j;>  hitherto  u>«-d  uill  l>e  changed  accordingly,  for  the 

jaszerois273X  9-7-5  =491}  "t  l:.din-nin-it  'a  degrees  bek>w  freezing 

•oint,  win.  h  i-  ;j   i-    Thus  ttdsgaszero  is  —459*4°  F.;  consequently 

be    writr  M-inperatiiK-   in    1  cale,    the  gas 

•quation  would  be 


EXAMPLES  XL  HI 

1.  1  »<  rive  Charles'  Law  from  the  gas  equation  and  explain  UK    m 
•  nd  v.i  coefl&cient  of  expansion  per  i°  C. 

2.  Sketch   an   apparatus   sur  ly   verifying   Cli 

•»e  it. 

:.M«lway  has  a  trinp«  latin 
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to  what  temperature  must  the  gas  be  raised  to  double  its  volume,  the  pressure 
remaining  constant  ? 

4.  A  certain  mass  of  gas  has  a  pressure  of  70  cm.  of  mercury  and  a  tem- 
perature of  10°  C.     To  what  temperature  must  it  be  raised  in  order  that  the 
pressure  may  be  75  cm.  and  the  volume  three  halves  of  its  former  value  ? 

5.  What  pressure  must  be  used  to  compress  a  mass  of  gas  to  half  its  volume 
if  the  temperature  be  also  lowered  from  100°  to  15°  C.,  the  original  pressure 
being  76  cm.  of  mercury  ? 

6.  A  gas  originally  at  30  ins.  of  mercury  pressure  at  20°  C.  is  put  under 
a  pressure  of  100  ins.  of  mercury  and  its  temperature  raised  to  95°  C.     How 
is  its  volume  thereby  altered  ? 


109.  Increase  of  Pressure  at  Constant  Volume.  —  It  is  easy  to  see 
in  several  ways  that  for  a  gas  regarded  as  obeying  the  laws  of  Boyle 
and  Charles  the  coefficient  of  increase  of  pressure  at  constant 
volume  is  the  same  as  that  of  increase  of  volume  under  constant 
pressure. 

Thus,  from  the  gas  equation  (i)  of  Art.  105,  dividing  by  T  we 
have 

PV 

—  =  R,  a  constant     .....     (9) 

showing  that  either  P  or  V  varies  as  T  when  the  other  is  constant. 
Or,  let  P  and  V  hold  for  our  gas  at  o°  C.  or  1=273,  then  change  its 
temperature  to  t°  C.,  keeping  pressure  constant,  and  afterwards 
restore  its  original  volume  by  increasing  its  pressure  at  constant 
temperature.  We  thus  obtain  the  following  equations  :— 

Charles'  Law.  Boyle's  Law. 


273  273  +  1  __       273  +  / 

Increase  of  Pressure  Law. 

The  laws  which  apply  to  each  change  are  shown  above  and  below 
the  equations.  It  is  thus  seen  that  the  pressure  law  may  be  written 

P==P0(i  +  a2)  for  volume  constant       .      .     (u) 

in  which  a  has  the  same  value,  1/273,  as  in  equation  (6). 

This  law  may,  of  course,  be  confirmed  by  direct  experiment,  and 
is  an  ordinary  laboratory  exercise.  (See  next  article,  also  Barton 
and  Black's  Practical  Physics,  Expt.  45,  pp.  62-63:  London, 
1912.) 

Equations  (10)  may  also  be  illustrated  by  a  diagram,  as  shown 
in  Fig.  83,  in  which  pressures  are  plotted  as  ordinates  and  volumes 
as  abscissae,  the  higher  pressure,  volume,  and  temperature  being 
indicated  by  accents.  The  three  states  shown  in  equations  (10) 
are  denoted  in  order  by  the  points  A,  B  and  C  on  the  diagram.  It 
is  then  seen  that  Charles'  Law  applies  to  the  operation  shown  by 
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line  AB  on  the  diagram ;  Boyle's  Law  applies  to  the  operation  shown 
by  tin  line  BC,  while  the  pressure  law  applies  to  the  operation 
shown  by  the  line  CA. 

no.  Gas  Thermometer. — The  simplicity  of  the  laws  to  which 
the  behaviour  of  gases  closely  approximates  and  the  large  expansion 
of  gases  makes  them  specially  suitable  for  adoption  as  the 
thermometric  substance  in  standard  thermometers.  In  referring 
to  such  instruments  the  term  air  thermometer  is  often  used,  but 
hvdrogen  or  nitrogen  are  sometin<-  pivt erred,  so  the  term  gas 
thermometer  is  really  more  appropri 

It  i-  obviou^  fr-'in  \\hut  \v«-  ha\v  -ten  that  a  gas  thermometer 
may  be  arranged  to  ind  SC  <»f  volume  under  constant 


V 

Volumes 

FIG.  83. — Increase  of  Pressure  Law. 


by  .ise  of  pressure  at  constant  volume.     The 

att  <  allrd  th«-  constant-volume  gas  thermometer,  is 

ound  rapable  of  greater  accuracy.     A  simple  laboratory  copy  in 
;lass  of  MI«  h  .m  m-tmnici  •  \\  in  Fig.  84. 

In  tin-  fuiin  the  bulb,  tilled  with  pure  dry  gas,  is  repres*  ; 

tf  A  lary  tub.-  H  to  an  upright  tube  C 

utaining  mercury,  whi«  h  to  the  level  D  of  the  zero 

t  tin-  scale  DE  by  means  of  tin-  tin-tie  funnel  F.     The  pressure  of 
he  gas  is  th«  n  r.  ad  directly  from  the  s< .  ;e  height  at  which 

he  m>  in  the  tube  GH,  for  there  is  a  Torricellian  l 

a<  unin  at  the  upper  part  of  this  tube. 
It  i-  rvidt-m  that  bv  -unoundin^  the  bulb  by  a  bath  of  water 
1  Sc«   .-xpl.-itKition  of  tli«-  baronu-t.-r  in  (  li,ij>l.  r  XI. 
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or  other  liquid,  and  varying  its  temperature,  this  apparatus  would 
serve  to  verify  directly  the  pressure  law.  Conversely  the  appa- 
ratus, shown  in  Fig.  82,  for  the  verification  of  Charles'  Law  could 
be  used  as  a  rough  form  of  constant-pressure  gas  thermometer. 


H 


FIG.  84. — Constant-Volume  Gas  Thermometer. 


EXAMPLES  XLIV. 

1.  Show  that  for  an  ideal  gas  obeying  the  equation  PV  =  RT,  the  coefficient 
of  increase  of  pressure  at  constant  volume  equals  that  of  increase  of  volume 
at  constant  pressure. 

2.  Make    as    correctly  as  you  can  a  P-V  diagram,  indicating  on  it   the 
increases  of  pressure  for  volume  constant  and  of  volume  for  pressure  constant. 
Also  describe  how  these  changes  could  be  actually  made  on  gas  in  a  glass  bulb 
or  metal  cylinder. 

3.  Find  the  pressures  of  a  mass  of  gas  kept  at  constant  volume  when  the 
temperature  is  raised  to  80°  C.  and  to  180°  F.  if  it  had  30  ins.  of  mercury 
pressure  at  15°  C. 
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4.  If  the  pressure  of  the  gas  occupying  a  certain  volume  is  25  cm.  of  mercury 
at  10°  C.,  to  what  temperature  must  it  be  raised  to  make  the  pressure  76  cm. 
of  mercury,  the  volume  remaining  constant  ? 

5.  If  the  volume  of  a  given  portion  of  gas  is  49-3  c.c.  at  12°  C.  and  75-6  cm. 
of  mercury  pressure,  what  would  be  its  volume  at  o°  C.  and  76  cm.  pressure  ? 

6.  Describe  carefully,  with  an  explanatory  sketch,  the  construction  and 
use  of  the  constant-volume  gas  thermometer. 

7.  The  pressure  in  a  constant-volume  air  thermometer  was  76-80  cm.  of 
mercury  when  the  bulb  was  in  melting  ice  and  36-34  cm.  when  placed  in  solid 
carbon  dioxide  and  ether.     What  was  the  temperature  of  the  latter  ? 

in.  Numerical  Values  of  the  Gas  Constant  R. — It  is  now 
desirable  to  calculate  the  numerical  values  which  may  be  assigned  to 
the  gas  constant.  These  obviously  depend  upon  the  quantity  of 
the  particular  gas  taken  and  the  units  adopted  for  theother  quantities 
involved  in  the  gas  equation  in  which  K  occurs  (see  equation  (i) 
of  Art.  105).  Thus,  if  the  pressure  be  expressed  in  dynes  per  square 
centimetre,  the  volume  in  cubic  centimetres,  and  the  absolute  tem- 
perature in  centigrade  degrees  have  to  rhoose  a  certain 
volume  or  mass  of  gas,  and  may  have  to  state  also  what  gas  it  is 
the  numerical  value  of  R  becomes  determinate.  The  value 
of  R  ;  ~sed  in  ergs  per  degree  of  absolute  temperature, 
and  either  per  unit  volume,  or  per  unit  ma-  i  molecule 
as  the  case  may  be.  <  unite  we  may 
.'as  equation  in  any  of  t  three  forms*— 

PV 

VTRlT (I) 

py 

PV 


where  V0i  im<  m  c.c.  of  any  gas  under  standard  conditions, 

m  gives  the  mass  in  grams  of  some  ir  gas,  and  M  gives  the 

ram-molecules  of  any  gas. 

•  1    K.,  in  Order,     Then,   in  (i), 

iy  conveniently  v.  standard  atmospheric  pressure 

produ-ed  by  a  column  76  cm.  high  of  mercury  of  den-it  v  i3'6  gms. 
per  c.c..  and  for  I  we  will  write  273°,  which  corresponds  to  o°  C. 
Then  V  rV0  becomes  unity.  Hence 

_  PV  _  76  x  13*6x981  __  1,013,962 

'"TV,,  ~~7~~  273 

=  3,71  rccperc.c.     (4) 

Tin  i  lie  pressure  from  g 

dvnes  per  square  centimetre. 
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We  will  now  find  the  value  of  R2  for  oxygen.  This  gas,  under 
standard  conditions,  occupies  699*7  c.c.  per  gram,  so  V^m  will  be 
699*7 xVx  V0.  Accordingly  R2  must  be  this  number  of  times  Rj. 
We  thus  have 

PV     1,013,062     r . 

R2  for  oxygen  =•=-  =  -J — ^—  X  6997 
Tm          273 

=  2,598,791  ergs  per  degree  per  gm.  of  oxygen     (5) 

It  may  be  noted  that  the  value  of  R  per  gram  of  air  is  calculated 
in  Art.  142,  where  required. 

We  will  calculate  finally  the  value  of  R  per  gram-molecule  of  a 
gas.  This  variable  unit  of  mass  equals  the  molecular  weight  in 
grams.  This  variable  mass  of  gas  has  the  advantage  that  the 
volume  it  occupies  under  standard  conditions  is  the  same  for  all 
gases.  Taking  the  above  value  for  the  specific  volume  of  oxygen 
and  the  international  value  16  for  its  atomic  weight,  its  molecular 
weight  is  32,  and  the  volume  of  I  gram-molecule  (or  mol,  as  it  is 
sometimes  termed)  is  6997 X  32  c.c.  under  standard  conditions. 
Thus,  R3  for  any  gas  will  be  32  times  R2  for  oxygen.  Or 

PV 

R3=fM=3'7I4'l5X  22'39°'4 

—  83,161,304  ergs  per  degree  per  gram-molecule      .     (6) 

If  we  divide  this  last  result  by  the  mechanical  equivalent  of 
heat,  J,  in  ergs  per  calorie,1  we  shall  obtain  R4,  the  value  of  R3 
with  the  energy  expressed  in  calories  instead  of  ergs.  Now  the 
value  of  J  is  4*184  X  io7  ergs  per  calorie.  We  accordingly  obtain 

R4  =   3>i  1.304  _  j . ^3^5  cajories  per  degree  per  gram-molecule  (7) 
41,040,000 

Or,  in  words,  this  form  of  R  is  the  thermal  capacity  of  any  gas  per 
gram-molecule. 

The  value  given  in  equation  (7)  is  often  erroneously  quoted  as 
"  R=  2  calories,"  as  though  nothing  else  entered  into  the  question, 
whereas  the  unit  in  question  is  calories  per  degree  per  gram-molecule. 
Neither  is  it  allowable  to  say  R  has  the  value  2,  for,  as  we  have  seen, 
it  has  values  expressible  by  various  numbers  according  to  the 
amount  of  the  gas  taken  and  the  units  used. 

112.  Work  of  Expanding  Gas. — The  expansion  of  a  gas  may  be 
exhibited  graphically  by  a  curve  plotted  with  pressures  as  ordinates 
and  volumes  as  abscissae  as  was  done  in  Fig.  83.  And  this  is  very 
useful  if  we  wish  to  calculate  the  work  done  by  the  gas  in  such  an 
expansion.  For,  since  the  work  done  is  the  product  of  force  into 

1  A  calorie  is  the  quantity  of  heat  required  to  raise  i  gm.  of  water  i°  C. 
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ice  or  pressure  into  change  of  volume,  it  is  evidently  repre- 
sented to  scale  by  the  area  below  the  curve  corresponding  to  the 
expansion  in  question.  Thus,  suppose  the  gas  to  expand  in  a 
cylinder  of  cross-sectional  area  A,  so  that  the  piston  moves  through 
a  distance  s'—s,  the  pressure  remaining  equal  to  P  constant  through- 
out. Then,  denoting  the  work  done  by  W  and  the  force  on  the 
piston  by  F,  we  have 

\V=F(s'-s) 

=  PA(s'-s) 
or  W=P(V'-V) (i) 

where  V  and  V  are  the  initial  and  final  volumes  of  the  gas  in  the 
cylinder. 

Also  the  curve  in  this  case  reduces  to  a  straight  line  parallel  to 
the  axis  of  volumes,  and  tl  i  question  i>  that  of  , 

simply  of  height  P  and  width  V— V. 

however,  the  pressure  is  not  constant  msion  line  is 

i.  curve  or  sloping  line  on  the  diagram,  and  the  computation  of  the 
;  jea  may  require  special  consideration. 

Hut,  whatever  the  conditions  of  expansion,  if  expressed  on  the 

<  liagram  by  a  curve,  the  area  could  be  found  as  m«  n  Art.  38. 

•or  e  i  gives  on  the  diagram  a  small 

il  strip  which,  in  the  analyv  it  am 

.nite  pressure  and  a  verv  small  increase  of  volm: 

one  case  of  variable  pressure  specially  important  to  us  here 
i  that  in  which  the  temperature  is  constant,  the  expansion  IM-JUL: 
hen  termed  isothermal. 

\\V    t      i.imgly  now  proceed  to  calculate  the  work  done  by  a 
as  in  an  isothermal  expansion  ove  tc  range  between  given 

mits  of  volume  \l  and  V2,  the  corresponding  pressures  being  P1 
ml  P2. 

Since  the  temp-  -  constant  we  may  apply  Boyle's  Law, 

hicli  shows  that   the  product  of  pressure  and  volume   remain^ 

nt  during  the  expansion.     !!•  P  and  V  are  a  p 

alues  corresponding  to  any  intermediate  point  in  the  expansion, 
'  e  may  write 

1    V1  =  PV  =  P2V2=C*say    ....     (2) 
bus  P=C«+V  (.;) 

£  >,  if  V  were  i  <  d  by  x  and  a  very  small  increase  of  V  l»y  //, 

t  ie  work  of  expansion  would  be  given  by  the  summation  of  Ph,  or 

I 'jVj  2-3026  logioTT2      .      .      (4) 


It  is  seen  that  thi>>  is  the  special  case  of  summation  in  \vhi<  h 
,  and  the  ordinary  rule  do.  \it.4o). 
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The  expansion  is  shown  on  Fig.  85,  the  work  being  represented 
to  scale  by  the  shaded  area  below  the  curve  AiA2,  which  is  evidently 
the  summation  of  strips  such  as  that  shown  at  AV. 


cal 


By  plotting  the  curve  carefully  on  squared  paper  for  any  numeri- 
example  the  area  could  be  found  with  close  approximation  by 


o 


v,       v 

FIG.  85. — Work  of  Isothermal  Expansion. 


counting  the  squares,   and  thus  the  logarithmic  rule  would  be 
confirmed. 


EXAMPLES  XLV. 

1.  Show  that  in  the  gas  equation  the  constant  R  acquires  a  definite  numeri- 
cal value  only  when  certain  information  is  given  as  to  the  amount  of  the  gas 
or  its  kind  or  both.     Find  the  value  R,  possessed  by  R  when  the  equation 
refers  to  I  c.c.  of  any  gas  at  normal  temperature  and  pressure. 

2.  Find  the  value  R&  of  the  constant  in  the  gas  equation  for  a  gram  of 
hydrogen,  taking  its  atomic  weight  as  unity. 

3.  Show  that  the  value  assumed  by  R  in  the  gas  constant  when  referring  to 
a  gram-molecule  of  any  gas  is  approximately  R4  =  2  calories  per  degree  per 
gram  -molecule . 

4.  Find  the  work  done  by  a  gas  at  constant  temperature,  starting  at  a 
pressure  of   150  Ibs.  per  square  inch  and  expanding  from    i   cub.  ft.  to   a 
volume  of  2  cub.  ft. 

5.  Check  the  numerical  result  of  example  4  by  plotting  a  graph  on  squared 
paper  and  counting  the  squares. 

6.  A  soap  bubble  i  cm.  diameter  contains  air  at  a  pressure  of  77  cm.  of 
mercury.     It  is  then  caused  to  expand  to  2  cm.  diameter  at  constant  tempera- 
ture.    Find  the  work  done  by  the  expanding  gas. 
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113.  Isothermal  Elasticity  of  a  Gas.  In  the  case  of  solids  we 
have  to  recognise  elasticities  of  si/e  and  shape.  In  the  case  of 
gases  we  are  only  concerned  with  elasticities  of  size  or  volume.  Such 
an  elasticity  is  the  quotient  of  the  small  increase  of  pressure  by 
the  corresponding  fractional  deciv  "lume.  But  the  volume- 

changes  for  given  increases  of  pressure  depend  upon  the  changes, 
if  any,  in  the  temperature. 

The  important  case  for  us  here  is  the  ela-tiritv  when  the  tem- 

Uure  is  constant,  or  the  isothermal  elasticity.  This  may  be  quanti- 
tatively defined  as  foil' 

The  isothermal  elasticity  of  a  gas  is  the  limiting  value  of  the 
ratio  of  an  increase  of  pressure  to  the  corresponding  decrease  of 
volume  per  unit  volume  at  constant  temperature  when  these  changes 
diminished  indetinitelv. 

Thus,  if  tin-  volume  are  initiallv  P  and  Y.  and  alter 

'iistant  temperature  become  (I1  •  ^}  and 
i\  ,  we  m  tv  write,  by  Boyle's  Law, 

l'f-#)(V-t;)  =  PV      .....    (5) 
And  from  this  v,  ieduce  a  value  of  the  isothermal  elasticity, 

\\lli«  h    \\e   shall   delate   b\ 

For,  expanding  the  \- 

Pi;-£v=PV       .... 


1    ICO,    removing    the     I'Y    fi«,m   earh   Mde    and    Ile-Je.  till-    the 

/  >  of  two  very  small  quantities,  we  have 


1' (7) 

C  -,  in  the   isothermal  elasticity  of  a  gas  is   equal  : 

p  essurc   if    its    behaviour  is  v  ly  represented    by   Boxle's 

1   iw. 

up  Pressure   of    Mixed    Gases. — Two  or  more  ga-       bet 

v.  ii>  h  no  •  id   in  a  «  li.nn!"  i  .  Imin 

a  mixture  of  uniform  deiisitv.  its  «.\\n  or  ; 

:iid  tin-  total  pressure  is  tl.<  rtialpre 

M  >reo  h    partial    pi.  :    the   UUtSS   ot    tlie    p.il 

ti  ul a:  1  the  whole  volume  of  the  chamber  open  t«. 

present, 

iliese  facts  were  experimentallv  obtained  ami  «-mm«  iated  by 
D  Jton  in  a  compact  form  somewhat  as  follows  and  often  i- 

Dalton's  Law.—  I  mixture  of    two  or   more 

gases  is  equal   to  the  sum  <-f  the  pre  ia1   would   be  pro- 

di  ced  by  each  of  the  oonstitil  tin-  mixtnn-  it    the  others 

w-  n 
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EXAMPLES  XLVI. 

1.  Define  the  isothermal  elasticity  of  a  gas,  and  show  that  it  equals  the 
pressure  for  a  gas  obeying  Boyle's  Law. 

2.  Show  how  to  find,  from  a  straight  Boyle's  Law  tube  (Fig.  79,  Art.  106), 
the  isothermal  elasticity  of  the  atmosphere. 

3.  There  are  three  chambers  of  internal  volumes  i,  2  and  3  cub.  ft.  and 
containing  gases  at  temperatures  o°  C.,  10°  C.  and  15°  C.,  their  pressures  being 
respectively  40  cm.,  65  cm.,  and  78  cm.  of  mercury.     The  gases  are  now  all 
put  together  and  forced  into  a  vessel  of  5  cub.  ft.  and  reduced  to  o°  C.     What 
are  the  separate  pressures  and  their  total,  there  being  no  chemical  action 
between  the  gases  ? 

4.  A  vessel  of  volume  500  c.c.  is  occupied  by  gas  at  25°  C.  and  37  cm.  of 
mercury  pressure.     What  volume  of  gas  at  15°  C.  and  75  cm.  pressure  must  be 
forced  into  the  vessel  in  order  that  the  pressure  of  the  whole  at  10°  C.  shall 
be  60  cm.  of  mercury  ? 

5.  Gases  of  volumes  2  and  5  cub.  ft.,  temperatures  16°  and  20°  C.,  and 
pressures  35  and  56  cm.  of  mercury  respectively,  are  forced  into  a  vessel  of 
volume  3  cub.  ft.     To  what  temperature  must  the  mixture  be  brought  to 
make  the  pressure  75  cm.  of  mercury  ? 


CHAPTER  X 

HYGROMETRY 

115.    Ebullition:     Vapour   Pressure.  —  It    is   a  matter  of    common 

knowledge  that  water  and  other  liquids,  when  sufficiently  heated, 

il.     In  other  words,  when  tlu-ir  temperature  is  sufficiently  raised 

they  reach  the  state  of  ebullition  or  the  giving  off  of  bubbles  of  their 

vapour  from  within.     The  temperature  at  which  this  occurs  for  any 

liquid  is  railed  its  boiling  point  for  the  pressure  to  which  it  is  then 

;    «-r  its  boiling  point  simply  if  the  pressure  is  that  of  a 

standard  atmosphere. 

1  he  t.  mperature  of  the  boiling  point  is  really  that  of  the  vapour 
e;caping;  that  of  the  liquid  may  be  slightly  higher. 

If  the  atmospheric  pressure  is  higher  than  its  standard  value, 
t  ic  boiling  of  any  given  liquid  occurs  at  a  slightly  higher  tempera- 
t  ii.  t  versd. 

1,  if  we  artificially  chang<  mm  throughout  a  much 

1  rger  range  th.;  •   is  loiind  that  the  boiling  points 

-  i  tier  corresponding  <  hangrs  varying  « cntinii<»uslv  with  the  prelim-. 
It  may  thus  be  noted  that  the  underlying  nt  fact  is  this 

i  timate  and  continuous  relation  between  possible  vapour  pressure 
a  id  temperature.  For.  when  we  boil  a  given  liquid  under  any 
I  e^  ititi<  ial.  the  boiling  point  for  that  pressure  is 

s  nply  the  t-  ne  at  \\hi«  h  its  vapour  can  e\.  it  the  pressure 

t    whieh  the  liquid  is  then  exposed. 

1 1- nee,  while  the  liquid  is  being  heated,  its  vapour  pressure  is 
c  ntinually  rising  until  it  reaches  the  external  pressure.  The  state 
o  ebullition  announces  that  this  equality  is  attained. 

lint  before  boiling  is  reached,  indeed  at  any  temperature 
\v  latever,  liquids  give  off  their  own  vapour /mm  their  free  surface, 
si  ently  and  often  in:  ml  this  process  is  called  evaporation. 

T  ius,  since  the  atmosphere  is  always  exposed  to  sheets  of  water, 
lakes  and  rivers,  it  always  contains  some  aqueous  vapour  in 
cc  isequence  of  their  evaporation. 

i  ih.  Saturation.— Suppose  a  quantity  of  vapour  is  introduced 
in  o  an  inel..  previously  vacuous.  It  expands  to  occupy 

th  -  ml  then  e.\t  :  •  iin  definite  pressure.     Let  more 

ai  d  more  of  the  vapour  be  introduced  into  the  chamber,  its  tempera- 
tu-e  being  maintained  constant.  Then  the  pressure  of  the  vapour 
r^es,  but  not  indefinitely.  On  the  contrary,  beyond  a  certain 
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point,  depending  on  the  vapour  and  its  temperature,  the  pressure 
refuses  to  rise,  the  additional  vapour  introduced  being  immediately 
condensed  to  its  liquid.  At  this  point  the  vapour  is  said  to  be 
saturated,  or  the  state  of  things  where  the  liquid  and  vapour  can 
exist  in  equilibrium  is  called  saturation.  If  next  some  vapour  were 
removed,  a  like  quantity  of  vapour  would  be  formed  by  evaporation 
of  the  liquid  (if  sufficient  of  it  were  present)  so  as  to  preserve  the 
vapour  at  its  full  or  saturation  pressure  corresponding  to  the  tempera- 
ture in  question.  This  saturation  pressure  has  previously  been 

frtm.of^ 
Mercury 
30 


25 


20 


20 


30  °C. 


FIG.  86. — Saturation  Pressures  of  Aqueous  Vapour. 

referred  to  as  a  possible  pressure  or  a  pressure  which  the  vapour  can 
exert  at  the  given  temperature. 

Thus,  if,  without  changing  the  quantity  of  the  substance  in  the 
chamber,  the  temperature  is  raised,  the  pressure  required  for 
saturation  is  raised  also,  hence  evaporation  occurs  until  this  new 
vapour  pressure  is  reached.  If,  on  the  other  hand,  the  temperature 
is  lowered,  some  of  the  vapour  usually  condenses,  as  it  is  impossible 
for  it  to  remain  stably  exerting  a  pressure  exceeding  that  of  satura- 
tion for  the  lowered  temperature  then  obtaining. 

We  are,  of  course,  most  concerned  here  with  aqueous  vapour. 
The  values  of  its  saturation  pressures  at  ordinary  atmospheric 
temperatures  are  accordingly  shown  in  Table  VIII.  and  Fig.  86. 
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TABLE  VIII. — SATURATION  PRESSURES  OF  AQUEOUS  VAPOUR. 


Temperature  in 
degrees  centigrade. 

Pressures  in  mm.  of 
mercury. 

Temperature  in 
degrees  centigrade. 

Pressures  in  mm.  of 
mercury. 

O 

4-5687 

II 

9-7671 

I 

4-9091 

12 

2 

5'27I9 

ill 

3 

5-6582 

M 

ll*8l 

4                             6-0693 

15 

I2V 

6-5067 

16 

6 
7                              7-4660 

11 

>50 

8 

19 

163189 

9                                   484 

20 

f>32 

10                             91398 

•3 

235 

These  TCM  based  on  the  determination   of    Regnault    and 

others,  with  elaborate  apparatus 
and  most  careful  method-. 

A  simple  laboratory  aj>} 
for   illustrating    the    pressure   of 
iqueous   or    other    vapours    . 
:heii  n  \\ith   tem; 

s  shown  in  Fi^.  87. 

Tin-  app  -sen- 

lallv  of  two  1  i  tubes.  . 

tbout  85  tin.  long  and  acentin 
>ore,  closed  at  one  end  and  open 

it    the 

nercurv.  inverted  and  mounted  so 

hat    their  op  dip    int 

ttle  ve>-el    ,  .•  \   as 

hown.     Into  on«    | 

In-  liquid  uinli-r  ti-^t  i->  inti"di; 

11   a   f«-\v  nun-,  of    it    apiM-.ir    on 

tie  top  of  tl  .:nn. 

hi^   i>  a  proof  that   its  vapm:: 
5  ituratrd  in  i  or 

t  lat  tin-   s/naY  ;s   \ittnriitid  l«v  tin- 

\    tj)olir.          Tin-       ])If-'  '  tlir 

\  tpcnir,  thoii  :nh 

• 

T  UC  vapour  pn^^un-  <  an  t 
1   •  nuMMin-d  :  t.lc 

n  illimctre  s< ,  used  for  tin: 

pirpose. 

In  ord-T    to  nmtrol    the    tein- 
p:ratmv  "t   the  vai>our,  the  upp»-r       FIG.  87.— Laboratory  App 
p  irts  of  both   tu 
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in  a  water  bath,  which,  by  hot  or  cold  water  and  stirring,  may  be 
adjusted  to  the  desired  point.  The  temperature  is  then  read  off  by 
a  thermometer. 

117.  Dew   Point.  —  The  temperature  and  pressure  of  the  atmo- 
sphere at  a  particular  place  and  time  may  of  course  be  ascertained 
by  the  use  of  thermometer  and  barometer.     But  to  determine  its 
state  as  regards  the  moisture  present  in  it,  we  must  use  a  hygrometer 
or  moisture  measurer.     Some  forms  of  hygrometer  enable  the  operator 
to  find  the  dew  point  or  the  lowest  temperature  at  which  the  aqueous 
vapour  actually  present  in  the  atmosphere  can  exist  stably  without 
condensing.     This  is  done  by  cooling  a  smooth  surface  until  dew 
appears  on  it. 

The  dew  point  is  specially  valuable  because  (along  with  the 
temperature  and  pressure  of  the  air)  it  furnishes  the  requisite  clue 
to  the  calculation  of  the  hygrometric  state  of  the  atmosphere  in 
any  of  the  forms  in  which  it  may  be  desired.  This  will  be  illustrated 
in  the  next  article.  The  practical  details  of  determining  the  dew 
point  are  deferred  to  Arts.  123-127. 

118.  Pressure  of  Atmospheric  Vapour.  —  Let  the  total  pressure 
of  the  atmosphere  at  a  given  time  and  place  be  H  cm.  of  mercury, 
its  temperature  T°  C.,  and  its  dew  point  t°  C.     Let  the  saturation 
pressures  of  aqueous  vapour  corresponding  to  these  temperatures 
be  P  and  p  cm.  of  mercury  respectively,  as  found  from  Table  VIII., 
Art.  116.     But,  in  using  the  hygrometer  to  cool  the  atmosphere 
down  to  the  dew  point,  no  change  has  been  made  in  its  total  pressure 
nor  in  the  relative  amounts  of  aqueous  vapour  and  of  dry  air  which 
it  contains.    Accordingly,  the  pressure  p  of  saturation  at  the  dew 
point  t°  C.  is  that  which  existed  in  the  atmosphere  all  along. 

Thus,  the  use  of  any  dew-point  hygrometer,  and  reference  to 
the  table  (or  curve)  of  saturation  pressures  of  aqueous  vapour, 
determine  the  pressure  of  the  vapour  actually  present  in  the  atmo- 
sphere at  the  time  and  place  of  the  experiment. 

119.  Humidity.  —  The  fractional  saturation,  relative  humidity,  or 
humidity  simply,  is  the  ratio  of  the  mass  of  vapour  actually  present 
in  a  given  volume  of  the  atmosphere  to  that  needed  in  the  same 
volume  for  saturation  at  the  atmospheric  temperature,  T°  C.  say. 
But  the  vapour  in  these  two  states  exerts  the  pressures  p  and  P 
respectively,  and,  at   the  given  temperature,  these  pressures  are 
practically    proportional    to    the    corresponding    densities   of    the 
vapour,  since  Boyle's  Law  is  nearly  valid  up  to  the  point  of  saturation. 
Hence,  if  we  write  F  for  the  fractional  saturation  or  humidity,  we  have 


The   fractional  saturation   is,  however,   often   expressed   as   a 
percentage.     Thus,  denoting  this  value  of  it  by  S,  we  obtain 

S=  iooF=—  ^-  per  cent  .....     (2) 
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These  pressures  and  their  corresponding  temperatures  are  shown 
^.  SS,  which  may  make  the  relations  dearer. 

It  the  temperature  and  dew  point  are  respectively  14°  and  4°  C., 
then  the  humidity  or  fractional  saturation  is  just  over  one-half,  or 
50  per  cent,  as  shown  in  the  figure.  Whereas  with  a  temperature  of 


25JC. 


FIG.  88.— Dew  Point  and  Hum 


7°  and  dew  point  i°  C.  it  m ,iv  l>e  seen  t  nnnidity  would  be 

about  two-thirds,  or  67  per  « « -nt. 


X  EXAMPLES  XIA  1 1 

.  Explain  UK-  terms  evaporation,  ebullition,  vapour  pressure,  and 


2.  State  what  you  mean  by  saturation,  and  plot  a  graph  giving  the  saturation 
pressures  of  aqueous  vapour  between  o°  and  25°  C. 

2.  Describe  the  construction  and  use  of  an  apparatus  to  dctrimmr  tin 
r  la  t  ion  between  maximum  vapour  pressures  and  tempt  i  r  or 

.not her  substance. 

4.  Define  the  terms  "dew  poi i  >nal  saturation  ^raph 

of  saturation  pressures  and   mark  on  it  a  supposed  state  of  t! 
mow:  above  quantities. 

1  >  you  think  the  atmo^p!  .  s  contains  more  moisture  |><T  <  uluc 

oot  when  it  feels  moist-  reasons  for  your  view  on  tin 


120.  Density    of    Atmospheric     Vapour.— We    may    now    <  asily 
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calculate  the  density  V  of  the  aqueous  vapour  present  in  an  atmo- 
sphere of  total  pressure  H  cm.  of  mercury,  of  temperature  T°  C., 
and  of  dew  point  t°  C.,  the  corresponding  saturation  pressures  being 
P  and  p  cm.  of  mercury. 

For  we  know  that  the  density  of  dry  air  at  0°  C.  and  76  cm.  of 
mercury  is  0*00129  gm.  per  c.c.  Further,  the  density  of  aqueous 
vapour,  at  any  temperature  and  pressure  at  which  it  exists  as 
vapour,  is  0*623  °f  that  of  dry  air  at  the  same  temperature  and 
pressure. 

Thus,  we  have  simply  to  find  the  density  that  dry  air  would 
have  at  T°  C.  and  p  cm.  of  mercury  pressure  and  then  multiply 
this  value  by  0*623. 

Hence,  we  obtain  the  general  expression, 

V=  0*00129  X     ^  T  X  ^  X  0*623  gm.  per  c.c.    .     (3) 

It  should  be  noticed  that  the  value  of  V  on  a  warm  dry  day  in 
summer  may  much  exceed  that  on  a  cold  damp  day  in  winter. 
For  the  dryness  and  dampness  in  each  of  these  cases  refers  to  the 
corresponding  fraction  of  saturation  and  not  to  the  actual  density 
of  vapour  present.  Thus,  the  higher  temperature  of  summer 
may  carry  a  greater  mass  of  vapour  with  a  smaller  fraction  of 
saturation. 

121.  Density  of  Dry  Air  and  whole  Atmosphere.  —  The  density 
D  of  the  dry  air  present  in  the  atmosphere,  as  set  out  in  ArtT  120, 
is  found  by  omitting  the  factor  0*623  and  writing  the  appropriate 
value,  H—  p,  for  the  pressure. 

Thus,  with  these  modifications  of  (3)  we  write 


H—  p 
D  =  0*00129  X  -    X  -        gm.  per  c.c.  .      .     (4) 


The  density  of  the  atmosphere  as  a  whole  is  obviously  the  sum 
of  these  two  expressions.     Hence, 


122.  Moisture  removed  by  Mine  Ventilation.  —  The  paramount 
importance  sometimes  attained  by  hygrometry  may  be  shown  by 
reference  to  a  coal  mine.  Thus,  to  minimise  the  risk  of  explosion 
due  to  dry  coal  dust,  the  underground  roads  must  be  watered,  and 
it  becomes  imperative  to  inquire  how  much  of  the  moisture  thus 
purposely  introduced  is  unintentionally  removed  by  the  current 
of  air  in  the  upcast  shaft  which  is  essential  for  adequate  venti- 
lation. 

Suppose  the  temperature  of  the  air  removed  to  be  68°  F.  =  20°  C., 
and  that  its  dew  point  is  52*7°  F.—  11*5°  C.  Then,  the  pressure  p 
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•  •I  its  aqur"ii-  vapour  i>   i<>  nun.  or  I  cm.  of  mercnrv.     \\  c  accord- 
ingly  find,  by  equation  (3)  of  Art.  uo. 

..       0-00120  X  273  X  I  X  0-623 

V=  -  -  -  —  —  z  -  -  gm.  per  c.c. 

> 


=  y£o  kilogram  per  cubic  metre 

=  0'777lb.  per  cubic  foot  nearly    .     .     .     .     (6) 

Now  for  satisfactory  ventilation  40  nun  need  about  100,000  cubic 

.jo  mm  working  in  the 

iniiu-.  the  ventilation  system  would  remove  about  one  ion  of  aqueous 

I'lipintr  crcry   -'4    I  58   <>t     tl.:  uli.it    W8S 

iuimdui  •»•<!  bv  tin-  cooler  and  perhaps  drier  air  nuot  be  supplied  by 

mg  below,  in  order  to  M-tth-  ti  ml  make  the-  \\crkiui;> 
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i     1  i'!  1  th- •  •!  i!  r  . •••:  •  :•:••  \.i|x>urin  thcatmospl; 
isx76°C..an.l 

I,    li  th.-  •!•!!  ;  aqueous  vapour  in  th-    .idno,;  <  IO-*  gm. 

temperature  is  I4'5°  C.,  what  is  the  vapour  pressure  and  tlu 
dew  point  ? 

:  ic t ional  sat ur  r  les  ? 

4.  The  barometer  stands  at  75*7  ci  of  the  air  is  20°  C., 

.ind  the  ilcwptu:  -  «»l  tlu -va^ou  Iry  air, 

whole  atmosp! 

:  ical  example,  what  an  astoun 
)f  aqueous  vapour  ma  .vcd  from  a  mine  every  day  I  ilitum 

Hygrometers.— Thesr  -:iay   be    divid.-d    int.. 

iin^  to  their  modes  of  action,  which  aiv<f/;v<> 

ondi  and  i'<\ip<>riilion. 

:iamc<l  belong  the  rough  qualitative  n.tta.m1  nmdrN. 
^roscopes,  in  which    a  <  at^ut   <»r    «»tlirr  al»^ni  i.nxr 

nd  gives  a  corresponding  indication  by  l)rin^in^ 
fi^;  "inan  into  vi- 

by  absorption  «>t 
i   i<-  m  ,  whi<  h  th<-  air  i-  di.iwn.      '1  hu>. 

i  uiin^  thegainot  weight  of  the  tubes  and  the  Tolnmeoi  air  drawn 

t       >Ugh.  r  ivcal* ulatr  tin-  i«-lati\<- 

i  ;assof  aqueous  vapour  in  it.     Hut  this  nn-th«»d  i-  nliviou-lv  B 

.    id  t.  :iL^l\'  nntirr  in  nioi«-d« -tail  tli'.^r  acting  by 

•   uid-  iiid  that  drpriMlin^ 

o  i  evaporation  (Ma-«n'M.  Tl                                                      ::nents 

j)-eseir  tome  liability  t<- 

o-  oth«  r  drawba<  !  ill  be  noticed  in   turn   as  they  are 
d  sen 
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124.  Daniells'  Hygrometer. — This  form  of  dew-point  instrument 
is  very  compact  and  easy  to  work  if  the  dew  point  is  high,  but  a 
large  instrument  gives  trouble  if  the  dew  point  is  down  nearly  to 
o°  C,  requiring  considerable  patience.     Its  construction  and  action 
may  be  readily  understood  by  reference  to  Fig.  89. 

The  instrument  consists  of  a  double-bulbed  tube  twice  bent  at 
right  angles  and  containing  only  ether  and  its  vapour,  the  upper 
bulb  being  covered  with  muslin,  the  lower  one  dark  (or  gilded)  and 
provided  with  an  internal  thermometer.  An  external  thermometer 

is  fixed  on  the  stand.  To  use  the 
hygrometer,  the  ether  inside  is  poured 
into  the  lower  bulb,  and  a  little  ether 
is  poured  on  the  muslin  of  the  upper 
bulb.  This  quickly  evaporates  and 
so  cools  and  condenses  the  ether 
vapour  within  the  bulb.  This  in 
turn  provokes  evaporation  of  the 
ether  in  the  lower  bulb  and  so  cools 
it.  This  process  is  continued  till  dew 
just  appears  on  the  outer  surface  of 
the  bulb.  The  reading  of  the  internal 
thermometer  is  then  taken.  But 
probably  the  suiface  was  cooled  a 
little  below  the  dew  point  before  the 
dew  was  seen,  so  this  reading  may  be 
too  low.  The  cooling  is  therefore 

stopped  and  the  dew  watched  till  it  just  begins  to  disappear  and 
the  internal  thermometer  is  again  read.  This  reading  is  probably 
too  high.  When  the  dew  point  is  roughly  located,  the  cooling  and 
stopping  may  be  refined  and  the  readings  for  appearance  and  dis- 
appearance obtained  well  within  a  degree  of  each  other.  Their 
mean  is  then  taken  for  the  dew  point. 

Sunshine,  a  draught,  or  the  too  near  approach  of  the  warm 
hands  of  the  operator  would  each  vitiate  the  action  of  the  instrument 
and  the  results  obtained. 

The  distance  between  the  bulb  of  the  internal  thermometer  and 
the  cooled  surface  on  which  the  dew  is  deposited  may  also  introduce 
errors ;  further,  it  is  sometimes  difficult  to  catch  sight  of  the  first 
change  of  dewy  appearance  on  the  spherical  surface  of  the  bulb. 

125.  Dines*    Hygrometer. — In  this    instrument  the    surface  on 
which  the  dew  is  formed  is  flat  and  the  bulb  of  the  thermometer 
is  close  behind  it.     The  cooling  can  also  be  effectively  controlled 
and  carried  with  ease  almost  to  the  freezing  point.     But  it  requires 
ice  for  its  use,  which  forms  a  drawback.     The  horizontal  form  of 
the  instrument  is  shown  in  section  and  perspective  in  Fig.  90. 

The  vessel  A  contains  cold  water  and,  when  needed,  ice  also. 
Then,  by  opening  the  tap  at  B  by  the  milled  head  C,  the  cold  water 
flows  through  the  chamber  D  and  escapes  by  the  overflow  pipe  E, 


FIG.  89. — Daniells'  Hygro- 
meter. 
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thus  cooling  the  chamber  and  its  cover.  Thr  plane  surface  of  the 
glass  F  is  watched  for  dew,  and  its  temperature  read  on  the  stem  G 
of  the  thermometer.  The  readings  are  then  taken  as  in  the  case  of 
Daniells'  Hygrometer  for  the  appearance  of  dew  and  its  evaporation. 


•»o. — Dines*  Hygron 


A  vertical  form  of  tin-  iiMiunni  -  u-«-<l.  hut  \\ith  that 

form  it  is  not  so  easy  to  detect  the  dew  <>n  tin 

Regnault's  Hygrometer.     In  thU  in-tnnm-nt  tin-  <«>nli: 

.1-  in  Dam.  1U',  hut  controlled,  and  the 


-Regnault's  Hygrometer. 

>perator should ob-  i  tin-  th< MH..IH.  tei  i  thi 

l  tele-  mug  th<-  air  in-ar  tin-in  by  his  b«Mlv. 

I  iv-ulat.  .1   by  111'- 
[\  n  that  the  instrument  has 
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two  thermometers,  each  mounted  in  a  tube  whose  lower  part  is  a 
polished  silver  thimble.  The  aspirator  is  filled  with  water,  and  by 
its  outflow  draws  air  through  both  these  tubes.  But  one  tube  is 
empty,  and  so  its  thermometer  gives  the  air  temperature  and  its 
thimble  preserves  its  standard  brightness  for  comparison.  The 
other  tube  has  ether  covering  the  thermometer  bulb,  and  the  bubbling 
through  the  ether  cools  it  till  the  thimble  is  bedewed.  The 

thermometer  is  then  read  and  the 
cooling  stopped.  The  subsequent 
proceeding  is  as  described  with  the 
other  hygrometers.  This  instrument 
has  the  drawback  of  elaboration  and 
costliness,  but  is  capable  of  good 
work. 

127.  Wet  and  Dry  Bulb  Hygrometer. 
— This  instrument,  often  called  the 
wet  and  dry  bulb  thermometer,  and 
sometimes  Mason's  hygrometer,  is 
shown  in  Fig.  92. 

It  consists  essentially  of  two  ther- 
mometers, one  of  which  has  its  bulb 
wrapped  in  muslin  or  old  washed 
linen,  kept  wet  by  one  end  dipping 
in  distilled  water.  In  the  best  practice 
the  air  is  blown  past  both  bulbs  at  a 
slow  standard  speed.  The  dry  bulb 
thermometer  is  quite  ordinary  and 
gives  the  atmospheric  temperature, 
T°  say,  while  the  wet  bulb  thermo- 
meter reads  W°  say,  which  is  lower 
than  T  unless  the  air  is  saturated. 
This  difference  (T— W)  of  temperatures 
is  found  to  be  roughly  proportional  to 
the  difference  (P  —  p),  where  p  is  the 
actual  pressure  of  aqueous  vapour 
present,  and  P  is  that  for  saturation 
at  the  temperature  T.  A  nearer  ap- 
proximation is  made  by  taking  the 
quotient  of  this  pressure  difference 
and  the  total  or  barometric  pressure 
H  and  equating  this  to  the  quotient  of  (T— W)  by  a  constant  A 
for  the  given  instrument  under  given  conditions  of  use.  Thus, 

Tr=Ii^  •  •  -  -  •    (7) 

Hence,  if  the  dew  point  f  is  found  by  another  form  of  instrument 
and  the  two  thermometers  and  the  barometer  are  read,  we  find 
P  andp  from  the  table  and  so  have  everything  in  equation  (7)  except 


FIG.  92.— Wet  and  Dry  Bulb 
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the  constant  A.  which  may  therefore  be  calculated.  Then,  having 
this  constant,  \ve  may  afterwards,  by  reading  the  two  bulbs  and  the 
barometer  and  finding  P  from  the  table,  determine  />.  This  reduction 
may  be  performed  more  accurately  and  quickly  by  use  of  the  special 
hygromctric  tables  which  have  bo-n  prepared  to  furnish  the  results 
on  inspection  (see  Glaisher,  Xth  edition,  1  hN  form  of 

instrument  is  usually  graduated  in  Fahrenheit  decrees. 

Graphic  Exhibition  of   Hygrometric  Relations.      1  he  various 
data  and  other  quantities  usi-d  or  required  in  hy^ruiiu-try  may  IK- 


Dry  Bulb    or  Air  Temperatures 

ions. 

isefully  co-ordinated  in  a  n   in    Fig.  93,  on    the 

•m-thod  devi^-d  and  adopted  by  Professor  McMillan. 
1  he  atinosp!  bulb  ivadiii 

is  abscissae  and  th<  I'ut ,  in  addition 

.o  the  ordinary  vaporisation  «  m  ituration 

see  Figs.  86  and  88),  Q  >win^  75  per  <<nt.,  50 
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per  cent.,  and  25  per  cent,  of  saturation,  the  pressures  being  the  cor- 
responding fractions  of  those  for  saturation.  Then  lines  are  added 
crossing  these  curves  and  indicating  wet  bulb  temperatures,  thus, 
59°  F.  (W).  These  can  only  be  taken  as  approximate,  and  would 
have  to  be  ascertained  for  a  given  instrument  used  under  given 
conditions.  Along  the  ordinates  another  set  of  figures  is  marked, 
giving  the  approximate  values  of  vapour  density  in  Ibs.  per  cubic  foot. 
These  figures  are  calculated  for  an  air  or  dry  bulb  temperature  of 
59°  F.  and  barometer  reading  of  about  30  inches,  or  76  cm. 

As  an  illustration  of  the  use  of  the  diagram,  suppose  the  wet 
and  dry  bulb  temperatures  to  be  59°  F.  and  68°  F.  respectively, 
and  the  other  hygrometric  quantities  are  desired.  Take  on  the 
abscissae  at  A  the  temperature  68°  F.,  follow  up  its  ordinate  till 
you  reach  at  B  the  cross  line  marked  59°  F.  (W.).  Then  this  point 
B  is  between  the  humidity  lines  50  per  cent,  and  75  per  cent,  and 
corresponds  to  about  57  per  cent,  humidity.  Follow  the  horizontal 
to  the  left  from  B  till  reaching  the  saturation  curve  at  C,  then  drop 
along  the  ordinate  to  D,  which  shows  the  dew  point  527°  F.  Re- 
verting to  C  and  continuing  the  horizontal  line  to  the  left  to  E,  we 
have  the  pressure  of  the  vapour  actually  present  in  the  atmosphere 
given  as  10  mm.  of  mercury.  On  the  second  set  of  figures  still 
further  to  the  left  we  see  that  the  density  of  this  vapour  is  approxi- 
mately 0*777  Ik-  per  cubic  foot  without  correcting  for  the  higher 
temperature  68°  F.  instead  of  59°  F.  The  correction  for  this  would 
reduce  the  value  to  about  0*764  Ib.  per  cubic  foot. 


EXAMPLES  XLIX. 

1 .  Describe  the  construction  and  use  of  a  Daniells  hygrometer. 

2.  Explain  with  sectional  diagrams  the  working  of  a  Dines  hygrometer. 

3.  Give  a  careful  sketch  of  the  arrangement  and  action  of  a  Regnault 
hygrometer. 

4.  Point  out  the  advantages  and  disadvantages  of   the  wet  and  dry  bulb 
hygrometer,  giving  a  diagram  of  the  instrument. 

5.  Make  a  careful  plot  of  graphs  on  squared  paper  showing  in  one  diagram 
the  temperatures,   dew  points,   percentages  of  saturation,  and  densities  of 
aqueous  vapour. 

6.  On  the  diagram  of  example  5  take  a  numerical  value  representing  a 
possible  state  of  the  atmosphere  in  a  mine  and  find  the  density  of  the  aqueous 
vapour,  checking  the  result  by  actual  calculation. 


CHAPTER    XI 

BAROMETRY 

129.  Torricelli's  Experiment.—  The  obsei  vat ion  by  dalileo  tli.it  water 

would   on!  :    feet    in   a  suction    pump    led    to    the 

-ery  of  air  pressure  by  his  pupil   1  Foe  the 

.  th.it  il  tin-  atui"  »uld  balance  a  column 

.,li,  it  should  balance  a  column  of  mn. m\  about 

30  inches  high,   the  two  being  equivalent.    And  this  he  showed 

was  the  case  by  the  celebrated  experiment    now  known  by  his 

Torricelli  filled  with  mercury  a  tube  about  three  feet  long,  closed 

at  one  end.     The  other  end  being  also  closed  temporarily,  the  tube 

was  inverted  and  :    end   immersed   in   a   IUMII   mm, lining 

.     The  low. -i  end  beini;  then  unclosed,  the  men  my 

lescended  a  little  wav  in  the  tube,  remaining  station. u  v  at  a  1 

)fthi;-  s,  about  ntly  vat  .nit  b« -ini,' 

hus  It-It  at  tl.  the  tube.     This  sp.iee  is  still  referred  to  as 

acuutn. 

il>e  above  the  level  of  the  n 

mv.  but  >till  1.  :,  the  men  uiv 

u  the  tube  rushed  rapidly  keo  l»v  the 

/Inch  nun;  .    aTicelli  thus  «  on<  luded  that  tht> 

.e  column  of  liquid  which  will  st.md  in  any  tube  is 

1    bv  th  the  liquid  <  lij  the 

>lumn  and  by  the  atmospheric  pressure.     In  1648  1'  i  Cler- 

iont  irmises  by  carrying  :i 

iimmit  of    the  Puy  de  Dome, 
ee  Encychp.  I  1.  iii., 

1  p.  418-421  ;  or  the  Harmsworth  Encyclop.,  vol.  i.,  ])j).  v 

•    Cistern    Barometer.      l"h.-  merlin.  i   by 

']   Tricclli  in  hi  to  wa-,  what  would 

nit'tt-r,  and  though  of  the  simplrst  form, 
1  u-eful  ,.    See  c.g.  Fig. 87  m  Art.  iih, 

i:   which  the  tulxj  at  the  left  dipping  into  the  mercury  in  the  . 

:i  barometer.     Tome.  actual  height 

0    the  mlnnm  at  anv  time  a  scale  would  be  Q<  •  '1  "1  extending  In.ni 
tl  ele\  ;i  to  tli.it  in  tin-  tube  or  b< 

N^w  it  is  easy  to  see  that  if  the  scale  were  correctly  graduated  and 
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fixed  with  its  zero  at  the  level  of  the  mercury  in  the  cistern  at  any 
one  instant,  this  zero  would  be  wrong  when  the  mercury  rose  or 
fell  in  the  tube,  for  this  would  involve  a  contrary  and  smaller  motion 
of  the  level  of  the  mercury  in  the  cistern.  This  is  referred  to  as  the 
error  of  capacity,  because  its  amount  depends  upon  the  relative  areas 
of  free  surface  in  the  tube  and  in  the  cistern,  or  on  the  capacity  of 
the  latter. 

Thus,  if  these  areas  were  as  one  to  nine,  the  tube  and  cistern 
being  each  cylindrical,  when  the  mercury  rose  nine-tenths  of  an  inch 
in  the  tube  it  would  fall  one-tenth  in  the  cistern,  so  the  column  would 
be  one  inch  longer  than  before.  Or  the  barometer  would  be  said 
to  have  risen  one  inch. 

131.  Kew  Barometer. — In  this  form  of  barometer  the  error  of 
capacity  is  eliminated  by  using  a  scale  of  contracted  inches.     Thus, 
with  the  relations  just  cited,  nine-tenths  of  an  inch  would  be  marked 
as  an  inch  and  be  divided  into  twentieths.     The  vernier  reads  to 
a  twenty-fifth  of  a  division,  and  so  corresponds  to  0*002  of  an  inch 
change  in  the  height  of  the  column.    See  Fig.  94,  which  is  reproduced 
by  kind  permission  of  Messrs.  Negretti  and  Zambra. 

A  slight  modification  of  this  pattern  constitutes  the  marine 
barometer.  It  is  hung  on  a  gymbal  ring  so  that  it  may  always 
remain  in  a  vertical  position.  Further,  lest  the  movement  of  the 
ship  should  cause  the  mercury  column  to  oscillate,  the  bore  of  the 
tube  is  contracted  near  the  cistern,  thus  making  the  action  of 
the  mercury  slower  and  steadier. 

Each  form  of  instrument  is  provided  with  a  thermometer  at  the 
middle. 

132.  Fortin's  Barometer. — This  form  may  be  regarded  as  standard, 
for  it  is  susceptible  of  very  high  accuracy.     Its  general  appearance  is 
shown  in  Fig.  95,  which  is  reproduced  here  by  kind  permission  of 
Messrs.  Negretti  and  Zambra. 

Its  distinguishing  feature  is  the  provision  of  a  cistern  (see  Fig.  96), 
which  is  partially  collapsible  and  may  be  set  by  a  screw  till  the 
mercury  in  it  just  touches  the  tip  of  an  ivory  stud.  This  marks 
the  fiducial  point  or  zero  of  the  scales.  These  are  accordingly 
graduated  to  their  true  values,  since  any  slight  rise  or  fall  which 
may  have  occurred  in  the  cistern  since  last  reading  the  instrument 
is  annulled  by  the  new  setting  of  the  level  to  the  ivory  tip. 

The  instrument  is  usually  provided  with  two  scales :  one  in 
millimetres  with  a  vernier  reading  to  tenths  of  a  millimetre,  and 
one  in  inches  and  twentieths  with  a  vernier  reading  to  five- 
hundredths  of  an  inch.  The  scales  and  verniers  are  shown  in 
Fig.  97. 

The  verniers  are  brought  down  to  the  top  of  the  mercury  by 
turning  a  milled  head.  They  are  arranged  with  a  front  and  back 
portion,  so  that  the  observer  may  be  sure  that  his  eye  is  exactly 
on  a  level  with  the  top  of  the  mercury  column  when  setting  for  a 
reading. 
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FIG.  98. — Siphon 
Barometer. 


133-  Siphon  Barometer. — In  this  form  of  in- 
strument the  "  error  of  capacity  "  involves  a 
reduction  of  the  motion  to  exactly  one  half. 
For,  instead  of  using  any  cistern  the  lower  end 
of  the  tube  is  bent  round  in  a  semicircle  and 
then  extends  up  a  little,  as  shown  in  Fig.  98. 
On  the  lower  surface  of  the  mercury  is  a  glass 
float  from  which  a  thread  passes  over  a  pulley 
to  a  balance  weight.  Thus,  as  the  mercury 
rises  or  falls,  the  pulley  turns  and  indicates 
by  a  pointer  and  graduated  circle  the  height 
of  the  barometer.  From  the  indicating  arrange- 
ments this  pattern  is  sometimes  called  the 
wheel  barometer.  It  is  a  favourite  type  for 
domestic  use.  The  indications  tend  to  lag 
behind  the  true  value,  hence  the  need  for 
tapping. 


EXAMPLES  L. 


1.  Describe  Torricelli's  experiment  and  the  cistern  barometer. 

2.  Explain  what  you  mean  by  the  error  of  capacity  in  a  barometer  and  show 
how  it  is  dealt  with  in  the  Kew  type  of  instrument. 

3.  Give  a  sectional  diagram  of  the  cistern  of  Fortin's  barometer  and  explain 
its  object  and  mode  of  use. 

4.  Make  an  exact  diagram  of  a  scale  and  vernier  reading  to  tenths  of  a 
division  and  explain  how  to  use  it. 

5.  Construct  in  cardboard  a  scale  and  vernier  reading  to  fifths  and  twenty- 
fifths  of  a  division. 

6.  Describe  carefully  the  scales  and   verniers  in  use  in  the  high-class 
barometers. 

7.  Draw  a  siphon  barometer  and  explain  its  working.     What  becomes 
of  the  error  of  capacity  in  this  form  of  instrument  ? 

134.  Temperature  Corrections  to  Barometer. — Let  us  now  revert 
to  the  Fortin  barometer,  and  suppose  that  it  is  wished  to  compare 
the  readings  taken  at  the  same  time  from  two  or  more  such  instru- 
ments at  different  places.  The  temperatures,  latitudes,  altitudes, 
and  other  conditions  may  differ,  hence  the  question  arises  will  such 
readings  be  really  comparable  without  allowances  for  these  circum- 
stances. They  will  not.  If  high  accuracy  is  aimed  at,  a  number  of 
corrections  must  be  applied. 

We  deal  first  with  the  corrections  for  temperature,  as  (for 
England)  they  are  usually  larger  than  all  others  put  together. 

In  the  best  barometers  the  essential  substances  used  are  brass 
(for  the  scale),  glass  (for  the  tube),  and  the  mercury  itself.  The 
mercury  is  pure  and  is  carefully  boiled  in  the  tube  to  expel  all 
moisture  and  air. 

Suppose  now  such  a  barometer  shows  a  height  of  30  inches  of 
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mercury,  the  temperature  being  32°  F.  And  lot  the  temperature 
artificially  change  to  09  F.  without  any  change  occurring  in  the 
atmospheric  pressure.  Then  the  apparent  height  of  the  mercury 
column  in  the  tube,  as  read  by  the  brass  scale,  will  be  30*10  inches. 
Thus  a  rise  of  a  tenth  of  an  inch  has  apparently  occurred  without  any 
change  in  the  pressure  supporting  the  column.  This  may  be  ex- 
plained hastily  by  saying  that  the  mercury  expands  with  temperature 
and  expands  more  than  the  brass  scale  does.  A  clo>er  examination 
shows  that  we  are  r«>n<erned 

(1)  With  the  linear  expansion  of  the  brass  (or  its  increase  of 

:  unit  length  per  degree)  ;  but 

(2)  With  the  Winnie  -n  of  the  meivury,  or  its  in,  : 

of  volume  per  unit  volume  per  degree,     1-W.  with  i^iveu  pressure, 
column  has  a    height  inrersclv  as  its    density  ami    therefore 

*  led  volume. 

quantities  .  .-ailed   coefficients 

of  expansion,  lin  \  he  case  may  1 

Mercury  and  brass  required  accuracy,  and 

standard  tempt  i  scale  or  sub-  1.  <    as 

(olio 

Coefficient  of  Volu  msion  of  Mercury'  =0*000182  per  i°  C. 

=  0*0001ol  per  1°  F. 

Lii  Brass    =0*000020  per  i°  C. 

=  0*000011  per  i°  F. 

«  1  Temperature  foi  vand  Metric  Scales  =o°C.  =  32°  F. 

nd  Inches  =62°  F. 

Let  us  now  ca\ii  «n  ^i\  the  metric  system 

rofobsti  /'C. 

For  any  length  three 

factors  —  the  I'-nnth  in  qn  the  coeffl  the 

chai  ire  in  qo  ri.^ht  al 

prefixed.    II  correct  the  observed  e  ezpao 

of  the  m- 

—  /l(0'000l82)/, 

m-  od  becau  irnu-r  m«  K  ui\  i>  less  dense 
md  ttandfl  In 

il.irly.  t«-  tin-  brasssca!'  n  (\\ln«  h 

aakes  it  read  a  given  1«  we  have 

-|-A(0'000020)<. 

Putting  the  two  together,  and  calling  the  wh<»le  tem]>er;itme 
:orrection  a,  we  thus  imd 


.....     (i) 
Turning  now  to  inches  and  degrees  1 
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corresponding  capital  letters,  we  have  as  the  corrections  for  the 
mercury  and  scale  respectively  — 

—  H(o'oooioi)  (T  —  32) 
and  +H(o'oooon)(T—  62). 

Hence,  taking  as  before,  the  algebraical  sum  for  the  whole 
temperature  correction,  we  obtain, 

A=—  H(o'oooo9oT—  0-00255)       •••(?) 

Owing  to  the  fact  that  62°  F.  is  the  standard  temperature  for 
the  inch  scale  and  32°  F.  that  for  the  mercury,  it  will  be  found  that 
the  temperature  of  no  correction  is  about  28J°  F.  instead  of  the- 
freezing  point. 

135.  Latitude  and  Altitude  Corrections  to  the  Barometer.—  It 
must  now  be  noted  that  for  a  given  atmospheric  pressure  and 
temperature  of  the  barometer,  the  height  of  the  mercury  column 
will  depend  on  the  apparent  value  of  gravity  at  the  place.  Thus, 
if  the  value  of  gravity  is  less  than  its  standard  value  at  a  given 
place,  then  the  column  of  mercury  will  be  a  little  higher  in  conse- 
quence. In  that  case,  therefore,  the  correction  to  be  applied  to 
the  reading  would  be  negative. 

The  value  of  the  apparent  gravity  at  any  place  is  the  resultant 
of  the  earth's  attraction  there,  and  the  centrifugal  reaction  due  to 
the  earth's  rotation.  Or,  we  might  put  it  thus  :  a  part  of  the 
earth's  attraction  is  required  to  keep  bodies  moving  in  the  circles 
described  by  them  as  the  earth  rotates,  hence  what  is  left  and 
perceptible  as  gravity  is  usually  smaller  and  slightly  different  in 
direction.  This  reduction  is  greatest  at  the  equator  and  zero  at  the 
poles.  But,  in  addition,  the  true  gravity  is  greater  at  the  poles  than 
at  the  equator  because  the  polar  radius  is  less  than  the  equatorial. 

For  the  standard  value  of  gravity  the  latitude  of  45°  and  the 
sea-level  l  have  been  chosen.  And  apparent  gravity  increases  with 
latitude,  but  decreases  with  altitude  in  the  manner  shown  by  the 
following  formula  published  in  Berlin,  1901,  by  Helmert  (see 
Landolt  and  Bornstein's  physikalisch  Tabellen,  p.  5)  :  — 

#=£45(1—  0*002644005  2/+o'ooooo7  cos2  2/)  —  O'ooo3o86w  .     (3) 

where  g45=98o'6i7  cm.  /sec.2  is  gravity  at  sea-level  in  latitude  45°, 
and  g  is  gravity  in  latitude  /  and  at  a  height  m  metres  above  sea- 
level. 

Applying  the  above  to  the  barometer,  we  obtain  with  sufficient 
accuracy  the  corrections  for  gravity  in  the  forms 

b=—h(o'oo26  cos  2/+  0-0000000031^)     .     .     (4) 
and  B  =  —  H(o'oo26  cos  2/+o'ooooooo944K)         .     (5) 


1  For  England  this  is  taken  as  mean  half-tide  level  at  Liverpool. 
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where  b  is  the  correction  in  mm.  to  h  mm.  for  a  latitude  /  and  height 
of  kcm.  above  sea-level ,  and  H  is  the  correction  in  inches  to  II  inches 
for  a  latitude  /  and  height  of  K  feet. 

It  is  well  to  note  here  that  a  change  of  latitude  from  45°  to  46° 
necessitates  a  positive  correction  of  about  0*069  mm.  to  the  observed 
barometer  height,  while  30,000  cm.  (300  metres  or  984  feet)  above 
sea-level  necessitates  a  negative  ci.nvetit.n  «>f  tin-  order  o-o-i  mm. 

136.  Corrections  to  Barometer  for  Vapour  Pressure,  etc.  \\V  have 
-till  to  correct  the  barometer  lor  tin-  pressure  of  the  mercury 
vapour  above  the  liquid  mercury  in  the  tube.  This  pressure  pre- 
vents the  liquid  column  rising  to  the  full  theoretical  bright  that  would 
be  attained  in  a  vacuum.  Hence  the  correction  (c  mm.  <>r  l  inches) 
.on  account  of  it  must  be  positive.  The  values  oi  the  vapour 
rent  temperatures  have  been  variously  determined. 
It  in  i.xSj.  the  values  of  the  vapour 

•  leivurv  iu  mm.  of  mercury  colum:  -Hows:— 

Temperat  1'nssur.-. 


C.  0*00019  mm.  =  o*ooooo74«s  in<h 

C.  0-00050  mm.  =  0-00001970  i  ml  i 

C.  0*00130  mm.  =  o*oooo 


thus  seen  to  be  excessively  minute,  and  i-  usually 
negligible. 

The  other  possible  errors  of  rometer  which  may  need 

convftiou  ..  .  wrong  relative 

and  the  ivory  po;:  •  ;  hat  due  to  n//>/7- 

lurity.  whi.-h  may  slight  1\  imn,      I  ; 

th  the  crrtit: 

,e  Nati.,  :y  supplied  to  order  by  th< 

of  any  high-f,': 

137.  Examples   of    Barometer   Corrections.     Let    tin     reading  of 
a  Fortin  bai  !>e  758*6  mm  rature  ot  i.j-->    (     in 

latitude  5;    at  58  metres  above  se  upp.^e  that  the  /er«. 

and  rapillaiv  WUCntly 

put    p..>itive   COT!  under    the    actual    I'-adm^   and    negative 

corn><  •  .d  then  total  ifl  -hown  below. 

Observed  he  i:  .     h  =758*6    mm. 

N'-'^.itivr  p:irt  ;. 

'a  =  -  1*782 


Correct  i- 


-f- 0*001 5     Parts. 


r 


-fo'5 


-1796  -4-759*145 

-1*796 

+  757*349 

mm. 


166  MECHANICS   OF  FLUIDS 

Take  a  second  case  in  which  the  reading  of  the  barometer  is 
29-126  inches  at  a  temperature  of  90°  F.  in  latitude  30°  and  800  feet 
above  sea-level.  Thus — 

Observed  height      ....     H=  29*126    inches 

{A=  — 0*1617 
B  =  —  0*0401 
C=  -fo'oooi 


—  0*2018          +29-1261 

—  O'20l8 


+  28-9243 
Final  result,  say  28*924  inches. 


EXAMPLES  LI. 

1.  A  mercury  barometer  with  a  brass  scale  reads  76*3  cm.  at  20°  C.,  correct 
it  for  temperature. 

2.  What  is  the  barometer  corrected   for  temperature,  if  it  reads  29-86 
ins.  at  61°  F.  ? 

3.  At  station  A  the  temperature  is  12°  C.,  and  barometer  reading  75-8  cm. ; 
at  station  B  the  temperature  is  observed  to  be  67°  F.,  and  barometer  reading 
29-7  ins. :  reduce  each  for  temperature  and  convert  it  to  the  scale  used  for 
the  other. 

4.  If  the  barometer  reduced  for  temperature  is  76*05  cm.,  at  latitude  40° 
and  altitude  1400  metres,  what  is  it  reduced  to  45°  and  sea  level  ? 

5.  Reduce  to  sea-level  at  latitude  45°  the  barometer  height  29-77  ms- 
at  altitude  4000  ft.  and  latitude  57°. 

6.  The  Fortin  barometer  reads  761-5  mm.  at   13-6°  C.  and  300  ft.  above 
sea-level  in  latitude  51°.     Reduce  these  observations,  showing  all  the  correc- 
tions separately. 

7.  State  all  the  corrections  and  the  reduced  barometer  height,  if  it  reads 
28-63  ins.  at  a  temperature  of  35°  F.  in  latitude  42°  and  600  ft.  above  sea- 
level. 

138.  Vitiated  Vacuum  of  Barometer  Tube. — If  the  space  above 
the  meicury  in  a  cistern  barometer  is  vitiated  by  the  presence  of 
air,  this  will  be  indicated  by  a  change  in  the  height  of  the  mercury 
column  on  raising  or  lowering  the  tube  and  allowing  the  mercury 
to  settle.  But,  by  observing  the  heights  a  and  b  of  the  mercury 
columns  in  two  such  cases,  and  the  lengths  u  and  v  of  the  correspond- 
ing spaces  above,  the  actual  barometer  height  h  may  be  deduced. 
See  Fig.  99. 

For,  by  Boyle's  Law,  the  pressures  of  air,  h— a  and  h—b,  in  the 
two  cases,  are  inversely  as  their  volumes.  We  may  thus  write 

(h—a)u=(h—b)v (i) 

or  h(u—v)  =  au—bv 

So  *=£?!=*? (2) 

U—  V 
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Having  won  this  relation  between  the  five  quantities,  it  is  evident 
that  if  any  four  of  them  were  given  the  fifth  could  be  calculated. 

Also,   having  then   the   live  quantities,  we  could    write   down 
the  corrections  h—  a  and  h—  b 
to  be  applied  to  the  baromet 
in  either  state. 

\\V  have  thus  the  key  to 
the  solution  of  any  problems 
on  a  barometer  with  its  vacuum 
vitiated  instead  of  truly  Torri- 
cellian. 

In   an    actual    case    of    this 

kind,  of    course  the  best   pro- 

:  e  is  to  have  the  barometer 

:<•  ri^ht  as  soon  as  possible. 

the  Fortin    type  an  a 

ceived  from  the  makers,  it  may 
suffice  to  invert  the  instrument 

and  tap  it  LJeiitlv. 

A  modified  type  of  the  viti- 
ated   vacuum    problem    occurs 
when    a-\- u=b+v=c    a 
stant,  the  a  occurring  for    an 

barometer  hei^i 
the  b  for  an   actual    barometer 

lay.      1  lien,  h,  a,  b 

.'.wn.it  tereq 

to  find  the  correction  k—b  to 
be    applied    to    I.  we 

'•MiMallt    temper 


i  'arometer 
Vacuum. 


or 


k-b= 


(h-a)(c-a) 
(c 


1  hus  if  c  =  33  inches,  0=29-5  forA=3o  inch.--,  the  ,  arrection  when 
b~ 

h     b^  0-5(3-5)  ^      6 

33-29*2 
>  £=  29*66  in<: 

It  may  also  be  noticed  here  that  thU  method  of  calculation 
applies  to  problems  on  the  diving  bell,  though  at  first  sight  the  t\\»» 
cases  mav  M-em  utterly  unli!.«-  (M-«-  Ait.  : 

Height  of  Homogeneous  Atmosphere.— Knowing  the  pn 
and  de;  be  air  near  the  earth'  »  an  calculate  the 

tiiK^l-heir  woul.l  extend  if  the  density  remaiiK'd 
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the  same  throughout.  This  is  called  the  height  of  the  homogeneous 
atmosphere. 

Thus,  if  mercury  of  density  I3'595  gm.  per  c.c.  stands  at  a  height 
of  76  cm.  in  a  good  barometer  when  the  air  is  at  o°  C.  and  has  a 
density  of  0*001293  gm.  per  c.c.,  then,  neglecting  the  change  of 
gravity  as  we  ascend,  the  height  of  the  homogeneous  atmosphere 
is  given  by 

&o=  76  X  i3'595-^  0-001293  =  799,088  cm.    .     .     (4) 

or  8,000  metres  nearly. 

This  height  may  be  regarded  as  that  of  an  imaginary  air  barometer. 
For  a  given  air  pressure  the  height  of  the  homogeneous  atmosphere 
varies  with  variations  of  temperature  and  gravity  somewhat  as  the 
height  of  the  mercury  barometer  does. 

Thus,  if  the  above  height  were  for  o°  C.,  then  at  t°  C.  the  height 
would  become 

....      (5) 

where  a  is  0*003665  or  1/273  nearly,  or  say  0=0*004,  since  moisture 
is  present,  and  this  expands  more  than  dry  air. 

Again,  if  with  the  same  pressure  the  value  of  gravity  is  changed 
from  g  to  g't  then  the  heights  of  the  actual  mercury  barometer  and 
of  the  homogeneous  atmosphere  are  each  changed  in  the  ratio  g'  :  g. 
That  is,  if  gravity  decreases,  the  height  of  the  homogeneous  atmo- 
sphere increases.  It  is  thus  evident  that,  since  in  the  upper  part 
of  the  height  of  the  homogeneous  atmosphere  the  value  of  g  appre- 
ciably diminishes,  this  should  be  allowed  for  if  we  wish  for  more 
accuracy.  We  might,  if  we  chose,  take  the  value  of  g  at  the 
half-height  of  the  homogeneous  atmosphere  as  already  found 
approximately. 

Thus  at  the  height  of  4000  metres  gravity  is  diminished  by  about 
i  in  3220.  Hence  the  7991  metres  is  corrected  to 

&  =7993*5  metres  nearly     ....     (6) 

EXAMPLES  LI  I. 

1.  A  faulty  barometer  reads  75  cm.,  with  a  space  of  15  cm.  above  the 
mercury,  when  a  neighbouring  barometer  known  to  be  in  good  order  reads 
76  cm.     Another  day  the  faulty  barometer  reads  76  cm.     What  would  the 
true  barometer  read  ? 

2.  A  rough  cistern  barometer  has  been  made,  and  the  mercury  in  it  stands 
at  a  height  of  74  cm.  when  there  is  8  cm.  height  above  it,  but  at  75  cm.  when 
the  space  above  is  16  cm.     What  is  the  true  barometer  reading  ? 

3.  A  rough  cistern  barometer  reads  75  cm.  when  there  is  a  height  of  10  cm. 
above  the  mercury,  but  reads  only  74-5  cm.  when  the  height  above  is  only 
5  cm.     The  tube  is  then  replaced  and  set  in  its  first  position.     What  are  the 
true  barometer  heights  when  the  instrument  reads  73,  75  and  77  cm.  re- 
spectively ? 

4.  Explain  what  is  meant  by  the  height  of  the  homogeneous  atmosphere, 
and  obtain  an  approximation  to  its  value. 
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140.  Heights  determined  by  the  Barometer.  —  If  the  temperature 

and  humidity  of  the  atmosplu-iv  do  not  vary  much  brtwivn  two 
stations,  then  the  difference  of  their  heights  may  be  simp! 
pressed  in  terms  of  the  corresponding  barometer  ivadings.     If  the 
temperature  does  vary  slightly,  tlu-  mean  value  may  be  taken  ami 
treated  as  constant  over  the  ran^r  in  qiu^tion. 

At  height  y  let  the  density  of  the  air  be  a  and  the  pressure  be  p, 


FIG.  100.  —  Heights  by  Barom 


and  at  a  very  slightly  lower  heit  t  he  pressure  be  p'  (see  Fig. 

;i.  by  tin-  hydrostatic  equilibrium.  \\«-  have 


.  (2) 


\lso,  from  Boyle's  law.  wr  m 

p=kag 

combining  these  two  equal 


logarithms  to  the  base  e, 
2*718331  he  Naperian  logaritln 

a  dillrivni  ••-.  also  tin- 


t  rms  at  the  right  reduce  to  one,  since  log,  (i-f  %)  =  x—  --f - 

2         3 

" simply,  when  x  .  small. 

\\  ••  th.-n  «.b: 


(4) 


.••  anumberof  -u«  li  -mall  -t«-p->  with  pressures/)", 

ai  hri  iiriij  with  pn--  i  lirii^ht  \'0.      llim, 

if  the  corresponding  equati  wiitti-n  and  addrd  toL(rtlr 
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the  intermediate  pressures  and  heights  would  cancel  out  leaving 
only  the  first  and  last  values  over  the  finite  range  in  question. 
We  accordingly  have  the  general  expressions 


and  jy-^o=£  log,         =  £(2-3026)  Iog10!      .     .     (5) 

141.  Alternative  Proof  for  Heights.  —  Some  readers  may  prefer 
the  following  proof,  as  it  avoids  the  use  of  logarithms  to  the  base  e. 
We  derive  as  before  the  first  three  equations,  which  are  quoted  here 
with  their  original  numbers 

P'-P=*g(y-y')     .....    00 

p=kag     .......     (2) 


Let  us  now  notice  that  equation  (3)  shows  that  — 

as  y  decreases  by  a  given  small  constant  differenced        .     . 
p  increases  in  a  determinate  constant  ratio      J  ' 

To  some  readers  this  might  suggest  that 

y  is  proportional  to  the  logarithm  of  p     .      .     (36) 

But,  whether  this  relation  is  foreseen  or  not,  let  us  suppose  it 
to  hold  between  y  and  p,  and  then  test  its  validity  by  ascertaining 
whether  it  satisfies  the  required  condition  as  expressed  in  (30). 

Thus  let 

y=—  c\oglop,     and/  =  —  clog10#'       .     .     (6) 

where  c  is  some  constant  to  be  afterwards  determined.     Then,  taking 
the  difference  of  equations  (6),  we  have 


(7) 

It  may  now  be  seen  that,  although  (7)  differs  in  form  from  (3), 
yet  it  equally  satisfies  the  condition  (30). 

Hence,  equation  (6)  is  justified,  and  we  may  proceed  to  determine 
c  by  comparing  equations  (3)  and  (7)  . 

Thus,  writing 

p=  10,000,  and  p'=  10,001 

10,001  y—  y'     c. 

we  find  —  -  --  I  =J   .J  —  -  (0-0000434) 

10,000  k         k^ 

k 

so  that  c—  -  =  2'3QXk  .....     (8) 

°'434 
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Hence,  using  (7)  with  this  value  of  c  and  taking  it  over  a  ranije 
of  height  from  y  to  TO,  the  corresponding  J>IVSMHV>  beini;  p  and  p0, 
ue  have 


(9) 


which  is  in  practical   accord  with  equation  (5)  of  the  previous 
article. 

The  best  method  of  obtaining  this  relation  is  by  deriving  tin- 
appropriate  dill,  initial  equation  and  solving  it.  Any  mode  of 
evading  this  higher  branch  of  mathematics  em  •  uniteix  obstacles 
and  s  .>m  imperfections.  The  fun-going  two  methods  are 

therefore  not  ideal  but  are  offered  with  <1  as  h«»nc>t  attempts 

and  solve  the  problem  for  students  unacquainted  with  the 
ihn. 

i .}_-.  Numerical  Forms  of  Barometric  Formula.     Having   obtaiiu-d 

the  general  relation  between  hei^ht>  and  atnm-pheric  pressures.  \\,- 

itfi  nuineiir.il  int.  this  we   must 

intn.diKv  the  \alue  «.t   /;  which  occur^  in  this  relation.     This  mav 

l)e(ju..t,,l   fr..in   Art.  139,  e(ju.lti«.n.  (i)  and  (j).    or  lound 

from  the  f^'as  «-(juation  in   the  manner  of  Art.  in.      Taking 

the  latter  plan.  w<-  have  for  tin-  «-i  .11  per  grain  ol  air 

=  R.T,   or   P=aR.T 


arhere  a  is  the  dei  and  R.  is  the  value  now  assumed 

Dy  K     ih.-M.  putting  >ul»M-i  adaid  values  oi  I1.  I 

md 

^=SoT0'asBo-ooi29X  j. 

Again,  comparing  (10)  with  (2)  of  Arts.  140  and  141,  we  see  that 

[*_M_&LL        ifl£!  (M) 

g  0*00129  x  j 

;-.  putting  tl.  of  k  in  (5)  of  Art.  140  or  (9)  -,!  An    i.\i. 

i-  tmd 


5 

i  his  \ 
e  tmd 

76  •  '•  ~l~  ^°  C.)  fPo\ 

(y — Vo)cm'  = '        —  2*3026  logiol  T  I    (13) 

O'OOI2Q  X  -  \  p  / 

1 1  we  now  denote  b\  feet  and  tea 

jrature^  in  d»-grees  Fahrenheit,  we  obtain 

^.=  76xij6(459-44l   I-'..          fj ,       /M    (,  , 
30* 48  x  0*00129  x  491*4  \*p/ 
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since  a  foot  contains  30*48  cm.  and  the  zero  of  the  gas  ther- 
mometer is  491*4  of  Fahrenheit's  degrees  below  the  freezing  point, 
or  is  —459-4°  F. 

It  should  be  noted  that  in  each  of  these  equations  (13)  and  (14) 
the  values  of  the  ^>'s  may  be  expressed  in  any  units  of  pressure, 
provided  that  the  same  are  used  for  p  and  p0  in  the  one  equation. 

It  is  well  to  notice  that  the  mercury  falls  about  I  inch  for  an 
ascent  of  1000  feet,  or  about  I  cm.  for  an  ascent  of  no  metres. 
These  rough  approximations  will,  of  course,  be  modified  by  tem- 
perature. 

The  student  should  also  be  on  his  guard,  if  solving  these  numerical 
formulae  by  logarithms,  that  the  logarithm  of  a  logarithm  is  required. 
143.  Aneroid  Barometer. — As  its  name  denotes,  this  instrument 
is  devoid  of  liquid.  It  is  therefore  capable  of  use  in  any  position, 
and  may  also  be  small  and  light.  This  form  of  barometer  is  accord- 
ingly specially  suitable  for  use  in  the  determinations  of  heights,  and 
is  in  consequence  described  here. 

Externally  the  aernoid  barometer  shows  a  cylindrical  metal 
case  with  a  dial  graduated  similarly  to -that  of  a  syphon  or  wheel 

barometer.  Upon  this  dial  a 
hand  moves  indicating  the 
pressure  in  inches  of  mercury 
column.  The  internal  con- 
struction and  action  may  be 
understood  by  reference  to 
Fig.  101,  which  is  inserted  here 
by  kind  permission  of  Messrs. 
Negretti  and  Zambra.  The 
essential  detector  of  the  baro- 
metric pressure  and  its  changes 
is  a  flat  box  A  of  thin  metal 
corrugated  in  concentric  cir- 
cles. From  this  box  the  air 
FIG.  iox.-Anero.cl  Barometer.  and  moisture  ^  ^  y  fix_ 

hausted  to  form  a  sufficiently 

good  vacuum.  The  top  of  the  box  is  elastic  and  would  yield  too 
much  to  the  pressure,  but  for  the  strong  spring  B.  It  still  yields 
slightly  to  the  pressure,  and  this  lowers  or  raises  the  lever  C  attached 
to  the  spring.  This  lever  by  a  connecting  link  rocks  the  shaft  D. 
The  shaft  in  turn  pulls  or  releases  a  cord  or  chain  E  which  rotates 
the  spindle  at  the  centre  of  the  dial  and  so  moves  the  hand  over 
the  graduations. 

Some  aneroids  have  a  second  graduation  on  the  dial,  showing 
heights  ascended  in  feet.  These  have  the  zero  height  at  the  highest 
pressure,  viz.,  31  inches,  rising  to  say  10,000  feet  at  about  21*5 
inches. 

A  second  style  of  aneroid,  graduated  for  heights,  has  only  the 
pressures  in  inches  of  mercury  on  the  dial,  the  heights  being  shown 
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round  the  cylindrical  side  of  the  case,  one  part  of  which,  carrying  a 
pointer,  can  be  turned. 

The  height  ascended  is  then  determined  as  follows.  At  the  low 
station,  A  say,  at  sea-level,  the  movable  part  of  the  case  is  set  to 
zero  on  the  scale  of  heights  und  the  pressure,  30  inches  say,  is  noted. 
Suppose  an  ascent  is  made  involving  a  fall  of  the  pressure  to  26 
inches.  The  movable  part  of  the  case  is  thru  turned  until  the 
original  pr«-— mv  reading  i>  reproduced.  The  pointer  on  the  movable 
part  of  the  case  then  rends  the  required  height  »  >n  the  scale  of  heights, 
in  this  case  3750  feet  nr.irlv. 

I43A.  New  Barometric  Units:  Millibar  and  Baromil.  -The  term 
millibar  is  accepted  by  the  Director  of  the  National  Physi»\il 
Laboratory  "  as  meaning  1000  dynes  per  sq.  cm.  The  \\ < >\d  baromil 
is  then  employed  to  •'  a.  unit  of  length,  whieh  i>  defined  as 

equal  to  the  height  occupied  by  a  column  of  pure  mcnnrv  whieh. 
at  o°  C.  and  at  sea-level  in  latitude  45°,  ^  to  a  pressure  of 

one  millibar." 


i.  Obtain 


EXAMPLES  I.I  1 1 


by  ai 

and  the  correspoi:  >ractcr  readings.     State  taixtullv  ti  win.  h 

each  <i  '-ssed. 

2.  Assuming  the  general  form  of  the  barom<  ' 

1  degrees  FahreiilK  it. 

•i  ascending  a 
The  average  temper, 
netrcs  ? 

5.  At  an  average  temperature  of  15°  C.,  a  mountain  ascent  of  3000  ft 
s  made.     If  the  barometer  read  30  he  foot,  what  - 

he  MI  in i : 

A  hat  is  the  height  of  a  mountain  in  feet  above  sca-1 

tands  summit  and  29*8  at  a  place  780  ft.  above  sea- 

it  the  base  ?     Take  the  average  temperature  as  «• 
7.  Describe  the  aneroid  barometer,  giving  a  diagram  of  its  most  imp< 
arts  and  explaining  its  advantages. 


PART  V.— APPLICATIONS 

CHAPTER  XII 

ILLUSTRATIVE   APPARATUS 

144.  Classification  of  Hydraulic  and  Kindred  Appliances. — The  great 
number  and  widely-differing  characters  of  the  appliances  in 
ordinary  use  in  connection  with  liquids  or  gases  in  motion  or  under 
pressure  are  somewhat  bewildering,  and  call  for  some  clue  as  to  their 
arrangement  and  treatment.  This  clue  may  be  found  in  the  fact 
that  the  energy  of  a  fluid  may  consist  of  three  terms,  depending 
respectively  on  its  position,  velocity  and  pressure. 
Thus,  we  may  regard  the  main  appliances  as — 

(1)  Those  designed  to  give  to  fluids  any  desired  position,  velocity, 

or  pressure  ;  and 

(2)  Those  designed  to  utilise  in  various  ways  the  energy  of  fluids 

due  to  their  position,  velocity,  or  pressure. 
We  also  have  subsidiary  or  accessory  appliances,  which  either — 

(a)  Register  a  flow  or  pressure  of  fluid  which  is  natural  or  has  been 

accomplished  by  one  of  the  main  appliances  ;  or 

(b)  In  some  other  way  assist  and  promote  the  realisation  of  the 

object  of  one  of  the  main  appliances. 

Any  such  accessory  may  be  considered  along  with  the  main 
appliance  to  which  it  is  an  auxiliary. 

Such  a  classification  as  that  just  outlined  cannot  pretend  to 
logical  rigour  ;  e.g.  when  removing  from  a  chamber  a  portion  of  the 
gas  in  it,  we  may  be  changing  the  pressure  of  that  portion  which  is 
left.  Still  it  is  a  convenient  practical  distinction  to  regard  certain 
appliances  as  chiefly  controlling  the  position  of  fluids  and  others 
as  chiefly  controlling  their  pressure,  for  each  such  appliance  is 
usually  specialised  for  the  end  mainly  in  view. 

Under  the  second  heading  of  the  main  appliances,  the  utilisation 
of  the  energy  of  fluids  is  usually  to  be  understood  as  the  generation 
of  power  in  a  convenient  way  from  the  energy  thus  stored  up  in 
the  fluid.  But,  occasionally,  we  have  the  reverse  process,  it  being 
sometimes  convenient  to  transform  the  energy  of  solid  bodies  into 
that  of  fluids  which  are  then  used  as  absorbers  of  energy  instead  of 
sources  of  it. 
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The  typical  classes  of  appliances  arranged  on  the  foregoing  basis 
are  collected  in  Table  IX..  and  will  be  dealt  with,  where  necessary, 
in  that  order.  In  this  table  the  accessory  appliances  are  shown  in 
brackets,  and  those  illustrating  a  reverse  action  are  in  italics. 


TABLE  IX. — HYDRAULIC  AND  KINDRED  APPLIANCES. 


Means  cmpl 


Typical  Examples. 


To      control      tin 
ion  or  Vc-| 
locity  of  Fluids 
by- 


Soli.ls 


Centrifugal,     Lift     ami     Force 
Pum; 


Liquids 


ulic     Ram,     Jrt      rump 


Diving      Equipment.     Siphons. 
Steam  an  on 


sure    of    HUM 
by- 


l  i  >inprt'>  •!•  *\\ 


Pump 

Systems  (A«.i  umulatoi) 

ips.  Torpid.,  c  •  •mprcssors 
Bourdon     and      i 


•eryk.  Tocplcr  and  ( 


the 
.   of — 


1  weight 
of  L: 


Breast    and    Overshot    Water 

Wheels 


i'r.     ,un  J 
Of- 


Vclocity 
of— 


.  Hydraulic  I  i  rakes 


GUM 


Rock  Drills,  Steam  and  Com- 

pn  Med     Air    l.n-in.  ^,    Strain 
Pressure  .    Air   and 

Vacuum  Brakes 


Undershot  Wat  .  Im- 

pulse Water   1  ui! 


GMM 


Wind  Mill-.  linpuN,  Strum  Tur- 
hmrs 
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145.  Primitive  Water  Lifters,  etc. — Various  simple  contrivances 
for  raising  water  have  been  devised  long  ago  ;  some  one  or  more  of 
them  being  still  in  use,  others  having  chiefly  an  historic  interest. 
The  Shadoof  has  a  long  rod  pivoted  near  one  end  which  is  weighted  to 
counterpoise  the  longer  arm   at  whose  end  is  a  bucket  which   is 
lowered  into  the  water  and  then  raised  to  the  required  level  for 
delivery.     The  shadoof  has  been  much  used  on  the  Nile  for  irrigation 
purposes.     The  so-called  Screw  of  Archimedes  (287-212  B.C.)  consists 
of  a  tube  or  elongated  chamber  wound  screw-wise  round  a  central 
axis.     The  lower  end  of  this  tube  dips  into  the  water  to  be  raised 
and  the  axis  is  set  at  such  a  slope  that,  on  turning  the  screw,  the 
water  rises  through  the  apparatus  and  is  delivered  at  its  upper  end. 
The  condition  for  this  is  obviously  that  the  slope  of  the  screw  on 
the  cylinder  and  the  inclination  of  its  axis  should  be  so  related 
that  water  may  lodge  in  the  lower  port  of  each  convolution  of  the 
screw  when  it  is  at  rest.     Thus,  if  the  screw  tube  is  inclined  at  an 
angle  A  to  the  horizontal  when  the  axis  is  vertical,  then,  for  proper 
working,  the  axis  must  be  inclined  more  than  A  from  the  vertical. 
Some  consider  this  device  was  first  used  in  Egypt. 

If  the  screw  were  set  a  little  steeper  than  the  slope  derived  from 
the  above  condition,  by  a  very  rapid  rotation  of  the  screw,  water 
might  still  be  forced  up  owing  to  its  inertia  causing  it  to  refuse  to 
rotate  suddenly. 

Utilising  this  principle,  express  trains  have  been  fitted  with  an 
inclined  water  scoop  which  lifts  water  into  the  tender  from  a  tank 
between  the  rails  while  the  train  is  at  full  speed.  Just  after  the 
beginning  of  the  tank,  a  slight  fall  of  the  rails  causes  the  lip  of  the 
scoop  to  dip  into  the  water.  Similarly,  just  before  the  end  of  the 
tank  is  reached,  a  rise  of  the  rails  lifts  the  scoop  out  of  the  water 
and  clear  of  the  tank  end. 

The  Chain  Pump,  in  which  an  endless  chain  carrying  buckets 
passes  over  a  rotating  wheel,  though  crude,  is  still  useful  for  sewage 
or  other  water  holding  in  suspension  various  bodies  which  would 
prevent  the  proper  working  of  valves.  The  dredger  is  similar  in 
principle  and  arrangement. 

Centrifugal  Pumps  and  Blowers  have  rapidly  rotating  parts 
within  a  case  and,  so  by  the  action  of  the  atmospheric  pressure, 
take  in  water  or  air  at  the  centre  and  discharge  it  at  the  circum- 
ference. 

146.  The  Lift  Pump. — The  contrivances  just  noticed  were  with- 
out valves  and  some  had  a  continuous  rotatory   motion.     The 
common  suction  or  lift  pump  is  the  first  example  we  take  of  a  pump 
with  valves,  the  action  being  to  and  fro  or  reciprocating.     As  is 
well  known,  a  valve  is  some  arrangement  for  allowing  the  free  pas- 
sage of  a  liquid,  gas,  etc.,  in  one  direction  and  refusing  such  passage 
in  the  contrary  direction.     As  we  are  not  here  concerned  with  the 
details  of  constructional  designs,  the  particular  type  of  valve  in  use 
in  each  case  will  usually  be  sufficiently  explained  by  its  representation 
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in  the  diagram.  When  the  water  or  gas  is  moved  by  a  recipro- 
cating piston  it  is  clear  that  i  ea  are  usually  needed,  one 
in  the  path  of  the  fluid  approaching  the  pi-ton,  and  one  in  that 
of  the  fluid  delivered  by  it.  The  action  of  the  lift  or  suction  pump 
:'y  followed  from  1  it  being  undertsood  that  the  bucket 

moved  up  and  down  tin-  barrvl  and  that  the  valves  H  and  0 
open  upwards  only.  The  piston  or  buck«-t  A  A  is  shown  ascending. 

B  being  open  and  C  closed.  When  the  burkrt  descends.  P> 
closes  and  C  opens.  It  must,  of  course,  be  borne  in  mind  that  the 
pressure  of  the  atmosphrr.  ••!  to  force  the  water  up  to  B 

when  the  first  few  ascents  of  the  bucket  makes  a  partial  vacuum  in 
the  spa-  -  A  P..  The  height  of  tb  barometer  is  about  34  feet, 


IG.  102.— Lift  Pump. 


FIG.  103. — Force  Pump. 


it  this  type  of  pump  will  not  II  if  A  is  much  over  26  feet 

a  »ov  tin-  !-  to  be  lift-  ilsobenotedth.it 

ti  e  action  of  the  pump  N  in:  liarges  w 

o  ly  durini/  tin-  up  or  delivery  >t: 

Force  Pump.     When  it  i>  dt-Mivd  to  raise  water  to  gn 
h  ;«hts  than  those  possible  to  tl.  :i  jMimp  (or,  to  force  the 

w   i,  r  agaii.  r  pnssuiv^  than  eorie.},«,n,l  to  those 

tl  miploy  liown  in  i 

Ii   this  case  the  plunder  P  is  solid  es  up  and  down,  the  v 

IP  U>  its  upper  end,  but  >implv  by  the  inlet 

out  bv  the  drlivery  valve 

Donthedown-1  fhis  pomp,  being  single-acting  (*.< 

tl  •.!«•  onlv  of   -  .iitteut   i; 

: 
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delivery.  This  matters  but  little  if  the  pump  is  being  used  as  a 
feed  pump  to  force  the  water  into  a  steam  boiler,  because  the  steam 
forms  a  sufficient  cushion.  But,  if  there  is  simply  a  long  column  of 
water  on  the  delivery  side  which  must  be  started  and  stopped  at 
the  beginning  and  end  of  each  delivery  stroke,  this  intermittence 
is  a  distinct  and  intolerable  drawback.  This  is  removed  by  the 
devices  to  be  next  noticed. 

148.  Air  Chamber ;  Double  and  Triple  Pumps. — To  obviate  this 
fluctuation,  the  delivery  pipe  of  a  force  pump  may  be  fitted  with 
an  air  chamber  (see  E,  Fig.  104).  In  the  upper  part  of  this  chamber 
the  air  is  compressed  during  the  delivery  stroke  by  the  water  below, 
then  the  subsequent  expansion  of  the  air  maintains  the  flow  of 
water  during  the  suction  stroke  of  the  pump,  while  its  delivery 
valve  is  closed. 

To  make  the  delivery  still  more  regular  we  may  have  a  double 
pump  with  its  two  plungers  so  arranged  that  one  is  delivering  while 
the  other  is  taking  in.  This  form  of  double  pump,  combined  with 
the  air  chamber,  has  been  used  for  playing  water  on  fires,  and  is 
often  miscalled  a  fire-engine. 

In  some  patterns  of  steam  fire-engines  the  piston  rod  of  the 
steam  cylinder  directly  drives  the  piston  of  a  double-acting  force 
pump  which,  with  its  associated  air  chamber,  thus  maintains  a 
continuous  stream. 

Where  water  under  pressure  is  used  for  transmitting  power  to 
various  appliances,  a  triple-forcing  pump  may  be  used  with  its 
three  plungers  worked  from  cranks  at  angles  of  120°.  Then,  though 
each  plunger  is  single-acting,  the  whole  arrangement  gives  a  tolerably 
regular  delivery. 


EXAMPLES  LIV. 

1.  Give  a  scheme  of  classification  of  hydraulic  machinery,  name  a  dozen 
or  more  such  appliances  with  which  you  are  familiar,  and  assign  them  correctly 
to  their  approximate  divisions. 

2.  Mention  two  or  more  primitive  water  lifters  and    explain  their  con- 
struction and  use. 

3.  Make  a  sectional  elevation  of  a  lift  pump  and  show  how  it  works.     What 
limit  is  there  to  its  lift  and  why  ? 

4.  Describe,  with  sectional  view,  a  force  pump  as  used  for  feeding  a  steam 
boiler  or  raising  water  to  heights  of  100  ft.  or  more. 

5.  Explain  two  or  more  devices  for  rendering  the  delivery  of  pumps  ap- 
proximately uniform  instead  of  intermittent. 

149.  The  Hydraulic  Ram. — This  is  an  automatic  device  in  which 
the  kinetic  energy  acquired  by  water  in  descending  along  a  gently 
sloping  pipe  is  utilised  for  forcing  a  part  of  this  water  up  to  a  level 
above  that  from  which  it  started,  the  remainder  running  to  waste. 
Its  arrangement  and  action  may  be  understood  from  Fig.  104. 

The  water  from  a  spring  or  other  natural  source  flows  down  the 
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slightly  sloping  pipe  AA,  and  easily  escapes  by  the  largo  vahv  r». 
whose  weight  tends  to  open  it.  When  >uttu  lent  velocity  is  attained, 
the  rush  of  water  is  able  to  lift  the  valve  B  and  close  it.  The 
momentum  of  the  water  thu-  s  a  check  which  produces 


FIG.  104. — Hydraulic  Ram. 

sufficient  pressure  to  open  the  valve  C  and  drive  some  water  up  the 
delivery  pipe  D  and  so  to  a  1  :  tin  toj 

country  house.  The  velocity  of  the  water  in  the  pip,-  AA  accord- 
ingly falls  off,  the  valve  C  closes  and  the  valve  H  falls  by  its  own 
weight,  and  the  cycle  of 

1  he  air  (ham  her  E  serves 

.intain  the   i! 
)  alt- 

1  thu-  modcr- 

te,  it  nut  i<  i 

itennittence  of  the  dis- 
hai 

Jet  Pump.  -The 

.pie    and  a<  tion    of 

MS    jet    pump    may   be 

105. 

'  .'hen   water   (or   air)    is 
.  in  at   A.  the  con- 

i  >  velocity   and 

cj  ices  its  pressure,  thus 

i:  ducini^   a   tluw  in    .it    < 

t      .111     '  I    level     I), 

i  t\v..  -tn-anis  brint,' 
d  •  liargedtu^fth,  i 
T  iis  i-^  but  one  of  many 
aj  plications  of  the  same  principle.  Other  form-  «.l  pump  involv- 
ing this  principle  ma\- be  nuticed  later.  (>e«-  Bernoulli's  Theorem. 
A  1.96.) 

151.  Venturi  Water  Meter.     Thisdrvic.-  evolnmc 

of  water  pa-MiiL;  a  pl.i<  e  in  a  ijiven  ti:  Dg  a|)plica 

ti<  n  of  the  prim  iple  that  wh«-n-  the  tluw  [fl  (pin  k«-i  the  pressun    u 


180  MECHANICS   OF   FLUIDS 

smaller,  other  things  being  equal.  (See  Bernoulli's  Theorem,  Art. 
96,  equation  (5).) 

In  this  meter  the  water  is  forced  through  a  gently-sloping  waist 
of  cross-sectional  area  B  in  the  pipe  of  area  A,  as  shown  in  Fig.  106, 
and  the  pressures  measured  by  mercury,  water  or  other  gauges  at 
the  largest  and  smallest  sections. 

Let  the  difference  of  the  pressures  in  height  of  water  column  be 


Togouge 


FIG.  1  06.  —  Venturi  Water  Meter. 


H,  the  velocities  being  denoted  by  u  through  A,  and  v  through  B. 
Then,  if  the  axis  of  the  pipe  is  horizontal,  we  have 


i 


Also,  if  A=rE,  w=-     ......  (2) 

Hence,  (2)  in  (i)  gives      v2(i—  ^J=  2#H  ......  (3) 

Or,  if  Q  be  the  volume  of  water  passing  in  time  t, 

...  (4) 


where  C=B  ......    (5) 

• 

If  B  is  in  square  feet,  t  in  seconds,  g  in  feet  per  sec.  per  sec.,  H 
in  feet,  then  Q  will  be  in  cubic  feet. 

The  above  is  only  the  elementary  theory,  in  practice  friction 
must  be  allowed  for. 

EXAMPLES  LV. 

1.  Explain  the  construction  and  action  of  the  hydraulic  ram.     Does  its 
working  conflict  with  the  principle  of  the  conservation  of  energy  ? 

2.  Give  a  sketch  of  some  simple  form  of  jet  pump  or  sprayer,  and  explain 
its  action. 

3.  Explain  carefully  the  principle  of  the  Venturi  water  meter. 

4.  From  the  following  data  for  a  Venturi  water  meter  find  the  volume  of 
water  passing  per  second  and  per  hour. 

Cross-  sectional  area  of  waist,  one-tenth  of  a  square  foot;  cross-sectional 
area  of  rest  of  pipes,  i  sq.  ft.  ;  the  difference  of  head  at  pipe  and  waist  being 
14  ft.  of  water. 

5.  Find,  in  gallons  per  24  hours,  the  flow  of  water  in  a  pipe  4  ins.  diameter 
inside,  if  at  a  waist  of  1*5  ins.  diameter,  the  mercury  pressure  gauge  differs 
from  that  in  the  pipe  by  a  height  of  1*6  ins. 
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15 j.  Diving  Equipments. — The  old  diving  bell  and  the  present 
diver's  dress  are  examples  of  pu>hing  aside  water  by  means  of  air 
for  the  diver  to  breathe.  In  the  bell  the  arrangement  was  static, 
only  a  limited  amount  of  air  1  tilable.  Its  contraction  in 

the  bell  at  various  depths  may  be  found  by  Boyle's  Law  if  the  tem- 
perature is  constant,  or  by  the  general  gas  equation  if  both  pre>suiv 
and  temperature  vary.  (See  also  Art.  138.) 

In  the  diving  dress  a  supply  of  air  is  continually  pumped  to 
the  helmet  or  chamber  indusin^  the  divert  head,  the  air  after 
respiration  «•-,.-. q>ing  in  bubbles  to  thr  MII  face.  (See  l"\^.  i«»;.) 

15;.  Siphons.  A  -iphon  in  its  simplest  form  nw>i>t>  <>f  .in 
inverted  U-tube  of  unequal  limb-,  tlie>h<»it  limb  dipping  into  the 


r's  Helmet. 


FIG.  1 08. — Common  Siphon. 


iquid  to  be  drained  away  and  thr  l.m^  limb  m«l  extending 

•  1  to  wh:  i  hat  liquid. 

Thu-.   in    Fig.   108,  thr  -hurt   limb  d:  iiquid   whose 

•vrl  is  at  A  and  the  long  limb  :  down  to  B,  the  bend  of  the 

iphoi.  ote  by  a  and  b  the  depths  of  A  and 

I  below  C. 

To  undri>tand  t  iphon  suppo^    it  to  br  full  of 

.md  that  th-  Is  closed,  so  that  all  thr  liquid 

hen  at  \'>  i>  u'ivrn  by 

p=h—a+b (i) 

v   .ere  ht  ot  th  1  with  the  same  liquid 

a  •  that  in  .1011.      Ti  l  hat 


p>hilb>a 


(2) 


Tiat  i->.  whrn  thr  ^iph..u  i-  tillrd  an«l  tin-  <'iid  B  opcnrd,  thr  liquid 

V,    11    How   wllL'  '.    is   IM  low  A. 

it  is  desirable  to  have  tin-  -ij.hou  >rlf  tilling  and 
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starting  at  regular  intervals;  such  an  arrangement  is  called  an 
intermittent  siphon.  Perhaps  the  most  familiar  example  is  that 
of  the  washing  trough  in  use  for  photographic  plates.  The  principle 
of  the  device  is  shown  in  Fig.  109. 

If  water  is  set  to  trickle  slowly  into  the  trough  it  will,  after 
a  time,  rise  to  the  bend  of  the  siphon  and  flow  over.  It  then  soon 

entangles  the  air  present  and 
sweeps  it  out  of  the  long  limb  of 
the  siphon,  which  then  runs  with 
its  full  bore  occupied  with  water. 
If  the  rate  of  the  siphon's  dis- 
charge gains  well  on  the  trickle 
both  at  first  and  even  when  the 
water  is  quite  low  in  the  trough, 
the  level  will  be  reduced  till  air 
enters  the  bottom  of  the  siphon's 
short  limb,  and  so  stop  its  work- 
ing. The  trickle  then  slowly 
refills  the  trough  and  restarts  the 
FIG.  109. — Intermittent  Siphon.  siphon  as  before. 

The  longer  limb  of  the  siphon 

is  often  arranged  close  to  the  end  of  the  trough  behind  the  ascend- 
ing portion,  but  is  shown  outside  in  the  diagram  for  clearness'  sake. 
154.  Giffard's  Injector. — Suppose  that  in  a  steam  boiler  we  have 
nearly  equal  nozzles  of  cross-sections  a  and  A  from  which  issue 
steam  and  water  of  densities  d  and  D  respectively,  the  pressure 
above  atmospheric  being  that  of  a  column  of  water  of  height  P 
(or  a  column  of  steam  of  height  PD  -i-  d) .  Let  the  velocities  of  the 
jets  of  steam  and  water  be  v  and  V  and  the  masses  delivered  per  sec. 
of  each  be  m  and  M  respectively. 

Then,  using  Torricelli's  theorem,  we  obtain  quite  simply  the 
following  relations,  as  clearly  set  forth  by  Sir  G.  Greenhill  (Hydro- 
statics, p.  465,  London,  1894) : — 


Ratio  of  velocities     =-=7=  v  **'  "  '  "  =  \7  -j     .      .      .      .     (i) 


T 

Ratio  of  masses  de- 1  _  w  _  ^^  _  £     /  £  /  v 

livered  per  second  j      M  ~  VAD  ~  A  V  D 

wv      « 
Ratio  of  momenta     ^rTTr^T •      •      •     (3) 


Ratio  of  energies  or)       jwt;2  .  . 

H.P.'sof  jets        J      JMV2     AV  d 

Hence,  with  a  suitable  apparatus,  the  greater  energy  of  the 
steam  enables  it  to  overcome  the  water  jet  and  to  enter  the  boiler 
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even  when  mixed  with  the  water  ami  condensed  by  it.     The  maxi- 
mum mass    of    water    ted    in    p  .d  would    be    the    difference 
.  een  the  masses  of  water  ami  -team  blown  out. 
From  equations  (i)  and  (2)  this  difference  i>  >cen  to  be 

.      .      (5) 


Steam 


•il 


In  this  way  Greenhill  popularly  explains  the  action  of 

.own  in  Fig.  no.     In  sueh  an  injector  a  pound  of  steam 
may  force  in  15  Ib.  of  water,  but 
in   a   steam   pump    much   more 
may   be    forced    in.     The 
m]eet<>r    has,    however,    th' 
vantages   of   working   when    the 
is  still  and  of  heating  the 
feed  wa 

iS>  The     Pulsometer      Si 
Pump.     This  unique  combi: 

im    pov,  pump    i^ 

>hown    in    section    in    l;ig.     in. 

valves,    but  c«-  cast- 

iron    body    provided    with    two 

i      two 

is   in   one   casting   composed    of 
two  main  chambn 

•inmuneating  with 
•r«e   box    and    t! 
vessel.      Mnmoimting    the   body 

med  bae  \  nnt.il. 

!  cinitml   tin-  adnn-Mon  oi   the 

steai  .  left  of  the 

action  of  the  pump 
dten  !nvm-  .  .  lumber  A  bv 

lie  p-  mi  on  it,  th'  the  tilling  ,,|   th.it 

hamber    by    the  I  h, 

ontn»l   of   tln-sr   altern.it i< nis    i  .,1    by   the 

->(  illation  i  ball   I  in  the  following  mat 

1  *  State  of  things  a  little  earlier  t!  i  r  i ,  vi/. 

•-hand  eliaml-  -nt  OJM-II  to  i 

best.:.'        I  hen  the  bv  t  he  ball   into  t  he  <  hambei , 

.  nd  j)r«-Nsi-,  upon  the  >m.ill  >urfa«  «•  -  and  drp: 

'  itimi   and   therefore  with   little   L<>)idc)i\ati<>, 
it  through  the  (i  |    into  the  rising  main.    The 

Moment,  1  '  he  <  hamber  I. ill  ^  io  the  le\-.-l  of  the 

•  mi  h  lea  ;e  box,  t: 


y 

Delivery 
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blows  through  with  a  certain  amount  of  violence,  and  as  it  is  brought 
into  intimate  contact  with  the  water  in  the  discharge  box,  an 
instantaneous  condensation  takes  place,  and  the  partial  vacuum 
thus  formed  in  the  emptied  chamber  immediately  pulls  the  control 
ball  I  over  to  the  right  and  cuts  off  further  admission  of  steam, 
allowing  the  vacuum  to  be  completed.  Water  immediately  enters 


FIG.  in. — Pulsometer. 

through  the  suction  pipe,  and,  lifting  the  rubber  disc  of  the  inlet 
valve  F,  rapidly  fills  the  chamber  again.  We  have  thus  traced 
through  the  cycle  of  two  operations  for  the  right-hand  chamber  A. 
But  this  is  only  half  of  the  pump's  work.  For  while  the  right 
chamber  was  emptying  its  water  into  the  discharge  pipe  the  left 
chamber  was  filling  from  the  suction,  and  while  the  right  chamber 
was  filling  from  the  suction  the  left  chamber  was  discharging. 
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se  alternations  continue  while  the  pump  is  supplied  with  steam 
and  water,  and  follow  with  such  regularity  that  the  stream  of  water 
i>  practically  continuous. 

There  are  also  air  valves  wh«>se  function  is  to  introduce  a  small 
quantity  of  air  at  each  stroke  for  the  purpose  of  cushioning  the 
ball  when  it  changes  position,  and  i«>i  separating  the  steam  from 
the  water  by  a  non-conducting  film  >«»  as  to  prevent  loss  by  conden- 
-ation  during  the  expulsive  jxjrtion  of  the  cycle.  Air  brim;  lighter 
than  water  and  heavier  than  steam,  fulfils  this  duty  admirably. 

The  foregoing  figure  and  descript;  ken  from  publications 

kindly  fumy  purpose  by  the  maker-,  the  Pulsometer 

ing  Co.,  Ltd.,  of  London  and  Reading. 


AMPLES    LV1 

-plain  tli'  :ig  bell  and  describe  the  arranp-nu  nt  i.\- 

which  it  i 

iu»\v  tliat  it 
1  .in-  tullilK.l. 

common  use.     What  coiulit- 

bo  .1  Ixiii*  i 
as  to  force  wat  at  same  boiler  agai  ; 

A  sectional  view  of  the  ptUaomctcr  steam  pump  and  <! 

)Q. 

Humphrey's    Internal-Combustion    Pump.     In    [909,   II.     \ 

Humph-  .--I  m\<iiti..n  before  the 

noli,  e  i,t  the   Institution  nt   M  I'ro 

::id   peimi-sjnii   ..(    the 

«>n. 
invrntor\  ,iim  «  :«)duce  a  ]nimj>  o[  -n  .it   ^impli-  it\- 

tli.  in  \\:  upon 

ml  in  \vlii«  h  i 

ing  ;  |iiiivd  1»  ind  th«-ii  ! 

ilarlv  n  !  imp. 

tiblr  mixtmv  nl  eaa  and 

to  ;,  tot  quite 

n<  \  :  868,      I -ut  tin-  old  fen 

in  t  lion  in\< 

\vhi«  h  the  water  was  for«  ,\-<-  pn>v< d  a  Jailun-  \vln  n 

tv»C  C3  •  force  occun. d  bt-hind  it. 

the  types  of  pumps  now  inv.  nt.-d  th«-i«-  is,   \vln-u   tli. 
pl«-  in  the  combustion  rli;imbi-i    to 

th»-  tin.il  on:  :   thus  pumpi-d  to  a  lii,L,'h  h-vel 

is  allowed  to  return  to  cmnpi-  nibustihlc  charge.     \\'ln-n 

Slid-  and  in«  om- 

pressible  liquid  (   dilti*  ult\    i     lound  in  inutrolling 

movement  of  th«-  limiid.     All  Midi  dilii.    .  lemoved  in 
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the  inventor's  pumps  by  allowing  the  movements  of  liquid  to 
control  the  pump,  and  by  causing  the  mass  of  liquid  moved  to  be 
sufficiently  large,  so  that  the  velocities  are  never  excessive.  The 
mass  of  water  forms  a  pendulum  which  swings  between  the  high 
and  low  level,  and,  by  its  movement  alone,  serves  to  draw  in  fresh 
water,  to  exhaust  the  burnt  products,  to  draw  in  a  fresh  combustible 
charge,  and  to  compress  the  charge  previous  to  ignition." 

157.  The  construction  and  action  of  the  first  experimental 
four-cycle  pump  may  be  understood  from  Fig.  112,  which  shows  one 
of  the  simplest  forms.  The  combustion  chamber  is  marked  A, 
"  and  is  fitted  with  an  inlet  valve  B  for  the  combustible  mixture, 
and  an  exhaust  valve  C  for  the  burnt  products.  A  pipe  D  connects 
the  bottom  of  the  combustion  chamber  to  a  low-level  tank  E,  and 


FIG.  112. — Humphrey's  Internal  Combustion  Pump. 

to  a  high-level  tank  F,  and  between  this  pipe  and  the  former  there 
is  a  water- valve  G.  The  inlet  valve  B  is  normally  kept  shut  by  a 
spring,  but  the  exhaust-valve  C  has  no  spring  to  hold  it  up,  and 
falls  by  its  own  weight  when  the  pawl  H  is  removed  from  under  a 
collar  J  on  the  exhaust- valve  stem.  This  pawl  is  operated  from 
the  water-valve  G,  so  that  when  the  water-valve  opens  it  releases 
the  exhaust  valve. 

"  Suppose  all  the  valves  shut,  and  a  compressed  combustible 
charge  to  exist  in  the  top  of  the  combustion  chamber,  the  rest  of 
the  chamber  and  the  pipe  being  full  of  water.  Explosion  occurs 
at  a  sparking-plug  K,  and  the  increase  of  pressure  drives  the  water 
downwards  in  the  chamber,  and  forces  the  column  of  water  contained 
in  the  pipe  to  move  towards  the  high-level  tank  so  that  a  quantity 
of  water  is  discharged  into  this  tank.  From  the  moment  when 
ignition  occurs  to  the  time  when  expansion  reaches  a  pressure 
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equivalent  to  the  static  head  of  the  water  in  the  high-level  tank, 
the  exo  'ire  in  the  combustion  chamber  has  been  increasing 

the  velocity  of  llow  towards  the  high-level  tank,  so  that  at  the  end 
of  this  period  the  column  of  water  has  a  considerable  velocity. 
The  kinetic  energy  thus  acquired  causes  the  water  to  continue  to 
flow  in  tht'  same  direction,  until  the  pressure  on  the  under  side  of  the 
water-valve  is  less  than  that  above  it,  and  the  difference  of  pressure 
causes  this  valve  to  open.  This  occurs  when  the  products  of  com- 
bustion have  expanded  to  about  atmospheric  piv»uiv.  The  open- 
ing of  the  water-valve  i  chaUSl  valve,  and  now  water 
from  the  Ion  '.nk  flows  past  the  water-valve  partly  to  follow 
tin-  column  of  water  still  moving  towards  the  high-level  tank,  and 
partly  to  flow  into  the  combustion  chain:  \pel  some  of  tin 
exhaust  ga-  :idency  for  the  water  to 
hamber  to  the  Mine  level  as  the  water  in  the  low-level 
tank,  but  usually  a  little  before  this  level  is  quite  reached  the 
kill'  '  <  olumn  has  been  expended  in  forcing 
moi'  :nto  the  hiu'l  nk.  and  the  column  has  then 
coin  At  tin  :ig  on  the  water-valve 
quietly  rlos.-N  this  valve.  ;ind  .1  by  the  water  now  trvii; 
DOW  ba«  k  troin  the  high  level  tan  hamber.  It  cannot  llow 

k  far,  because  th-  blc  quantity  oi  \\ 

in   the   (hamber,   and   as   the  column  :-ther   it    reaches   the 

:;d.  Milking  against    it.  shuts  it    by  impact.      The 
exliaust  valve  is  innii  locked  shut  b\  t 1  :id  now  that 

there  i^  no  longer  any  outlet  for  the  small  quantity  of  buint  prod- 
win  :i.  they  are  impi  isoned  in  th-  Me  chamber  and 

•  n  as  th-  until  the  en. 

thll  '  'lllplessed    el  1     to    t  he 

rgy   given   out    by  the   fal.  the  elastic   «  n-hion 

the  rolumn  oi  'he  com- 

pression rably  exceeds  the  statie  h.  .id  <>t  the  \\.it,  i 

column  s«-t  up  while  this  cushion  expands  again. 

If  t  column  would  be  forO  d 

back  by  the  CmblOQ  tO  thfl  same  point  om  whi<  h  it  started, 

namely.  •  .  .nibiistion  ch.miber  a  little  below  the  l«-\«  I 

in  the  !  tank,  but   it   a<  tn.ill-  -t   move 

•  niitesofar.  However,  when  the  water  pas*  feloftheexhausl 

valve  tl.  •  ushion  is  aL.'ain  at  atmosplinic  preSSOre,  and  the 

further  descent  of  the  water  in  the  combustion  chamber  tend 
(  "eate  a  vacuum,  but  the  inlet  valve  is  only  held  shut   by  a  light 
>pring.  and  can  then-loir  readily  -  dmit  a  fie-h  combustible 

charge  during  th-  md  until  the  watei  •  cohui: : 

once  more  .  •  tOW  r«-a«  hed  i-.  of  OOIU 

still   un-tabl-  the  unbalaiu  ed  j)n---uie  din-  to  the  li 

in  the  hi^h-level  tank,  and  thi-  !  '  coml  return  of 

the  column,  BO  that   water  aSCendfl  in    the  coinbu-tion  i  hamber  and 
compresses  the  fresh  combustible  charge.     The  explosion  of  the 
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charge  by  means  of  the  ignition-plug  now  starts  a  fresh  cycle.  The 
operation  of  the  apparatus  is  so  simple  that  when  an  actual 
apparatus  on  these  lines  was  first  tried,  it  ran  steadily  at  the  very 
first  attempt." 

158. — Thus  to  sum  up,  starting  with  the  charge  under  compression, 
we  have 

(1)  The  ignition  and  power  stroke  delivering  water  into  the 
high-level  tank. 

(2)  The  exhaust  stroke  in  which  a  return  swing  of  some  water 
drives  out   the   burnt  products  and   compresses  a   small   cushion 
of  gas. 

(3)  The  induction  in  which  the  expansion  of  this  cushion  drives 
the  water  forward  again  so  that  by  its  momentum  it  continues  and 
draws  in  a  fresh  combustible  charge. 

(4)  The  compression,  in  which  a  second  return  swing  of  the 
water  compresses  this  charge  ready  for  ignition. 

We  thus  return  to  the  state  with  which  we  started  and  so  com- 
plete the  four-stroke  cycle  of  the  pump. 

The  whole  arrangement  may  be  likened  to  the  combination  of  a 
hydraulic  ram  and  a  gas  engine,  in  which,  however,  the  piston  is  water 
and  so  offers  the  advantages  of  automatic  internal  cooling  and  lubri- 
cation at  no  expense  whatever. 

159.  Dr.  W.  Cawthorne  Unwin  tested  one  of  Humphrey's  pumps 
in  Staffordshire,  and  found  that  the  consumption  of  anthracite  coal 
was  i'o6  Ib.  per  pump  horse-power  hour.     With  slack  costing  6s.  gd. 
per  ton  delivered  into  the  Mond  gas  producers  at  Dudley  Port,  the 
actual  cost  of  slack  to  yield  the  83  cubic  feet  of  producer  gas  needed 
per  pump  horse-power  hour  is  under  O'o6d. 

Many  different  forms  of  pump  have  been  developed  since  that 
shown  in  Fig.  112,  which  gives  but  the  germ  of  the  invention.  In 
1913  eight  Humphrey  pumps  were  put  in  hand  for  the  Egyptian 
Government,  each  to  deliver  a  hundred  million  gallons  a  day  through 
a  lift  of  nineteen  feet. 

160.  Pumps  for  Hydraulic  Power. — We  will  now  notice  types  of 
pumps  used  for  delivering  water  at  high  pressure  for  purposes  of 
hydraulic  power  (see  Fig.  113). 

This  section  shows  an  Admiralty  pump  in  which  the  suction 
occurs  only  on  the  outstroke,  when  the  plunger  moves  to  the  left, 
a  half  delivery  occurring  at  the  same  time  because  the  water  is  then 
driven  out  from  the  annular  space  round  the  piston  rod.  On  the 
instroke,  when  the  plunger  moves  to  the  right,  all  the  water  drawn 
in  at  the  previous  stroke  passes  through  the  intermediate  valve, 
but  of  this  only  one  half  is  delivered  outright,  the  other  half  passing 
round  into  the  annular  space.  This  division  into  exact  halves  is, 
of  course,  secured  by  making  the  cross-sectional  area  of  the  piston 
rod  just  half  that  of  the  bore  of  the  pump  barrel.  The  delivery  is 
thus  very  regular. 

This  pump  is  worked  by  a  compound  steam  engine,  the  high 
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and  low  pressure  cylinders  being  in  tandem  with  the  pump,  so  that 
the  piston  rods  lie  along  the  saint1  line. 

in  i.  Power     Pump     Electrically     Driven. — The    type    of    pump 
shown  in  Fig.  114  i-  an  rxample  of  a  modern  pump  designed  for 

hvdraulic  power,  and  is  electrically  driven.     The  illustrations  and 


Discharge 


Piston  rod 
common  To 
Pump  and 
Compound, ' 


Inlet 
FIG.  113.— Admiralty  Pump  for  Power. 


description  given  are  from  ;  kindly  supplied  by  the  mates, 

1  mipCo.,  I. til.,  of  London,  and  aiv  hnv  ivpr., 

bv  their  prnni^ion.      \:\^.  \\\  \  •  >^'!.iph  «>f  a  li«i  i/.mtal 

dupl.-x    pump    with     i«mr    -in^lr-a.  ting  plungers  each  of    <>   in-. 


FIG.  114.  —  Worthington  Power  Pump. 


diameter  ;<.  OS,  stmk  built  for  purely  li\-dr.mli«- 

purposes  fm    tin-   Imperial  J  d.-al  \\itli  j.Sh 

gallons  per  minute  again-t  a  pressore  «•!"  [,000  H>-.  weight  j>er  sq. 

iin-h.  wln-n  running  at  a  sj>eed  of  40*5  revolutions  prr  minute.      It 

was  drivi-n  by  a  British  W<  rrent  motor  of  250 

boiM  i  ininnt<-.     As    may   be 

.in  tin-  vi.-w  in  l-i  .:    i  i.j.  tin-  in.  »t.»r  is  geared  down.      I  In  . 
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is  accomplished  by  steel  wheels  inclosed  in  the  case.  The  two 
cranks  are  set  at  an  angle  of  90°  to  each  other.  One  pair  of  single- 
acting  plunger  pumps  are  in  a  line  and  worked  from  one  crank  by 
the  connecting  rod,  the  two  plungers  being  connected  by  the  yoke 
rods  and  crossheads  seen.  The  other  pair  of  plungers  is  similarly 
worked  from  the  other  crank. 

On  each  pump  is  mounted  a  valve  box  as  shown  in  section  in 
Fig.  115- 

This  box  contains  two  suction  valves  at  S,  S,  and  at  a  higher 
level  two  discharge  valves  at  D,  D,  covered  by  covers  C,  C,  C,  C,  all 
similar,  though  only  one  of  the  four  valves  (with  its  cover)  is  shown 
in  the  diagram.  The  route  of  the  water  is  shown  by  the  arrows. 

Pumps  of  this  type  have  been  supplied  to  iron  works  and  mines, 
and  for  operating  lifts,  capstans  and  other  hydraulic  machinery. 


FIG.  115. — Section  of  Valve  Box. 

The  valves  differ  slightly  in  different  examples  according  as  the 
water  is  clean  or  gritty. 

The  piece  of  apparatus  standing  up  at  the  left  side  in  Fig.  114, 
with  vertical  coiled  springs,  is  called  the  alleviator.  Its  purpose 
is  to  provide  a  mechanical  substitute  for  the  air  vessels  commonly 
adopted  on  high-pressure  pumps,  but  which  give  trouble  for  pressures 
exceeding  600  feet  head  of  water.  The  ram  of  the  alleviator,  held 
down  by  the  four  springs,  lifts  slightly  when  necessary,  and  so  takes 
up  the  pulsations  of  the  water  and  thus  relieves  the  shock  on  the 
pumps  and  motor.  It  is  said  to  give  no  trouble  in  working,  even 
with  pressures  up  to  three  tons  weight  per  square  inch. 

162.  Hydraulic  Accumulator. — Since  the  machines  driven  by 
hydraulic  power  may  work  intermittently,  it  is  desirable  during 
their  cessation  to  store  up  the  energy  delivered  by  the  pressure 
pumps  and  avoid  their  stoppage  also.  This  is  effected  by  the  use 
of  an  hydraulic  accumulator.  It  consists  essentially  of  a  vertical 
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High  Pressure 


hydraulic  cylinder,  connected  both  to  the  pumps  and  the  machines, 
and  provided  with  a  weighted  ram  so  as  to  deliver  the  water  at  a 
definite  constant  pressure.  \Yhen  the  ram  rises  to  its  upper  limit, 
it  actuates  a  mechanism  which  stops  the  pumps.  Power  drawn 
from  the  stock  of  energy  in  the  accumu- 
lator, by  the  starting  of  any  machine,  then 
lowers  the  ram  and  restarts  the  pumps. 

Intensifying  Accumulator. — In  con- 
nection with  an  hydraulic  pre--inv  >ystem 
an  intensifying   accumulator   or  /'/. 
may  d.      In   this   device    a    pi-ton 

works  in  the  low-pressure  cylinder  and  a 
connected  pi-ton  rod.  or  rain,  in  the  high- 
pressure  cvlinder,  from  which  th«-  hydraulic 
machines  can  draw  their  supply.  1  hu-. 
th«-  pre— iin-  i-  ma^nitied  in  i»  of 

th<-  areas  oi  .d  pi-t«>n.    An  ir 

:    i-  shown   dia^rammatically  in  Fig. 

isily  seen   that   the   inti-n-ifn-r 
i;ilogy   to    tl,  •  de- 

press.   For,  in  the  press,  the  forces  exerted 
by  plunger  and  ram  rise  in  tl 
of  their  areas,  the  pressure  of  th«  n.nnect- 
ing  fluid  remai:  rcas, 

r,  the    f»  ilu- 

tlui«U  in  ton  and  ram  rise 

in  the  inverse  \  in-ir  areas,  tin-  total  forces  on  ram  and  , 

being  constant 


FIG.  116. — Intensifying 

Accumul 


XMPLBS   LVII 

i  diagram  oi  Humphrry's  four-cycle  internal  combustion  \\\\m\> 
n  its  work; 
^Vhat  advantages  are  ( l.nin.-.l  i,.r  Humpln.  \-'s  explosion  pu; 

3.  Describe  sor.  .••imp. 

4.  Give  a  general  description  of  s<>:  a  puui|)  \ 

:."  :itS. 

|UC  a.  <  iiiuiilatur. 
::il.it.ir   an.l    .  CM 

ith  that  ot  tin  press. 

i   an   intciiMtvin^  ;n  •  uinul.ito: 
pressure  of  500  it  JXT  s<ju 

.    what  pressure  does  th« 

Torpedo     Compressors.     I  he    commo  nni)le    of    a 

mmp  ing  aii  is  th<-  ord  •  t«-i  n  lui  inflating  cycle 

yres  and  familiar  to  all. 

An  imp  purposes  is  that   u-«-d  I<M 

tin-  charge  oi  compressed  .m  \vin.h  -uppii«--  tin- 
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FIG.  117. — Torpedo  Compressors. 


power  to  one  form  of  torpedo.  The  same  type  of  pump  is  also 
used  for  compressing  the  air  in  Hampson's  liquefier  for  the  wholesale 
liquefaction  of  air.  As  used  for  this  purpose  the  pump  is  shown  in 
Fig.  117.  It  is  seen  to  consist  of  a  large  low-pressure  cylinder  A, 

and  a  small  high- 
pressure  one  B.  The 
first  cylinder  com- 
presses the  air  to 
about  16  atmo- 
spheres, which  then 
passes  by  the  pipe 
C  to  the  second 
cylinder,  which  com- 
presses it  to  some- 
thing exceeding  200 
atmospheres,  so  that 
in  normal  working 
the  gauge,  some 
distance  beyond  the 
pumps,  stands  at 
200  atmospheres. 

It  is  seen  that  the  one  crank  D  works  both  pistons,  one  giving  its 
power  stroke  while  the  other  gives  the  back  stroke.  The  whole 
is  immersed  in  running  water  to  keep  the  air  cool  in  spite  of  the 
compression. 

165.  Bourdon  Pressure  Gauge. 
—The  principle  of  this  instru- 
ment was  discovered  by  its  in- 
ventor in  1851,  and  is  as  follows. 
If  a  bent  tube  of  elliptic  cross 
section  is  exposed  to  a  higher 
internal  than  external  pressure, 
the  cross  section  becomes  more 
nearly  circular  and  the  bend  in 
the  length  of  the  tube  uncurls 
somewhat.  If  the  pressure  is 
decreased  again  the  cross  section 
and  longitudinal  curvature  re- 
cover their  original  values. 

The  gauge  is  diagrammati- 
cally  shown  in  Fig.  118.  The 
bent  tube  PQ'is,  at  its  fixed 
end  P,  open  to  the  pressure  of 
the  steam  or  other  gas  to  be  FIG.  118. — Bourdon  Gauge, 

indicated.     The  other  end  Q  is 

closed,  but  moves  by  the  curling  or  uncurling  of  the  tube  under 
lower  or  higher  pressures.  It  thus  actuates  the  pointer  T,  by  the 
link  L,  quadrant  R,  and  pinion  N,  as  shown.  The  pressures  are 
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then  read  on  the  dial  which  is  graduated   by  the  application    of 
several  known  pressu:- 

166.  Differential  Manometer.  In  the  ordinary  U-tube  mano- 
meter (see  Fig.  44  of  Art.  68),  though  the  difference  of  levels  measures 
the  pressure,  the  change  from  zero  of  either  of  these  levels  is  only 
half  the  difference  reached.  Hence  if  one  limb  of  the  manometer 
is  read  by  a  microscope  or  optically  projected  on  to  a  screen  for  an 
audit-nee,  this  manometer  loses  half  the  motion. 
.  i  But  sometimes,  for  small  changes  of  pressure,  the  very  opposite 
a  magnification  of  the  motion,  is  desirable.  In  these  cases  a 
differential  hydrostatic  principle  mav  bo  used  as  follows,  see  Fig.  119. 


uil  Manometer. 


In  i  may  first  notice  the  reservoir  at  the  top 

01  thr  riu'ht  limb.     Th«-  «  to  larger  cross-section  luce 

tl  5  rise  of  liquid  1<\<1  in  it  v. .  I'hus,  it"  tin- 

v<  ssel  were  made  wider  and  •  should  approach  the  case  in 

w  ->h  the  other  level  of  the  liquid  I.  ;  ethe 

fu    motion  instead  of  only  half  as  in  a  plain  U-tube. 

Let  us  note  secondly  the  <•!:•  .in. dm  iiiL,'  a  lighter  liquid 

be  .ween  the  main  liquid  and  the  gas  whose  pressure  is  to  be  ascer- 
ta  tied.  This  lighter  liquid  rests  upon  the  other  at  I  and  extend- 
inio  the  wide  rexrvoir  at  tin-  to  left  limb.  Hence,  i- 

adi  d  tin-  othrr  li<iuid  were  of  density 

eq  lal  to  th-  HOC  of  the  actual  densities  of  the  two  liquids. 
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Thus,  if  this  difference  were  only  one-fiftieth,  a  fifty-fold  magnifica- 
tion would  be  approached  if  the  reservoirs  were  very  wide. 

To  deal  with  the  case  in  detail  we  may  proceed  thus.  Take  the 
level  of  the  bottoms  of  the  reservoirs  as  zero,  let  the  interface  I  of 
the  two  liquids  in  the  left  limb  be  y  below,  and  the  heights  of  the 
liquids  in  the  two  reservoirs  be  h  and  k,  the  densities  of  the  corres- 
ponding liquids  being  d  and  e.  Also  let  the  inner  cross-sectional 
areas  of  each  of  the  reservoirs  be  A  and  of  each  limb  of  the  tube  be 
a,  the  pressure  to  be  measured  p,  and  that  of  the  air  q. 

Then  we  must  express  the  hydrostatic  law  of  equilibrium  as  to 
pressure  and  depth,  also  the  constancy  of  volume  of  each  liquid. 
The  hydrostatic  principle  gives 

P+(k+y)e=q+(h+y)d    .     .     .     .     (i) 
The  constant  volumes  of  the  liquids  give 

Ah  —  ay=  a  constant  =  AB,  say, 
and  Ak-\-ay=3i  constant  =  AC,  say. 


Hence,  h=B  +    y       ......      .     (2) 

A. 

and  k=C-J?       ......     (3) 

These  in  (i)  give  an  equation  which  may  be  written 


-      -     (4) 

thus  giving  the  gauge  pressure,  p—q,  in  terms  of  the  quantities 
involved.  We  see  that  for  p—  q=  zero  the  two  terms  on  the  right 
side  are  numerically  equal. 

Suppose  now  that  the  pressure  p  changes  to  p',  the  interface  I 
then  moving  to  a  new  depth  y'.     Then,  we  have 


Subtract  (4)  from  (5),  collect  the  y'  —  y,  and  divide  byp'  —  p.     We 
then  obtain 


p'  —  p     (A+a)d-(A-a)e  ' 

And  this  expresses  what  may  be  called  the  sensitiveness  of  the  mano- 
meter or  gauge,  for  it  gives  the  ratio  of  the  change  of  level  of  the 
interface  I  to  the  change  of  pressure  which  produces  it. 

We  reduce  this  to  the  case  of  the  plain  U-tube  manometer  by 
putting  A—  a,  and  then  find  that 

y'—  y  _  i  ,  , 
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Take  now  the  other  extreme,  where  a  is  negligible  in  comparison 
the  reserv.'ir-  .   wide   indeed.     Equation  (6)  then 

becomes 

/  _ 

(8) 

The  compai :  .  J  (8)  bears  out  what  was  mentioned  at 

the  outset  that  the  differential  gauge  duct  ion  of 

motion  to  a  half  as  in  the  plain  gauge  and  is  equivalent  to  the  use 
of  a  single  liquid  of  d«-n>ity  equal  to  the  difference  of  the  densities 
of  the  two  actual  liqu: 

Thus  the  limiting  advantage  possible  in  the  sensitiveness"  as 
compared  with  the  plain  manometer  is  given  by  (8)-f-  (7),  or 


•io  of  sensibilities  =  - ....     (9) 

To  illustrate  the  exact  gain  for  |  dues,  let  A=3oa  and 

d  and  e  be  0'8i  and  O'8o  respectively  (obtained  by  paraftin  and  a 
inixtui  .d  spirit).     Then,  referring  to  c  nd 

y=v_ 21 ;" 

P'  —  P      3l(0-8l)— 29(0-80)        i    ,: 

(•r  the  lighter  liquid  in  a  plain  U-tube.  the  value  from  (7) 
ouldbe 
__  l       -  * 

P'  —  p     2x0-80     i-') 

1  ms  showing  a  25-fold  gain  in  sensitivem 

EXAMPLES  IAIN. 

i  Make  a  sectionl  drawing  of  a  pair  of  torpedo  compressors  and  explain 
tl  ii 

2.  Explain,  with  diagram,  th  !    and  action  of  a  Bourdon  pressure 
gi>  ige. 

3.  Consider  the  motion  of  tin-  liquid  in  one  limb  of  an  open  mam 
sh  who  : uiy  be  nearly  doubled  if  the  op 

!  ly  less  d< 
is ;  iterposed  between  the  first  li<iuid  and  the  gas. 

4.  Derive  a  m  manometer  in  winch 
t\.    licjuids  a:                                   .md  meet  in  a  communicating  U-tu 

5.  Giv«-  a  nun;  1  gauge  showing  about  a  t 

167.  Early  Air  Pumps,  \\irious  forms  of  air  pump  have  been 
de  ised  t<>  <>l>t.un  partial  vacua  to  different  degrees  of  exhaustion 
in  Drder  to  ii  the  effects  of  lessening  the  uMial 

pn  >sure  and  <  As  in  modern  practice 

tht   e.!  largely  n\  d,  they  will  be  but  briefly 

noticed. 
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Hauksbee's  Air  Pump  consisted  of  two  suction  pumps  open  at 
the  top  and  mounted  side  by  side,  their  piston  rods  having  toothed 
racks  which  were  actuated  in  opposite  directions  by  a  toothed  wheel 
engaging  in  them.  Thus,  as  the  exhaustion  proceeded,  one  piston 
rising  against  the  atmospheric  pressure  was  balanced  by  the  other 
falling  under  the  same  pressure.  This  pump  had  the  disadvantages 
(i)  of  valves  that  needed  lifting,  and  (2)  of  clearance  spaces. 

Smeatoris  Air  Pump  was  a  single  suction  or  lift  pump,  the  dupli- 
cation being  here  unnecessary  because  the  top  of  the  pump  was 
closed,  and  the  atmospheric  pressure  thus  shut  off  during  the  greater 
part  of  the  stroke. 

Tale's  Air  Pump  was  double-acting  with  a  single  horizontal  barrel, 
at  the  centre  of  which  is  the  connection  to  the  receiver  to  be  ex- 
hausted. The  piston  is  nearly  half  the  length  of  the  barrel  so  as  to 
just  pass  to  the  right  or  left  of  the  inlet  pipe  from  the  receiver. 
Thus,  in  either  extreme  position  of  the  piston,  the  other  half  of  the 
barrel  is  open  to  the  receiver  ;  and  this  half-barrel  of  air  is  swept 
out  on  the  return  stroke  and  forced  through  a  little  valve  consisting 
of  a  flap  of  oiled  silk.  And  these  outlet  valves  are  the  only  ones 
required. 

168.  Progressive  Rarefaction  by  Air  Pump.  —  Let  the  receiver  of 
an  air  pump  have  volume  V  and  be  put  into  communication  with 
a  volume  v  in  the  barrel.  Then,  by  this  single  stroke,  the  original 
density  d  of  the  air  is  changed  to  a  value  dit  where 

Vd=(V+v)d1   ......     (i) 

The  next  operation  of  the  pump  ejects  the  volumes  v,  leaving  in  the 
receiver  the  volume  V  of  air  at  density  dlt  We  may  call  this  stroke 
and  return  stroke  a  cycle. 

Thus,  at  the  next  opening  of  the  receiver  to  the  barrel,  the 
density  falls  to  d2  by  its  expansion  from  V  to  V+  v.  Accordingly, 
after  two  cycles, 


2  .      .....     (2) 

And  generally,  after  n  cycles, 

dn      .....     (3) 


Hence,  multiplying  all  such  equations  together,  we  see  that  after 
n  cycles  of  the  pump,  the  density  dn  is  given  by 


dn  = 


That  is,  as  the  number  of  strokes  increases  in  arithmetical  progres- 
sion the  density  diminishes  in  geometrical  progression. 

The  above  examination  and  result  only  hold  for  the  ideal  case 
of  no  clearance  spaces,  no  leaks,  no  evolution  of  gas  in  the  receiver, 
etc.,  etc. 
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169.  Jet  Pumps  for  Exhaustion.— For  many  purposes  where  only 
moderate   exhaustions  are  required,   various  forms  of   jet   pump 
made  of  glass  or  of  metal  are  convenient  and  often  used.     The 
principle  is  explained  in  Art.  150,  and  one  form  for  liquid  suction 
shown  in  Fig.  105. 

EXAMPLES  LIX. 

1.  Give  an  account  of  some  early  forms  of  air  pump,  pointing  out  their 
faults  and  consequent  inability  to  produce  high  vacua. 

2.  Show  that  it  is  impossible  to  obtain  an  absolute  vacuum  by  any  ordinary 
air  pump,  even  if  there  were  no  leaks. 

3.  Prove  that  the  pressure  in  the  receiver  of  an  air  pump  can  at  best  only 
fall  in  a  geometrical  progression  as    the  number  of  strokes  increases  in  an 
arithmetical  progression. 

it  the  volume  of  pump  barrel  swept  through  by  the  piston  of  an  air 
pump  in  each  stroke  is  one-tenth  that  of  the  receiver,  wh.r  of  the 

original  pressure  is  that  left  in  the  receiver  at  strokes  ? 

5.  Given  that  the  receiver  of  an  air  pump  is.  at  ea<  n  stroke  of 

the  pump,  put  into  communication  lunu-  one-fifth  of  its  own,  how 

-  of  the  pump  must  be  performed  to  reduce  the  density  in  the 
r»«eiver  to  one- fiftieth  ? 

170.  Geryk  Vacuum  Pump. — This  modern  pump  is  named  after 
(  tto  \  icke,  and  is  made  und  i1  patents  by  the  Puls.. 

i  eter  Engineering  Co.,  Ltd.,  who  have  kindly  permitted  t: 
I  -eduction  of  the  accompanying  diagrammatic  sect 
1  eferring  to  the  figure,  A  is  the  suction  pipe,  B  the  air  port  into 
t  te  cylinder  above  the  piston,  <  i-ton  whose  bucket  It -atln T 

i   kept  up  to  tin-  cylinder  wall  by  oil  pressing  in  tin-  annular  space  D. 
1   is  the  piston  .iir  pipe  to  relieve  tin-  piston  on  first  i«  v, 

s  rokes,  G,  H  and  I  collars  and  cover  forming  a  good  joint  and 
d  livery  valve  com  In- 

When  the  piston  tl  stroke  as  shown,  there  is 

a  peri  U.     As  the  piston  rises  the  port 

I   is  cut  off  and  the  cylinder  full  of  -tibly  carried  up  to  the 

0  tlet  valve  G.    No  air  can  get  back  past  the  piston  as  it  i 

\v  thoil.     When  the  piston  approaches  the  top  of  its  stroke,  it  lift-  the 
v.  Ive  G  off  its  face  and  gives  a  free  outlet  for  the  lir,      1  he  oil 

01  the  piston  thru  miners  with  that  shown  above  G,  but  th< 

qt  intity  return-  with   .  on  on  the  closing  of  G.     1.  i*  the 

pi  ig  for  filling  up  with  oil,  which  U  very  non-volatile,  moist n 
ar  I  n-  nt  of  air  and  fills  all  clearance  spaces  and  seals  the 

va  ^  ^s. 

With  a  single-*  \-linder  pump  of  this  type  it  is  claimed  th 
ssure  as  low  as  the  quarter  of  a  millimetre  of  mercury  can  readily 
obtained. 

171.  Gaede's    Piston   Pump.     "1  his  patent  hi^h-vacuum  pump  is 
sh<  wn  ui.     It  is  but  one  of  a  number  of  appl: 

for  producing  hiijli  h  are  due  to  the  same  inventor, 

Dr.  Gaede. 
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It  is  described  somewhat  as  follows  by  the  maker,  E.  Leybold's 
Nachfolger,  of  Cologne. 

The  piston  rod  D  actuates  the  three  pistons  A,  B  and  C.  The 
stroke  of  the  pistons  is  limited  by  the  cover  a,  the  fixed  partitions  b 


FIG.  120. — Geryk  Pump. 


FIG.  121. — Gaede's  Piston  Pump. 


and  c,  and  the  cylinder  bottom  d,  all  but  this  bottom  being  provided 
with  small  valves  o.  On  the  up  stroke,  the  pistons  force  the  air 
from  the  port  n  towards  the  valves  in  the  partitions,  thereby  pro- 
ducing a  vacuum  in  the  bottom  chamber.  The  vessel  to  be 
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exhausted  is  fitted  on  to  the  standard  ground  nozzle  R,  connected 
to  the  jacket  H  of  the  pump  barrel  by  the  tube  m,  after  greasing. 

The  bottom  position  of  the  piston  C  is  in  contact  with  d  and  the 
thin  end  of  the  piston  rod  slides  down  into  the  recess  in  d.  In  this 
position  the  air  from  the  receiver  flows  through  the  nozzle  R,  the 
tube  m,  the  space  between  the  jacket  H  and  the  pump  barrel,  and 
the  port  n  into  the  lowest  chamber,  between  the  piston  C  and  the 
partition  c. 

As  the  piston  rod  moves  upv.  reduced  end  slides  in  the 

piston  till  the  latter  is  carried  up  with  it.  Shortly  before  the  end 
<>f  the  up  stroke,  with  C  nearly  up  to  c,  the  air  in  the  space  above  the 
piston  passes  through  the  annular  opening  left  on  the  partition  c 
by  the  reduced  end  portion  of  the  piston  rod,  and  thus  enters  the 
rough  vacuum  in  the  second  chamber,  above  the  partition  c.  pro- 
duced there  by  the  action  of  the  auxiliary  pistoi 

The  piston  C  is  retained  in  its  top  position  close  against  the 
partition  c  by  the  force  of  adhesion  until  the  thicker  part  of  tin* 
piston  rod  has  again  closed  the  opening  in  the  partition  wall  and 
\  carries  the  piston  C  along  with  it  in  its  downward  motion. 

air  contained  in  the  second  chamber  1  the  partitions 

c  and  b  is  not  delivered  d  nto  the  atmosphere  by  the  piston 

B,  1  romjh  vacuum  formed  between  tin-  partitions 

b  and  a  by  the  acti-  >n  :ston  A. 

nally  ejected  by  the  piston  A  through  the  top  valve 
o,  and  the  vent  q. 

The  oil,  penetrating  in  a  film  along  the  piston  rod  into  the  space 
between  the  cover  a  and  partition  b,  forms  an  emulsion  of  oil  and 
water  with  tin-  vapour  condensed  above  tin-  piston  A  at  eau  h  rom- 
pre-  'ke.  This  emul-ion  is  forced,  together  \\ith  the  air. 

through  tlu-  valve  *;  in  the  cover  a,  through  tin-  tube  P  above  the 
valve,  and  them  «•  into  the  chamlx  ;   K       I  !.:    •  hamber  is  tilled  with 
i  fibrous  ma>s  by  whi<  h  the  oil  and  water  emulsion  is  separated  into 
its  component^.     In  consequence  of  its  greater  density,  the  \\ 
-ollects  on  the  bottom  M  of  the  chamber,  and  may  be  pumped 
is  often  as  necessary  by  means  of  a  glass  syringe  and  rubber  tube 
:onnected  to  the  tube  N  extending  upwards  out  of  the  pump.     I  he 
>il  overflows  through  the  tube  S  into  the  space  between  a  and  M, 
.vh-  -enters  the  piim]  '<>  combine  with  fresh  quant  i 

ies  of  water  vapour. 

1  he  pumping  mechanism  of  Gaede's  piston  pump  contains  only 

••  oil  nere  tion,  and  to  the  peculiar  action 

i  the  piston  C,  the  gases  and  volatile  components  of  tin  lubricating 

»il  are  soon  expelled.     lint  her,  the  pressure  of  the  gases  and  vapoui  s 

lisengaged  1  1  is  lowered  to  such  a  degree  as  to  make  this 

>ump  compete  with  the  rotary  mercury  pump,  which  was  previously 

devised   by   Dr.   Gaede.     In  :mp   the   compartments   of  a 

lioll  Irum  are  filled  in  succession  with  rarefied  air 

;  dnutt'-d  through  ai:  y  then  plunge  under  mercury 
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and  so  expel  their  contents  into  the  rough  vacuum  prepared  by 
some  other  and  more  ordinary  pump. 

172.  Toepler    Pump. — In  this   classic  device  for  obtaining  the 
high  vacua  needed  in  many  physical  experiments,  mercury  forms  the 

piston  and  also  opens  and  closes  certain 
ports,  so  that  no  valves  are  needed  except 
one  rough  glass  valve  (G)  to  prevent  the 
mercury  entering  the  chamber  which  is 
being  exhausted. 

As  seen  in  the  photographic  reproduc- 
tion of  Fig.  122,  the  pump  is  chiefly  of 
glass  mounted  on  a  wood  stand,  the  ex- 
ception being  the  rubber  tube  (T)  con- 
nection with  the  reservoir  (R),  which  is 
alternately  raised  and  lowered  by  hand  to 
work  the  pump. 

When  the  reservoir  is  raised  as  shown, 
the  mercury  shuts  off  connection  with  the 
vessel  (E)  to  be  exhausted.  A  little  further 
raising  of  the  reservoir  would  then  fill  the 
bulb  (B)  with  mercury  and  send  a  little 
down  the  fall  tube  (F),  pushing  the  air  or 
other  gas  before  it.  When  the  reservoir  is 
lowered  so  as  to  re-open  the  connection 
between  E  and  B,  some  gas  passes  in  the 
direction  named,  thus  producing  a  further 
exhaustion  in  E.  Air  cannot  enter  from 
the  atmosphere  into  B,  because  the  bottom 
of  the  fall  tube  dips  into  mercury  in  the 
bowl  M  and  the  height  of  the  fall  tube 
exceeds  the  height  of  the  mercury  baro- 
meter. Hence,  the  next  raising  of  the 
reservoir  expels  the  gas  in  the  bulb  B. 

The  alternate  raisings  and  lowerings 
which  constitute  the  strokes  of  the  pump 

may  be  continued  till  the  required  exhaustion  (or  that  of  which  the 
pump  is  capable)  is  reached. 

173.  Gaede's   Molecular   Pump. — This  strikingly  original  pump, 
patented  by  Dr.  Gaede  and  put  on  the  market  by  E.  Leybold's 
Nachfolger,  will  be  described  by  abstracts  from  the  maker's  cata- 
logue.     Its  working  principle  is  illustrated  by  Fig.  123,  in  which 
A  is  the  drum  or  cylinder  fixed  on  the  shaft  a  and  inclosed  in  the 
casing  B.     A  groove  reaching  from  n  to  m  is  cut  into  the  casing  B. 
When  the  drum  A  is  rotated  clockwise,  the  air  contained  in  the  groove 
is  entrained  from  n  to  m  by  friction.     On  connecting  a  gauge  to 
the  apertures  m  and  n  by  pieces  of  rubber  tubing  S,  it  shows  a 
difference  of  pressure  between  m  and  n.     The  mercury  is  depressed 
to  o  in  the  right  limb  of  the  gauge  and  rises  to  p  in  the  left  limb. 


FIG.  122. — Toepler  Pump. 
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B 


^3. — Diagram  of 

MoKcul.tr  rump. 


This  difference  of  pressures  is  proportional  to  the  number  of  revolu- 
tions of  the  cylinder  A  and  the  viscosity  or  internal  friction  of  the 
gas. 

"  According  to  the  kinetic  theory  of  gases  the  internal  friction 
is  produced  by  the  collisions  continually  occurring  between  the  moving 
molecules  of  the  gas.  Maxwell  found  by  calculation  that  the  in- 
ternal friction  should  remain  the  same  independently  of  the  pressure 
to  which  the  gas  is  subjected.  This 
theoretic  inference  may  be  proved  to  be 
correct  by  means  of  the  arrangement  sh 
in  the  figure.  On  connecting  the  casing  B 
with  an  air  pump  the  level  of  the  mercury 
at  o  and  p,  indicating  the  difference  of 
pressures  produced  by  the  molecular  pump, 
will  be  seen  to  remain  unchanged  although 
the  absolute  pressure  is  lowered  consider- 
ably by  the  action  of  an  auxiliary  or  rough 
pump. 

rom  this  experiment  conclusions  of 
practical  importance  may  be  drawn  as  to 
action  of  the  molecular  air  pump. 
Let  the  difference  of  pressure  at  n  and  m 
produced  by  friction  (or  viscosity)  be  equal 
to  a  column  of  mercury  o  to  p  of  10  mm. 
As  long  as  the  casing  is  in  c<>mn  i  with  the  atmo>j>linr 

the  pressure  at  m  will  be  760  mm.  (say),  and  that  at  n  750  mm., 
but  on  ra:  :ie  air  in  the  casing  we  obtain,  say,  200  mm.  at  m 

and  if  jo  mm.  at  n,  or  50  mm.  at  m  and  40  mm.  at  n. 

i\  the  pressure  at  m  is  lowered  to  10  mm.,  if  the  ;ib<>vr  rul< 
held  good,  the  pressure  at  n  should  become  zero,  and  we  should  be 
able  to  produce  an  absolute  vacuum  by  means  of  the  arrang< 
describx  <  <  1 1  hus  be  an  ideal  air  pump. 

"  However,  a  :«>w  pressures  the  above  simple  relation 

t  m  and  n  gives  place  to  a  more  complicated 

one.     1  M  difference  between  the  pressures  at  ;;/  and  ;/ 

'nit  //.  -it  independently  of  the   degree  of 

-aref  action  reach 

"  The  mol«  :   a  gas  move  with  a  verv  high  velocity  in 

•tion   of   which   is  absolutely  irregular. 

mtil  they  meet  with  other  molecules.     At  ordinary  pressures  the 

Hilt  of  thi^  U  an  irregular  zig-zag  motion.     At  extremely  low 

ressures,  however,  the  col  »f  molecules  among  each  other 

>ecome  v<  owing  to  the  high  degree  of  rarefaction,  so  that 

he  molecules  of  the  gas  may  be  said  to  impinge  exclusively  on  the 

.-alls  of  the  vessel  containing  tl  the  walls  the  molecules 

.  re  reflected  quite  irregul.-irly,  the  angle  of  reflection  being  incle- 

] undent  of  ti 

"  \\V  may  imagine  the  wall  of  :  usted  vessel  to  be  covered 
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with  a  number  of  small  guns  out  of  which  the  molecules  are  pro- 
jected in  all  possible  directions  with  a  certain  mean  velocity,  the 
molecular  velocity. 

"  If  the  surface  of  the  cylinder  A  moves  with  a  velocity  higher 
than  this  molecular  velocity,  the  guns  move  to  the  right  with  a 
higher  velocity  than  that  with  which  the  molecules  are  projected 
out  of  them  to  the  left,  so  that  the  molecules  projected  towards 
the  point  n  are  nevertheless  entrained  to  the  right  in  the  direction 
of  the  arrow  in  the  figure. 

"  Hence,  no  molecules  reflected  from  the  cylinder  will  reach  the 
aperture  nt  and  a  region  of  fewer  molecules,  that  is  a  higher  vacuum, 
will  be  formed  at  n." 

In  practice,  the  speed  of  the  rotation  of  the  cylinder  is  not  so 
high  as  that  of  the  molecules,  further,  the  apparatus  is  much  more 
complicated  than  is  shown  in  the  figure,  which  is  diagrammatic  only. 
It  must  also  be  remembered  that  this  pump  is  effectual  only  in 
conjunction  with  an  auxiliary  or  rough  pump. 

174.  Exhaustion  by  Cooled  Charcoal. — Sir  James  Dewar  found 
that  cocoa-nut  charcoal,  when  cooled  by  immersion  in  liquid  air, 
absorbs  most  of  the  traces  of  gas  or  vapour  still  present  in  an  ex- 
hausted chamber.     This  method  of  finishing  the  exhaustion  of  any 
bulb  is  accordingly  very  valuable  and  in  regular  use.     A  side  tube, 
hanging  down  and  with  the  charcoal  in  it,  is  provided  on  the  main 
chamber  and  then  a  vessel  of  liquid  air  can  be  raised  into  position 
and  there  supported,  so  as  to  immerse  this  side  tube,  cool  the  con- 
tained charcoal,  and  thus  complete  the  exhaustion. 

175.  Vacua  Attainable. — The  following  table  gives  the  pressures 
of  the  rarefactions  attainable  by  the  various  pumps  noticed,  together 
with  references  to  the  authorities  for  each. 


TABLE  X. — RAREFACTIONS  ATTAINABLE. 


Pump. 

Pressure. 

Authority. 

Jet  Pump  or  Ejector  (using  water) 
Geryk  Pumps  (two  in  series) 
Gaede  Piston  Pump   .... 
Topler  Pump  (improved) 
Gaede  Rotary  Mercury  Pump    . 
Gaede  Molecular  Pump    . 

Mm.  of 
Mercury. 

7 

O'OOO2 
O'OOOO5 
O'OOOOI 
O'OOOOI 
O'OOOOO2 

G.  W.  C.  Kaye  (X-Rays) 
Pulsometer  Eng.  Co.,  Ld. 
E.  Leybold's  Nachfolger 
G.  W.  C.  Kaye  (X-Rays) 
E.  Leybold's  Nachfolger 
E.  Leybold's  Nachfolger 

176.  McLeod  Gauge. — The  higher  vacua  noted  above  were 
determined  by  the  McLeod  gauge.  This  device  has  a  bulb  B  of 
total  volume  V,  which  is  put  in  communication  with  the  exhausted 
chamber  C,  whose  pressure  p  is  to  be  measured.  Then,  by  raising 
a  reservoir  of  mercury,  the  gas  in  B  is  cut  off  from  C  and  compressed 
into  the  very  small  volume  v  of  the  upper  part  of  B  by  one  limb  of 
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the  mercury,  while  the  other  limb  is  still  in  communication  with  C. 
This  limb  stands  at  a  greater  height,  the  difference  of  levels  being, 
say,  //.  So  the  compressed  gas  of  volume  v  in  B  is  now  at  pressure 
h. 

Thus,  1  's  law. 


Hence,  the  pressure  sought  is  expressed  by 


The  actual  arrangement  may  vary,  the  scheming  of  a  possible 
design  is  left  as  an  exercise  to  the  student. 


EXAMPLES  I 
i.  Describe  the  co:  B  of  the  Geryk  vacuum  pump  and   explain 

ectional  view  of  Gaede's  piston  pump  and  explain  how  it  works. 

Toepler  mercury  pump  and  describe  its  action. 

:aw  a  sect:  of  Gaede's  molecular  pump,  explain  the  action, 

give  relations  that  approximately  appl  tagM  «>i  tin  working'. 

low  may  a  fairly  good  vacuum  be  still  further  improved  by  very  cold 
<  h.in.o.il  ' 

at  least  five  exhausting  appliances,   stating  rough! 
vacua  so  o! 

the  McLcod  gauge,  and  sketch  an  arrangement  by 
it  may  be  earned  out. 

H \draulic   Press. —The  principle  of  tin-  press  was  explained 

\rt.  05  and  illustrated  by  a  diagrammatic  section  in  Fig.  40. 

•  tail  a  type  of  press  suitable  i.,i  laboratory 

or  more  general  use.     In  this:  nd  R  are  tin-  plunger  and  ram, 

id  I)  tin-  SM  1  delivery  valves,  G  the  pressure  gau 

which  may  be  of  ie  bye-pass  or  return  way 

to  let  the  liquid  pass  back  into  the  ^t.,«  k  :  \V.  and  I"  lift 

U    haped  leather  collar  round  the  ram.      1  hi-  was  the  invention 

•  ramah,  by  whose  n.une  tl.  n  in  consequence  known. 

It   obviouslv   utilise^   the   hii^'li   ju-  •  vent   all   leak.     The 

:n^  table  1  and  cross  head  C. 

178.  Hydraulic  Lifts  and  Machines.  A  -impl«-  hydnntln  lift  to 
take  persons  to  the  higher  le\-eN  in  ;i  building  may  consist  of  a  cage 
seen  t  to  the  to).  in  workin-  in  a  vertical  rylinder. 

!i   pressu:  d   to   the  rylinder  lifts  the  ram  and 

consequently  the  cage  and  its  »  also. 

In  /  rail  way  or  wharf  warehm 

a  IT  ::t    portion  works  an 

inv-  n  s.-t  of  pulley  l>lo<  ks  so  that  the  load  lifted  by  the 
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crane  is  less  than  the  thrust  on  the  ram,  but  rises  proportionately 
quicker. 

Additional  cylinders,  rams  and  tackles,  may  be  provided  for  the 
swinging,  traversing,  or  other  motions  of  the  crane. 

Some  hydraulic  machines  require  small  slow  motions  and  high 


FIG.  124. — Hydraulic  Press. 

pressures,  such  as  riveters.     These,  therefore,  may  be  worked  direct 
from  a  hydraulic  ram  and  cylinder. 

179.  Hydraulic  Brakes. — But  hydraulic  appliances  may  be  used 
to  check  motions  as  well  as  originate  them.  Thus  a  hydraulic 
brake  is  used  to  check  the  recoil  of  guns.  A  more  familiar  example 
of  this  braking  action  is  afforded  by  the  Yale  and  Towne  Co.'s 
Blount  door  check. 
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This  device  combines  a  powerful  coil  spring  (which  furnishes 
the  motive  power  to  close  the  door)  and  a  metallic  piston  moving 
in  a  metallic  cylinder  against  a  non-freezing  liquid  (which  furnishes 
the  checking  or  controlling  power).  A  simple  regulating  valve 
enables  these  two  powers  to  be  so  adjusted,  relatively  to  each  other, 
as  to  give  any  desired  action  to  the  door,  whereby  it  may  be  positively 
closed,  but  under  a  control  which  prevents  slamming.  V\g.  125  ;uul 
the  accompanying  explanation  references  are  reproduced  by  kind 
permission  of  the  makers. 


FIG.  125. — Blount  Door  Check. 

—i,  Case;   2.  End  Cap;   4,  Piston;   5,  Connecting  I 

^haft;  9,  Rachet  Sleeve;  10,  Coil  Spring;  u,  Top  Cap; 
13.  Main  Ann  ;mvj  Catch;  16.  Forked  Arm;  18,  Screw  for 

19,  Jamb  Plate;  20,  Bracket  Screw;  21,  Regnl 
Screw;  22  Nut ;   ^  -\,  Wash-  r  for  Ball  Valve. 


VMPLES  LXI 

1.  Explain  in  some  detail  the  construction  and  arrangement  of  an  hydraulic 
press.     Why  i*  the   U-tube  leather  essential  for  the  ram  and  not  for  the 
plunger  ? 

2.  How  may  an  hydraulic  lift  be  arranged  and  . 

Ketch  the  arrangement  of  an  hydraulic  crane. 
4.  Describe  that  familiar  hydraulic  brake  known  as  the  Blount  door  check. 
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180.  Rock   Drills,   etc. — This  appliance  forms  a  good  example 
of  the  application  of  compressed  air  to  a  machine  that  needs  to  be 
moved  about,  as  the  flexible  air  pipe  lends  itself  to  such  treatment. 
A  rock  drill  has  a  tripod  stand  and  is  mounted  over  the  place  in 
a  quarry  or  mine  where  a  hole  needs  to  be  drilled.     It  has  a  plunger, 
carrying  the  drill  in  a  socket  below,  and  enlarged  to  a  piston  in  the 
cylinder  above.     This  plunger,  by  an  arrangement  of  air  ports, 
automatically  opening  and  closing,  receives  a  rapid  reciprocating 
motion,  thus  striking  a  succession  of  blows  on  the  rock  with  the 
star-faced  drill.     In  addition,   owing  to   a  spiral  guide  rod,  the 
plunger  rotates  slightly  with  each  blow,  just  as  a  projectile  turns 
as  it  advances  along  a  rifled  barrel. 

Steam  and  Compressed  Air  Engines  are  of  course  examples  of 
prime  movers  operated  by  fluids,  but  it  would  be  out  of  place  to 
enlarge  upon  them  here. 

181.  Turbines  Classified. — The  term  turbine  was  formerly  used 
chiefly  for  a  water  wheel  having  a  vertical  axis.     It  is  now  extended 
to  a  variety  of  types  of  machine  in  which  a  wheel  in  various  positions 
is  driven  by  water  or  steam,  the  flow  of  the  fluid  being  in  various 
relations  to  the  wheel,  and  the  rotation  effected  by  the  velocity  or 
pressure  of  that  fluid. 

This  gives  us  the  key  to  the  classification  of  turbines  when  using 
the  word  in  this  extended  sense.  Thus,  we  may  divide  turbines 
into  two  classes  according  to  the  fluid  used  :  I.  Water,  and  II.  Steam. 
We  may  divide  each  of  these  into  two  according  as  the  effect  of  the 
fluid  is  derived  chiefly  from  (a)  its  Pressure,  or  (b)  its  Velocity. 
Again,  the  varieties  of  turbines  within  each  of  the  above  four 
divisions  differ  in  the  relation  of  the  flow  of  the  fluid  to  the  wheel. 
This  flow  may  be  either  (i)  Axial,  (2)  Tangential,  (3)  Inward,  or 
(4)  Outward. 

We  have  thus  the  possibility  of  16  varieties  of  turbine,  apart 
from  any  admixture  of  the  above  types.  But  various  mergings  of 
these  types  actually  occur  and  so  still  further  extend  the  list.  For 
example,  the  effect  of  the  fluid  may  be  at  first  due  to  its  velocity, 
action  or  impulse,  when  striking  the  blades  or  vanes  of  the  wheel ; 
but  afterwards  due  to  its  pressure  or  the  reaction,  when  quitting  the 
vanes.  Similarly,  the  flow  may  be  partly  radial  and  partly 
tangential,  or  other  combinations  of  the  four  directions  may  occur. 
In  the  case  of  steam  turbines,  thermodynamic  effects  obtain  and 
lead  to  further  varieties. 

Of  the  types  and  admixtures  thus  sketched  as  possible,  many 
have  also  been  realised,  but  only  a  few  of  the  most  interesting  can 
be  noticed  in  this  work.  Thus,  the  water-pressure  turbines  have 
received  no  detailed  notice. 

182.  Parsons'   Steam   Turbine. — The  earliest   recorded   example 
of  steam  turbine  seems  to  be  that  described  about  120  B.C.  by  Hero 
of  Alexandria.     In  this  a  pivoted  sphere  containing  steam  supplied 
through  one  of  its  trunnions,  was  made  to  rotate  by  the  tangential 
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escape  of  the  steam  from  two  opposite  jets.  It  thus  worked  by  the 
:on  or  pressure  effect. 

The  other  extreme  is  illustrated  by  the  modern  and  highly 
elaborated  steam  turbines  due  to  the  Hon.  C.  A.  Parsons,  and  first 
patented  about  1884,  and  now  used  for  marine  and  other  purposes. 

In  this  type  the  flow  is  chiefly  axial  and  the  velocity  nearly 
uniform,  the  effect  being  derived  from  the  pressure  which  falls  as  we 
advance  along  the  line  of  flow.  In  the  actual  design  are  many 
complications  into  which  we  cannot  enter  here.  The  chief  points 
to  be  noticed  are  a  &  The  shaft  is  provided  with  a  number 

of  sets  or  rings  of  blades,  the  whole  forming  the  wheel  or  rotor. 
These  rings  of  blades  alternate  with  blank  spaces  of  similar  size, 
and  into  these  spaces  sets  of  fixed  blades  project  from  the  outer 
casing.  Hence  the  steam  mo  ounters  fixed  and 


Fixed 


Steam 


Sream\  ,*__ 


Axis 


Fie.  126. — Diagram  of  Parsons'  Turbine  Blading. 


Me  blades  alt'  :iding  to  defln  t  it 

and  so  result ii.  :  of  the  shaft.     This  action  is  shown 

.immatically  in  Fit,'.  126. 

:ias  to  be  ./es  of  the  various 

parts  that  as  the  pressu:  ml  the  steam  expands  a  proportion- 

ace  is  open  to  it  in  order  that  the  flow  may  be  main- 
tained y  t. 

183.  Westinghouse  Brake.     Thi*  brake,  so  largely  used  on  rail- 

>m   the   otth  kil   instruction 
xx>k,  this  quota-  ;idly  allowed  by  the  mak<: 

tinghouse  Autom;;  imtimious  throughout 

lie  tram  and  is  operated  by  compressed  i  by  tin-  pump 

•  »r<  (1  in  the  main  reservoir  on  the  engim-.     This  compressed 
fed  by  t!  e  train  (main  or  1 

>ipe,  and,  past  the  (special  devices  called)  triple  valves,  into  the 
uxiliary  reservoir  on  each  \vl 

brake  is  applied  by  in  the  train 

1'ipe,  which  causes  the  pistons  of  the  triplr  valve  to  move  and 
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permit  some  of  the  compressed  air  stored  in  the  auxiliary  reservoirs 
to  pass  to  the  brake  cylinders,  the  pistons  of  which  are  forced  out- 
wards, applying  the  brake  blocks  to  the  wheels. 

"  The  brake  is  released  by  restoring  the  air  pressure  in  the  train 
pipe,  which  causes  the  triple  valves  to  close  the  communication 
between  auxiliary  reservoirs  and  brake  cylinders  and  open  a  port 
from  the  brake  cylinder  to  the  atmosphere,  through  which  the  com- 
pressed air  escapes  from  the  cylinder.  The  spring  in  the  cylinder  can 
then  push  back  the  piston  and  withdraw  the  blocks  from  the  wheels. 


To  Brake 
Cylinder 


C     To 

— *•  Auxiliary 
Reservoir 


FIG.  127. — Westinghouse  Triple  Valve. 

"  The  brakes  are  usually  applied  by  the  driver,  or  in  cases  of 
emergency  by  the  guard,  but  a  break-away,  or  rupture  of  a  hose 
coupling,  or  other  accident  causing  an  escape  of  air  from  the  train 
pipe,  also  immediately  applies  the  brakes  ;  hence  the  term  '  auto- 
matic/ ' 

The  special  device  called  the  triple  valve  now  calls  for  more 
detailed  consideration.  The  simplest  type,  called  ordinary,  is  shown 
in  Fig.  127.  As  before  mentioned,  the  "  triple  valve  is  operated 
by  the  variations  of  pressure  in  the  main  pipe,  in  such  a  manner 
that  it  automatically  admits  compressed  air  from  the  corresponding 
reservoir  to  the  brake  cylinder  whenever  the  pressure  in  the  main 
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pipe  is  reduced  ;  and  discharges  the  compressed  air  from  the  brake 
cylinder  (and  secures  the  recharging  of  the  auxiliary  reservoir) 
when  the  original  pressure  in  the  main  pipe  is  restored. 

"  The  construction  and  mode  of  operation  of  this  valve  are  as 
follows : — 

"  Enclosed  in  a  case  I  (see  Fig.  127),  is  a  piston  5,  carrying  with 
it  a  slide  valve  6,  which  covers  the  port  a  to  the  brake  cylinder,  and 
in  the  position  shown  establishes  a  communication  between  port  a 
and  the  atmosphere  by  the  cavity  b  and  exhaust  passage  c.  Com- 
pressed air  from  the  main  pipe  enters  at  E,  and  forcing  up  the  piston 
5,  feeds  past  it  through  the  groove  d  and  passage  C  into  the  auxiliary 
reservoir,  which  is  thus  charged  with  an  air  pressure  equal  to  that 
in  the  main  pipe.  The  reservoir,  triple  valve,  and  main  pipe  then 
contain  equal  air  pressures,  and  so  long  as  this  is  maintained,  the 
brake  remains  out  of  operation. 

"  Upon  a  reduction  of  pressure  being  made  in  the  main  pipe. 
the  piston  5  will  be  moved  d  Is  owing  to  the  excess  of  pressure 

now  acting  on  its  upper  surface.  The  piston — having  a  limited 
movement  without  affecting  the  slide  valve  6— closes  th- 
g-ooverf,  at  the  same  time  unseating  the  graduating  valve  7,  which 
t  ms  opens  the  port  e.  The  piston  then  also  moves  downwards  the 
s  ide  valve  6.  which  cuts  off  the  communication  from  the  cylinder 
t  •  the  exhaust  port  c,  and  opens  the  port  e  to  the  passage  a,  leading 
t  .  the  brake  cylinder,  into  which  compressed  air  from  the  auxiliary 
r  servoir  immediately  flows  and  applies  the  brake.  The  further 
(  iwnward  movement  of  the  piston  5  and  slide  valve  6  is  arrested 
1  r  the  decrease  of  pressure  above  the  piston,  caused  by  the  air  flow- 
ii  g  into  the  brake  cylinder.  So  soon  as  the  pressure  in  tin-  n 
i  thus  reduced  a  little  below  that  in  the  br.ikr  pipe,  the  pi 
i  moved  up  so  far,  that  it  closes  the  graduating  valve  7,  while  the 
s!  de  valve  6  retains  its  position.  By  simply  producing  further 
r-  iuctions  of  pressure  in  the  main  pipe,  the  motion  of  the  piston  5 
a  d  graduating  valve  7  may  be  repeated,  and  the  driver  can  thus 
p  idually  introduce  any  desired  pressure  into  the  brake  cylinder 
fi  >m  zero  up  to  full  po 

When  a  considerable  reduction  of  pressure  in  the  main  pipe 
i>   udd»  nlv  made,  the  pi  -  at  once  forced  down  to  the  limit  of 

it:  stroke,  and  seated  on  the  leather  gasket  10.  The  slide  valve  6 
tl  tfientin-ly  uncovers  the  port  a,  so  that  the  compressed  air  from  the 
;n  ciliary  reservoir  flows  into  the  brake  cylinder  with  great  rapidity, 
ap  ^lying  the  brake  with  full  force. 

To  release  the  brake,  air  i  :  admitted  from  the  main 

re  srvoir  to  the  brake  pipe.     The  air  pressnr.  .  acting  against  the 
re<  uced    pressure  in  the  auxiliary  reservoir,  forces  the  pi^t 
an  I  slide  v  to  the  positions  shown  in  1  :m-  pi •rmitniur 

th<   air  in  the  brake  cylind  the  port  ct  whilst 

at  :he  ie  theauxili.i:  ed  through  th< 

gr«  ove  d." 

P 
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Other  patterns  of  the  triple  valve  are  also  in  use  to  attain  quicker 
action  or  other  improvements,  but  these  are  more  complicated. 

It  is  recommended  that  the  pressure  in  the  main  reservoir  should 
be  90  Ibs.  per  square  inch,  and  that  in  the  train  pipe  70  Ibs.  per  square 
inch. 

184.  Midland  Vacuum  Brake. — In  vacuum  brakes  a  partial 
vacuum  (instead  of  an  extra  pressure)  is  produced  and  maintained 
in  the  train  pipe.  And  while  the  normal  vacuum  is  present  in  the 
pipe,  the  same  vacuum  exists  on  each  side  of  the  piston  in  the 
brake  cylinder.  But  when  air  is  allowed  to  enter  the  train  pipes  or, 
by  an  accident,  does  enter,  then  this  extra  pressure  is  admitted  to 
only  one  side  of  the  piston  and  the  brakes  are  applied.  In  the  first 
case  a  valve  allowed  the  exhaustion  from  both  sides  of  the  piston, 
in  the  second  the  valve  stops  the  flow  of  air  in  the  opposite  direction. 


Large  Ejector 
Steam  Supply 


Air  Lock  YalveS     (Separate  Air  Lock 

for  Larde  Ejector  Valv?s  f^smaii 
'•'•'""•  y        ~™m».  Ejector  not  shown.) 


Small 
Ejector 
Steam  Supply 


Main  Train 
Pipe  Vacuum 


FIG.  128. — Midland  Railway  Company's  Combined  Ejector. 

A  large  ejector  is  needed  to  produce  the  required  vacuum,  but  only 
a  small  one  is  necessary  for  its  maintenance. 

As  to  the  details  of  the  Midland  Railway  Vacuum  Brake,  their 
chief  mechanical  engineer,  Mr.  Henry  Fowler,  has  kindly  permitted 
publication  of  the  accompanying  drawing,  Fig.  128,  of  their  com- 
bined ejector  and  the  following  official  statement. 

"  The  vacuum  brake  fittings  on  M.R.  engines  differ  in  arrange- 
ment and  slightly  in  details  from  the  standard  automatic  vacuum 
brake  as  more  generally  used,  and  as  supplied  by  the  Vacuum 
Brake  Company. 

"In  the  M.R.  arrangement  the  large  and  small  ejectors  are 
combined  and  placed  on  the  side  of  the  boiler  near  the  smoke  box. 
The  usual  back  stop  valves  and  air-locks  are  provided  in  the  ejector 
casting.  The  small  ejector  steam  valve  is  placed  in  the  engine  cab 
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Velocity  \---_ 

,.V€  / 

^ 


Velocity 
of  Vanes 


while  the  large  ejector  valve  is  worked  by  a  rod  and  lever  from  the 

footplate.     The  driver's  brake  valve  and  vacuum  regulating  valve 

are  separate  and  placed  in  the  engine  cab. 

'  The  brake  valve  has  the  usual  air  disc,  and  the  steam  plug  is 

controlled  by  the  vacuum  in  the  train  pipe  in  the  usual  way.     Drip 

valves  are  placed  at  the  back  and  front  ends  of  the  engines  and  on 

the  tender  at  the  lowest  position  of  the  train  pipe. 

"  It  is  the  standard  M.R.  practice  to  fit  steam  brake,  on  engine 

and  tender." 

185.  Pelton   Wheel. — This  is  a  good    example  of    an   impulse 

water  turbine.     The  wheel  is  mounted  on  a  horizontal  axis  and  the 

jet  plays  tangentially  at  the 

under  side  of  the  wheel.    It  r?^       I  ^ 

differs,    however,    from    an 

ordinary    undershot 

wheel    in   the  form    of    its 

blades  or  vanes.     These  are 

designed  so  as    to  o: 
shock  when  the  jet  strike 

ai  d  to  reduce  the  velocity 
of  the  water  to  a  minimum 
b<  fore  it  quits  the  vanes, 
tl:  is  extracting  tin-  1. 
er  3rgy  from  the  jet  as  far 
a5  may  be. 

This  action  of  t 
je     on  the  vanes   may  be 
ui  ierstood  from   Fig.   129, 

w  ich  gives  an   inverted  A 

uj  Yards  from  below  the  whorl  with  the  outer  part  «>t"   tin-  vanes 
cu  off. 

It  is  of  interest  to  inqr.  i.»  of  the 

va  ic  should  bear  to  the  num  effi< : 

Tt   obtain  full  efficiency  we  tin;;  all  th«-  kinetic  « 

of    he  -'I".      Now  tin-  > 

vel  >city  of  a  jet  along  a  smoot  us  unchanged 

in    lunierical  value,      tins,  in  the  present  Case,  this  value  is  u—v 
to    .he  riijht.  on  striking  the  van.  almitf  the 

sen  icircular  cups,  is  the  same  but  oppositely  directed  (or  we  might 
wri  e  ttini;   the   vanes.     Accordingly,  the  actual 

vel    :ty  of  the  jet  to  the  right  is  found  by  adding  that  of  the  vanes, 
LVCS  2V—  K.     But,  for  fullest  effect  on  the  wheel,  this  must  be 
zer<  .     Hence,  for  maximum  eft:  \ve  have  the  condition 

2V—u=o,  or  v=  JM 

<)r,  in  other  words,  to  get  the  best  effect  out  of  tin-  water,  the 
periphery  of  the  wheel  should  have  a  velocity  half  that  of  the 
jet. 


FIG.  129. — Vanes  of  IM 
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But  the  various  parts  of  the  vanes  describe  circles  of  various 
sizes,  and  so  move  at  slightly  different  linear  speeds.  Hence,  v 
cannot  be  \u  for  every  point  of  the  vanes.  This  and  other  circum- 
stances reduce  the  efficiency  from  the  theoretical  ideal  to  about 
85  per  cent. 

It  is  clear  that  for  v  equal  to  zero  or  equal  to  u,  then  in  either  case 
the  work  would  be  zero.  Hence  it  is  not  surprising  that  the  maxi- 
mum work  is  obtained  for  a  value  of  v  midway  between  these  ex- 
treme limits. 

186.  De  Laval  Steam  Turbine. — As  an  example  of  an  impulse 
steam  turbine  we  take  that  of  De  Laval  patented  in  1888.  This 
consists  of  a  disc  with  a  number  of  curved  blades  fitted  into  its 

periphery  so  as  to  form  a  single 
ring,  and  admitting  steam  between 
them  from  several  slightly  oblique 
nozzles  fixed  at  one  side,  the  other 
side  providing  the  exhaust.  The 
wheel  and  nozzles  are  inclosed  in 
a  suitable  casing.  The  action  of 
the  steam  jets  on  the  blades  of  the 
wheel  may  be  understood  from 
Fig.  130,  which  shows  a  section 
through  one  nozzle  and  a  few  of 
the  blades  which  are  projecting 
radially  towards  the  reader.  In  a 
300  horse-power  turbine  of  this 
make  the  blades  are  only  about 
ij  inches  in  length  by  f  inch  wide, 
and  weigh  but  little  over  half  an 
ounce  each.  Yet,  when  running 
at  the  standard  speed  of  7,500 

revolutions  per  minute,  the  centrifugal  pull  of  a  single  blade  is  of 
the  order  1000  Ibs.  weight ! 

For  further  information  on  turbines  and  hydraulic  machinery 
in  general  references  may  be  made  to  A.  E.  Tompkins'  Turbines 
(London,  1908),  J.  Goodman's  Mechanics  Applied  to  Engineering 
(London,  1908),  and  S.  Dunkerley's  Hydraulic  Machinery  (London, 
1907). 


FIG.  130. — Action  of  De  Laval 
Steam  Turbine. 


EXAMPLES  LXII. 

i.  Explain  the  working  of  a  rock  drill. 

2..  Give  some  scheme  of  classifying  turbines. 

3.  Describe  some  ancient  type  of  direct  steam-pressure  engine  or  turbine 
and  a  modern  application  of  the  same  principles. 

4.  Make  a  sketch  of  the  blades  used  in  a  Parsons'  steam  turbine  and  explain 
the  working  of  the  appliance. 

5.  Give  a  general  explanation  of  the  construction  and  action  of  the  West- 
inghouse  brake  as  used  on  railway  trains. 
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:n  the  functions  of  the  Westinghouse  triple  valve. 
:>e  the  vacuum  brake  system  in  use  on  the  Midland  Railway. 
uml  VR-W  of  the  Midland  Railway's  combined  ejector. 

9.  Explain  with  sketches  the  construction  and  action  of  a  Pelton  wheel. 

10.  Prove  that,  in  a  Pelton  wheel,  the  peripheral  velocity  should  be  half 
that  of  the  jet. 

1 1     Describe  the  arrangement  and  working  of  the  De  Laval  steam  turbine, 
If  the  blade  of  a  De  Laval  steam  turbine  has  a  mass  of  half  an  ounce, 
and   is   set    on   a  wheel  z    ft.  radius    making   7,000   revolutions  per  minute, 
what  is  its  radial  pull  on  the  wheel  ? 


ADDITIONAL    1-XKRCISES 

EXAMPLES  LXIII. 

ON  KINEMATICS. 

i.  A  motor  van  proceeding  at  15  miles  per  hour  has  both  roof  and  floor 

nrced  by  a   bomb.     If  the  roof  is  8  ft.  above  the  floor  and  one  hole  was 
inches* ahead  of  the  other,  from  what  h  :he  bomb  fall  ? 

I.   If  an  aeroplane  when  starting  runs  a  hu  i  a  quarter  of  a 

minute  with  uniform  acceleration  before  leaving  the  ground,  what  \\ 
!  peed  at  that  instant  and  what  was  its  previous  acceleration  ? 

•i  starts  from  one  station,  travels  for  five  m  th  uniform 

ition,  and  then  retards  uniformly  for  two  minutes  and  comes  to  ; 

If  the  stations  are  3  J  miles  apart  what  was  the  maximum  speed  of  the  train  ? 

4.  A  train  is  2  minutes  late  at  a  station  A,  travels  at  a  uniform  speed  for 
o  miles  to  a  station  H.  which  it  passes  4  minutes  lat  <  ases  speed 
>y  12  miles  per  hour  and  so  arrives  on  time  at  the  station  ('.  which  is  20  miles 

B.    At  what  uniform  speed  should  it  have  travelled  over  the  whole 
o  miles? 

5.  A  disc  with  its  axis  vertical  has  its  upper  surface  slightly  conical  so 
hat  ire  inclined  30°  to  the  h»  The  disc  is  then  spun  about 
ts  axis  and  marbles  are  placed  upon  it.     Account  for  the  fact  bles 
laced  near  the  centre  of  the  disc  roll  down  inwards  and  those  near  the  edge 
all  up  outwards.     Also  find  the  diameter  of  the  ring  that  separates 
ehaviours  when  the  disc  is  spinning  at  60  revolutions  per  minute. 

\iv. 

1.  If  a  body  of  mass  M  moving  at  speed  u  is  overtaken  by  another  body 
.  ad  urged  on  in  such  a  way  that  the  speed  of  the  first  increases  to  v  by 

the  work  done  upon  it  equals  the  impulse  it  rect 

j  mltiplied  by  the  arithmetic  mean  of   the  two  speeds  named.    Would 
i   ill  1  <:clcration  were  not  uniform  ? 

2.  A  pile  weighing  2  tons  meets  a  resistance  of  98  tons  weight.     H<> 

'    '1  it  descend  each  time  a  weight  of  half  at  ight 

(     .5  ft.,  supposing  the  weight  does  not  rebound  off  the  pile  ? 

3.  In  the  previous  example  what  fraction  of  the  energy  expended  in  h 
t  ie  weight  is  lost  and  what  becomes  of  i 

4.  A  motor  cycle  and  rider  weigh  250  Ibs.  and  take  a  gradient  «. 

i  $  n.  If.  allowing  for  friction,  this  is  equivalent  to  a  gradient 

c  1 1  in  2  (or  30°),  what  horse  power  is  being  used  ? 

5.  An  aeroplane  flies  through  the  air  at  60  miles  an  hour  an 

vest  wind  of  30  miles  ;  the  aeroplane  automatically 

r  *e  «  t  changes  its  course  from  east  to  west  ? 
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EXAMPLES  LXV. 
ON  STATICS. 

1.  In  a  wheel-barrow  the  horizontal  distance  from  the  handles  to  the 
centre  of  the  wheel  is  4  ft.     The  empty  barrow  weighs  40  Ibs.,  half  of  which 
comes  on  the  wheel.    When  a  load  of  200  Ibs.  is  placed  in  the  barrow  with  its 
centre  of  gravity  18  ins.  from  the  wheel,  what  is  the  load  on  each  handle  ? 

2.  Find  in  oz.  per  cubic  inch  the  density  of  an  alloy  consisting  of  40  oz. 
of  copper  of  specific  gravity  8£  and  60  oz.  of  silver  of  specific  gravity  xoj. 

3.  Where  is  the  centroid  of  a  rectangle  5  ft.  by  3  ft.  with  a  circular  hole  2  ft. 
diameter  whose  centre  is  equidistant  from  the  sides  and  one  end  ? 

4.  A  kite-shaped  figure  consists  of  two  isosceles  triangles  base  to  base,  their 
heights  being  2  and  4  ft.  respectively.     Find  the  centroid. 

5.  Find  the  height  of  the  centre  of  gravity  of  a  frustum  of  a  pyramid  3  ft. 
high  whose  bases  have  areas  9  and  4  sq.  ft. 

EXAMPLES  LXVI. 
ON  SUMMATIONS. 

1.  Find  the  work  done  in  a  displacement  of  3  ft.  if  the  resistance  met  with 
varies  as  the  square  of  the  displacement  and  has  a  final  value  of  18  Ibs.  weight. 

2.  Calculate  the  mass  of  a  disc  4  ft.  diameter  whose  mass  per  unit  area  at 
a  radius  r  ft.  is  3^2  Ibs.  per  sq.  ft. 

3.  Liquid  flows  through  a  tube  2  mm.  diameter  inside,  the  speed  being 
6  mm.  per  second  at  the  centre  of  the  pore  and  nothing  at  the  inner  wall  of 
the  tube  itself  and  varying  uniformly  with  the  radius  simply  at  other  places. 
Find  the  volume  discharged  by  the  tube  per  second. 

4.  An  area  extends  along  the  axis  of  x  from  the  origin  to  the  point  #=6  ft., 
and  is  there  terminated  by  a  perpendicular  line.     The  third  side  of  the  area 
is  curved  in  such  wise  that  the  ordinate  y=half  the  cube  of  x.     Find  the 
extreme  ordinate,  the  area  and  the  mean  ordinate. 

5.  A  conical  vessel  has  its  axis  vertical  and  vertex  uppermost  and  is  filled 
with  a  liquid  with  solid  matter  in  suspension  which  settles  so  that  the  density 
is  proportional  to  depth.     Determine  the  position  of  the  centre  of  mass  of  this 
mixture. 

6.  Determine  the  moment  of  inertia  of  a  semi-circular  area  about  an  axis 
through  its  centroid  and  parallel  to  its  base. 

EXAMPLES    LXVII. 
ON  LIQUIDS  IN  EQUILIBRIUM. 

1.  Find  the  total  pressure  at  a  depth  of  250  ft.  in  a  Cumberland  lake  when 
the  atmospheric  pressure  is  equivalent  to  a  layer  of  water  33  ft.  deep,  assuming 
the  water  to  be  incompressible. 

2.  In  a  hydraulic  press  the  ram  is  5  ins.  diameter  and  the  plunger  f  in. 
diameter.     If  the  water  is  used  at  a  pressure  of  2  tons  to  the  square  inch, 
what  force  must  be  exerted  on  the  plunger  and  what  force  will  the  ram  give  ? 

3.  In  a  U-tube  the  junction  of  water  and  oil  stands  a  foot  above  the  table 
top,  the  upper  surface  of  the  oil  at  23-7  ins.  and  the  upper  surface  of  the  water 
in  the  other  limb  at  21-9  ins.     Sketch  the  arrangement  and  calculate  the 
specific  gravity  of  the  oil  and  its  density  in  Ibs.  per  cubic  inch. 

4.  Describe  a  modification  of  the   U-tube  method  for  determining  the 
specific  gravity  of  a  liquid  which  mixes  with  water.     Give  a  specimen  set  of 
readings  and  show  the  value  finally  obtained  from  them. 

5.  Find  the  total  force  due  to  water  pressure  on  the  vertical  triangular  face 
of  a  dam  of  which  the  apex  is  80  ft.  deep  and  base  at  the  surface  1000  ft.  long. 
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6.  Determine  the  depth  of  the  centre  of  pressure  of  a  vertical  semicircular 
hose  base  is  5  ft.,  and  is  set  vertically  with  its  centre  3  ft.  below  the  water 

level. 

7.  Calculate  the  depth  of  the  centre  of  pressure  of  a  triangle  two  of  whose 
corners  are  at  depths  of  3  and  4  ft.,  the  third  being  in  the  liquid  surface. 

8.  A  submerged  triangle  has  its  corners  at  depths  2,  6  and  8  ft.,  find  the 
depth  of  its  centre  of  pressure. 

9.  A  hollow  pyramid  stands  on  a  square  base  and  is  rilled  with  liquid, 
show  that  the  pressure  on  the  base  is  three  times  the  weight  of  the  contained 
liquid. 


EXAMPLES  LXVIII. 
ON  FLOTATION. 

:nd  the  resultant  force  due  to  liquid  pi  hen  a  wooden  sphere 

3  ft.  diameter  is  held  down  so  as  to  be  half  immersed  in  water. 

v  solid  cone  has  a  base  i  ter  and  a  height  of  3  ft.     It  is  sub- 

merged ii:  -at  an  angle  of  45°  and  the  vertex  in  the  sin 

Find  the  resultant  force  on  its  curved  surface  and  represent  its  line  of  a 
on  a  diagram. 

3.  A  hemisphere  4  ft.  diameter  has  its  centre  at  a  depth  of  5  ft.  in 

its  base  upwards  a:  1  S"°  "»th  the  horizontal.      Find  the  magnitude 

resultant  force  on  t  >  al  surface,  also  locate  it  on  a  diagram. 

4.  A  vesv  :  m  one  scale  pan  is  balanced  by  weights  m  tin  oilier. 
A  i  11).  brav,  weight  hanging  on  a  thread  is  i  >  be  mini* 

in  t:  •  s  or  bottom  01  i  without 

to  overflow.     What  hap  j  ••equilibrium  an.l  why  ? 

5.  Describe  ca;  lanatory  theory  a  hydro 

•  s  of  solids  an  \ed  immersion  for 

lids. 

6.  A  vessel  qu  r  hanging  from  one  arm  of  a  bala 
balanced  •.  arm.     A  glass  tulx-  with  a  bulb  blown  on 

here  so  as  not  to  touch  the  vessel, 

i*;  immersed  and  displace  24  c.c.  o:  lows  away.     How  i 

balance  affected  by  this  change  ? 

.  lass  bulb  moved  and  a  lead  ball  weighing  220  gm. 

into  so  as  to  hang  immersed  touch  the  vessel.     How  does 

the  balance  ? 

:  olio  wing  data  of  weighings  with  a 

ighs  24*36  gm  itcrappa;  ;hs  20-92  gm. 

8.  Calculate  the  sj 

not  to  absorb  water)  which  weighs  10  «  and  together  with  a  half  Ib. 

bran  weight  appear 

9-  S  :•<•  copper  are  suspected  of  DM 

iron  and  *  tested  as  follows.     A  number  of  tl: 

taken,  and  on;  >ightofb< 

vnd  <  ,  less  by  2  oz.  than  it  wa  is  displaced  by 

i\Us.     What  is  the  specific  gravr  >  and  what  ma  you 

ipposo  them  to  be  ? 

A  second  samj  ;ig  14  02.  in  air  displaced  2  oz.  of  water  ;  what  do 

you  conclude  as  to  th 

i;old  and  weighed  quantities  are  served  out 

toaj-  :  me  (t.«.,  22/2^  ths  pure  gold) ;  tin-: 

ind  t  d  quantities  of  ^oM  •  >tal,  but 

Determiii  i  the  folio  m  air  balances 

mat  weights  to  th'  dances  20-834 
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gin.  of  brass  weights  in  air.  Take  the  densities  of  gold,  silver  and  brass  as 
19*32,  10-50  and  8-oo  gm.  per  c.c.,  those  of  the  air  and  water  as  0-0012  and 
0-9992  gm.  per  c.c.  respectively. 

11.  A  sphere  of  wood  a  foot  diameter  floats  freely  in  water  so  as  to  be  just 
half  immersed.      The  vessel  containing  the  water   has  a  horizontal   area  of 
2  sq.  ft.,  its  walls  being  upright.     Find  the  work  required  to  lift  the  sphere 
just  clear  of  the  water. 

12.  Can  a  cube  of  wood  of  specific  gravity  one-half  float  in  water  with  its 
faces  vertical  and  horizontal  ?     Work  out  results  mathematically  so  as  to 
prove  your  assertion. 

13.  Determine  two  limiting  densities  of  a  uniform  cube  to  enable  it  to  float 
in  water  with  its  edges  horizontal  and  vertical. 

14.  For  a  uniform  solid  cube  of  edge  a  and  density  x  supposed  floating  in 
water  with  its  faces  vertical  and  horizontal,  plot  two  graphs  for  the  heights 
of  the  metacentre  M  and  the  centre  of  gravity  G  of  the  cube  above  its  centre 
of  buoyancy  H,  the  density  x  being  the  abscissae.     Show  that  these  graphs 
confirm  the  result  of  the  previous  question  as  to  the  stability  of  the  cube. 

15.  A  rectangular  landing  stage  is  20  ft.  by  15  ft.  by  2  ft.,  and  with  its  load 
weighs  2  tons.     When  a  12 -stone  man  shifts  across  by  10  ft.  the  stage   draws 
half  an  inch  more  water  on  one  side  and  half  an  inch  less  on  the  other,       What 
are  the  heights  of  the  metacentre  above  its  centre  of   gravity  and  above  its 
centre  of  buoyancy  ? 

ifr.  In  a  hydraulic  service  at  a  wharf  the  water  is  conveyed  in  pipes,  f  in. 
outside  diameter  and  £  an  inch  bore,  at  a  pressure  of  2  tons  to  the  square  inch  ; 
find  the  circumferential  tension  in  the  pipes  per  square  inch  of  material. 

17.  In  an  experiment  a  glass  tube  of  internal  diameter  a  quarter  of  an  inch 
and  wall  one-sixteenth  of  an  inch  thick  is  exposed  to  an  internal  pressure 
of  40  atmospheres.  Calculate  the  circumferential  tension  per  square  inch  of 
the  glass. 

EXAMPLES  LXIX. 
ON  STEADY  FLOW. 

1.  A  boat  has  a  sharp-edged  hole  3  ins.  diameter  in  her  side  at  10  ft.  below 
the  water  line,  how  many  tons  of  sea-water  (sp.  gr.  =1*025)  will  she  "  make  " 
in  an  hour  ? 

2.  Two  pith  balls  hang  side  by  side  from  threads  a  yard  long  so  that  there 
is  a  clear  space  of  about  a  quarter  of  an  inch  between  them.     A  powerful 
blast  of  air  is  now  directed  on  to  this  space  ;  what  will  the  balls  do  and  why  ? 

3.  At  what  depth  below  the  surface  of  still  water  in  a  reservoir  may  the 
water  have  a  speed  of  8  ft.  per  second  and  a  pressure  of  10  Ibs.  to  the  square 
inch  above  atmospheric  ? 

4.  Find  the  time  required  to  lower  by  12  ft.  the  level  in  a  lock  80  ft.  by 
25  ft.,  if  the  sluice  has  an  effective  area  of  16  sq.  ft.  situated  at  a  mean  depth 
of  20  ft.  3  ins.,  the  coefficient  of  discharge  being  0*6.     Take  £=32  ft./sec.2 


EXAMPLES  LXX. 
ON  GASES. 

1.  Explain  how  with  a  metre  rule,  some  mercury  and  a  straight  tube  closed 
at  one  end,  a  dozen  or  more  observations  may  be  made  in  confirmation  of 
Boyle's  law. 

2.  For  use  in  a  manometer  explain  the  advantages  of  the  various  liquids 
commonly  adopted,  viz.  :   water,  mercury,  glycerine. 

3.  A  bulb  tube  when  empty  weighs  26  gm.,  but  weighs  76-3  and  96-5  gms. 
when  filled  with  water  to  the  graduations  3  and  205  respectively. 

The  tube  is  now  emptied  and  dried,  and  a  little  thread  of  mercury  intro- 
duced.    It  is  then  placed  horizontally  and  heated  to  various  temperatures  in 
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a  bath,  the  readings  being  46,  75,  147  and  216  at  o°  C.,  i4'Q°  C.,  50-1°  C.,  and 
85°  C.  respectively.  Determine  the  bulb  constant  c  and  the  coefficient  of 
expansion  of  the  air. 

4.  What  would  be  the  volume  under  standard  conditions  of  a  mass  of  gas 
which  occupies  120  c.c.  at  16°  C.,  and  a  pressure  of  74  cm.  of  mercury  ? 

5.  Find  the  pressure  of  a  mass  of  gas  at  57°  C.  when  occupying  125  c.c., 
if  it  exerted  a  pressure  of  26  cm.  of  mercury  at  5°  C.  in  a  volume  of  236  c.c. 

6.  Some  gas  occupies  a  chamber  of  80  c.c.  and  has  a  pressure  of  130  cm. 
of  mercury  at  12°  C.,  it  is  then  allowed  to  expand  to  a  volume  of  150  c.c. ; 
determine  the  temperature  needed  to  give  it  a  pressure  of  76  cm.  of  mercury. 

7.  A  cylinder  is  75  mm.  bore  and  the  piston  has  a  stroke  of  90  mm.,  thereby 
compressing  the  gas  to  one-tenth.     Find  in  ft.-lbs.  weight  the  work  done  in 
such  compression  if  done  so  quickly  that  the  temperature  rises  and  makes  the 
work  double  that  for  isothermal  compression.     Take  the  initial  pressure  as 
atmospheric,  viz.  14*7  Ibs.  per  sq.  in. 

EXAMPLES  LXXI. 
ON  HYGROMETRY. 

1 .  What  is  meant  by  saying  that  the  atmosphere  has  a  humidity  50  per  cent. 
of  saturation  ?     If  this  is  true  when  the  temperatun  uit  is  the 
dew  point  ? 

2.  Jf  in  the  case  of  the  previous  question  the  barometer  stood  at  75-8  cm., 
what  are  the  densities  of  the  aqueous  vapour  and  dry  air  present  ? 

^.  Write  an  explanatory  and  critical  account  of  the  various  hygrometers 
m  use. 

<  plain  the  terms  relative  humidity  And  density  of  aqueous  vapour  as  applied 
to  the  atmosphere,  showing  by  numerical  examples  that  the  former  may 
increase  wh:l  r  decreases. 

5.  In  the  ventilation  of  a  room  16  ft.  by  14  ft.  by  10  ft.,  three  cubic  feet  of 
air  per  second  pass  out  at  a  mean  of  77°  F.  and  dew  point  68°  F.  Calculate 
in  Ibs.  the  moisture  thus  removed  in  six  hours. 

EXAMPLES  LXX1I 
ON  BAROMETRY. 

1.  Describe  the  essential  features  of  the  various  types  of  baromet- 
would  choose  (a)  as  a  standard  instrument,  (6)  for  home  use,  and  (c)  for  mountain 

vm<  your  choice  m  each  case. 

2.  1  temperature  corrections  to  the  m- 
barometer  and  calculate  the  corrected  value  for  an  appai 

cm.  at  a  •  you  may  call  this  height  7' 

when  calculating  the  correction  but  not  when  you  are  applying  it  ? 

3.  To  accommodate  the  men  constructing  the  found. t 

an  estuary  a  cylindrical  vessel  is  1  open  at  the  bottom  and  clos 

t  op,  its  height  being  25  ft.    When  the  vessel  entered  the  water  the  baron 
stood  at  30  ins.  and  the  thermometer  at  50°  F.,  on  reaching  the  bottom  at  a 
depth  of  55  ft.  the  the  compressed  air  m 

(whose  exhaust  was  depended  on  to  work.     Calcul.it  •• 

he  pressure  of  the  inclosed  air  and  the  height  to  which  the  water  wouM 
.11  the  vessel 

4.  The  barometer  reads  29-7'  le  56°  at  an  altitude  of  750  ft. 
above  sea  level,  the  temperature  being  53°  F.     Correct  it  for  temperature, 
latitude  and  altitude,  working  to  a  thousandth  of  an  inch. 

5.  A  mountain  ascent  is  made  in  which  the  aneroid  barom  1  falls 
from  30-1  ins.  to  24-3  ins.     Find  the  height  of  the  ascent,  taking  the  mean 
temperature  at  50°  F. 

rature  being  30°  F.,  find  the  height  ascended  which  causes 
the  barometer  to  fall  from  30  2  to  15  i 
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EXAMPLES  LXXIII. 
ON  APPARATUS. 

1 .  Describe  several  arrangements  without  valves  still  in  use  for  lifting  water 
or  other  liquids. 

2.  Write  a  short  account  of  various  devices  for  diminishing  or  removing 
the  intermittent  character  of  the  delivery  of  a  pump,  stating  under  what 
circumstances  such  devices  are  most  needed. 

3.  Sketch  a  form  of  Venturi  water  meter  that  you  could  easily  make 
yourself,  explaining  the  material  used  for  each  part  and  the  observations  you 
would  take  in  using  and  testing  it. 

4.  A  cylindrical  diving   bell  18  ft.  high  is  lowered  43  ft.  in   fresh  water, 
how  far  does  the  water  ascend  in  it  if  the  barometer  stands  at   30  ins.  and 
the  temperature  is  the  same  in  the  water  and  out  ? 

5.  Show  that  the  action  of  a  Giffard's  injector  is  in  harmony  with  the 
principle  of  conservation  of  energy. 

6.  Give  four  examples  from  modern  practice  of  pumps  combined  with  some 
self-contained  motor  or  prime  mover. 

7.  Calculate  the  sensibility  of  a  differential  manometer  using   liquids  of 
densities  0*805  and  0*800  gm.  per  c.c.,  the  areas  of  the  reservoirs  being  40  times 
that  of  the  bore  of  the  limbs  of  the  U-tube. 

8.  Write  a  short  account  of  two  modern  appliances  for  producing  high 
vacua,  showing  their  superiority  over  the  older  arrangements  for  the  same 
purpose. 

9.  Sketch  any  two  pieces  of  hydraulic  apparatus  with  which  you  are 
conversant  and  explain  their  working  and  advantages. 

10.  Write  an  account  of  any  forms  of  turbine  with  which  you  are  familiar, 
giving  sketches  of  important  details  explanatory  of  the  action  between  the 
blades  and  the  water  or  steam  in  use  for  driving. 


EXAMPLES  LXXIV. 
MISCELLANEOUS. 

1.  Two  points  M  and  N  are  fixed  on  a  given  circle  on  which  the  point  O 
moves.     Along  OM  and    ON  act  forces  P  and  Q  of  variable  magnitude  but 
constant  ratio. 

Find  a  fixed  point  C  through  which  the  resultant  OR  of  P  and  Q  always 
passes. 

2.  Forces  represented  by  the  lines  OP  and  OQ  act  at  O  and  their  resultant 
passes  through  a  point  K. 

Show  that  the  resultant  of  the  forces  represented  by  KP  and  KQ  passes 
through  O. 

3.  A  hollow  cone  has  internal  height  3  ft.  and  internal  base  2  ft.  diameter. 
It  is  set  with  its  axis  vertical  and  its  vertex  downwards  and  filled  with  spirit 
of  specific  gravity  0-83.     At  the  vertex  a  hole  of  area  0*144  sq.  in.  is  then 
opened.     Find  the  time  taken  for  the  cone  to  empty  if   the  coefficient  of 
discharge  is  exactly  one  half. 

4.  A  right  circular  cone  made  of  uniform  solid  material  is  just  able  to  float 
in  water  with  its  axis  vertical  and  base  up.     Show  that  the  specific  gravity 
of  the  cone  equals  the  sixth  power  of  the  cosine  of  its  semi- vertical  angle. 

5.  Water  is  flowing  in  a  semi-circular  channel  6  ins.  diameter  which  it 
just  fills.     The  speed  is  a  yard  per  second  at  the  centre  of  the  semi-circle, 
but  may  be  taken  as  falling  off  uniformly  with  radius  to  zero  at  the  inner 
surface  of  the  channel  itself.     How  many  gallons  pass  per  minute  ? 

6.  A  punt  is  12  ft.  by  3  ft.  and,  when  laden  with  goods  and  a  i2-stone  man, 
draws  4  ins.  of  water.     Take  the  centre  of  gravity  of  punt  and  luggage  as 
being  at  the  water  level  and  that  of  the  man  2  ft.  8  in.  above.     Calculate  how 
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much  one  side  is  depressed  when  the  man  moves  a  distance  of  one  foot  across 
the  punt. 

7.  A  shallow  cylindrical  vessel  with  open  top  is  set  rotating  uniformly  about 
its  axis  which  is  vertical.     It  then  has  liquid  poured  in  until  it  is  just  up 
to  the  outer  edge,  but  has  no  liquid  at  all  at  the  very  centre. 

Show  that  when  all  rotation  has  ceased  the  vessel  will  be  found  to  be 
exactly  half  full. 

8.  A  parallelogram  has  one  side  in  the  surface  of  a  liquid  and  the  other 
below.     A  line  is  then  drawn  from  an  upper  corner  to  the  middle  of  the  lowest 
side;  determine  the  fractions  of  the  total  force  on  each  part  into  which  the 
parallelogram  is  thus  divided. 

9.  On  the  end  of  a  tank  a  parallelogram  is  described  with  one  side  level 
with  the  liquid  surface,  from  a  point  one-third  the  way  down  one  side  a  line  is 
drawn  to  the  bottom  of  the  opposite  side.     Find  the  ratio  of  the  forces  on 
the  upper  and  lower  parts  of  •  logram. 

10.  A  triangle  with  its  base  in  the  liquid  surface  is  marked  on  the  side  of 
a  tank.     A  horizontal  line  in  this  triangle  is  then  taken  as  the  base  of  a  second 
triangle  whose  apex  is  to  be  in  the  liquid  surfa^  mine  the  depth  of  the 
second  triangle  to  secure  the  maximum  force  of  liquid  pressure  upon  it. 


EXAMPLI 
MlSCELLANEo 

1.  A  pair  of  gates  closes  a  lock  25  ft.  wide,  the  bottom  being  at  the  same 
level  in  tin-  lock  and  out.     When  the  water  stands  21  ft.  deep  at  one  side 
and  only  6  ft.  the  other  what  is  the  moment  of  the  forces  about  the  bottom 

-;  to  overturn  the  lock  gates  ? 

2.  A  hollow  iron  cone  6  ft.  high  inside  is  lowered  by  a  chain  at 
into  a  fre 

barometer  stood  at  30  ins.,  calculate  the  depth  t  he  base  of  the  cone 

k  in  the  \«. 

3.  A  number,  n.  of  soap  bubbles  of  equal  size  exist  in  a  vacuum  and  then 
coalesce  into  a  single  bu  temperature  remaining  constant  ;  show  that 
the  diameter  of  the  new  bubble  is  *Jn  times  that  of  the  original  bubbles. 

4.  A  hollow  tetrahedron  (a  figure  with  four  equal  triangular  facr*)  is  tilled 
with  Injt::  hung  up  by  onrioi: 

on  base  a  1  faces,  also  th<  tin 

•  ical  side  of  a  tank 

I   is  in  t!.' 

Will  the  disc  be  set  pud  pressures  ;  if  not,  why  not  ? 

6.1  a  wall  due  to  a  wave  100  yds 

high  in  the  middle,  the  shape  of  the  wave  being  taken  as  a  !•..!••  and 

the  salt  uater  as  64  IDS.  i  :<>ot. 

ical  and  flat  topped.  th«    tul>< 

reaches  down  halt  uay  and  the  exit  pipe  is  at  the  very  bottom.      It  it  takes 
5  mi  calculate  1 

long  it  will  take  to  discharge  the  n  ;  full. 

8.  An  express  train  \\  i  ng  at  60  miles  per  hour  scoops  up  water 

i  a  tank  between  the  rails.     1  «>  ft. 

through  an  opening  6  ins.  diameter  hnd  the  minimum  length  of  the  tank  to 
enable  the  engine  to  take  up  300  cubic  feet  <>• 

25  ft.  deep  against  the  dam  which  is  220  yds. 

long.     Find  the  moment  about  its  bottom  edge  of  the  water  pressure  ag;> 
the  d. 

t>erg  abo\  rectangular  of  size,  450  by  220 

Dy  100  it  total  in.-.  .  tion  that 

t  of  the  st  i  025. 


ANSWERS 


fHAl'lKR    II 
EXAMPLES  II  (p.  5) 


(1) 

2> 


0 

' 


6  ft.     3-16  ft. 
it.,  67°  m 
it.,  53°  n» 
C.  1 1-4  ft..  38*neai: 

o),  (4.  o),  (2.  3- 464) 
Middle   points  of  sides  (2,  o), 

(3.  I-732).  (1,1-732). 
Corners  2*309  ft.,  90°.  210°  and 
330*. 


Middle  points  of  sides  i  55  ft., 
30°,  150°.  270°. 

(5)  Abscissae.  8    in.,   i    ft.  4    in.. 

.\  in. 
nates  8  in.  and  i  ft.  4  in. 

(6)  i  right  angle,  i  j|,  J  and  i  /^  right 

angle. 
90°,  165°,  10°  and  97  i°. 


EXAMPLES  III  (p.  7) 


(2)  7  miles.  5  miles  north  :  Arith- 
metical and  vector 

(8)  10  miles  south. 

(4)  40  miles  in  direction  6o-  north 
of  east. 


(5)  14-14   miles   along   its  s< 
course,  or  5*86  miles  fr< 


(8)  5  miles. 


EXAMPLES  IV  (p.  u) 


(2)  One-eighth,  three-eighths,  and 
one-quarter   of    a   mil* 
minute.  About  a  quarter  of  a 

per  miiv 


(8)  4.  8.  12  and  10  in.  per  sec. 

miles. 

(6)  85$  and  120  miles  per  hour. 
(6)  5' 49  and  6  miles  per  hour. 


EXAMPLES 


3,  18,  32  and  18  ft. 
sec. 


(7)  5  *ec.     400  ft. 

(8)  35  ft.  per  sec.  per  sec. 


EXAMPLES  VI  (p.  15) 


(1)  61^  miles  per  hour.    Note  the 

example  means  that  2< 
(not  19)  are  passed  ov 
xo  sees. 

(2)  20  miles  per  hour. 
(8)  25$  miles  per  hour. 

(4)  Speed  in  miles  per  hour  equals 
mimlM-r  of  jolt  ••<;. 


(6)  2,682-24  cm./sec.,  975'36  cm./ 

sec.1 

(7)  984, 200, ooo ft. /sec. ,67 1, 200,000 

miles  per  hour. 

(8)  1.5275  ft./sec. 

(9)  22,000  ft./sec.1 

10     .1   1.56      cm./sec.*.,      115,920 
nin.a 
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EXAMPLES  VII  (p.  17) 


(1)  13  miles  per  hour. 

(2)  10  knots,  14'  14  knots. 

(3)  2,112  ft./sec. 

(4)  453' 6  ft./sec.  at  15°  from  ver- 

tical. 


(5)  8-38   radians/sec.,  25*13  ft./sec. 

(6)  0-0001454,     0-001745,     0*1047 

rad./sec.,  0-0279  ft.  per  sec. 

(7)  5,481  ft./sec.2  towards  centre. 

(8)  2  ft.  per  sec.  per  sec. 


CHAPTER   III 
EXAMPLES  IX  (p.  22) 


(2)  32-2  Ibs. 
W 


(4)  8- 05  ft./sec.2 

(5)  3-5  cm. /sec.2 


EXAMPLES  X  (p.  25) 

(1)  2-316  ft./sec.,  8-05 ft.-poundals.   I        (5)o-i74H.P. 

(3)  193,  200  ft.-poundals,  2-678  ft.  (6)  2^  H.P. 

(4)  Practically  one-eighth  H.P.  (7)  100,000  H.P 


CHAPTER   IV 
EXAMPLES  XI  (p.  27) 


(1)  43-6  dynes  at  23°  with  P. 

(2)  40  Ibs.  wt.  at  60°  with  P. 

(3)  79-66  tons  wt.  at  13°  with  P. 

(4)  106-3  oz.  wt.  at  16-5°  with  P. 

(5)  P  =  60-62  and  Q  =  35  Ibs.  wt. 

(6)  P  =  Q  =  49-08  dynes. 


(7)  P  =  16-630       and       Q  =  8-58 

poundals. 

(8)  P  =  Q  =  50  oz.  wt. 

(9)  cos  a  =  \  or  a  =  8if°. 

(10)  50  dynes  at  37°  with  horizontal. 


EXAMPLES  XII  (p.  29) 


(3)  9  Ibs.  wt.  down  at  i  ft.  from 

3  Ibs.  wt. 

(4)  50  oz.  wt.     CB  =  6  in.     AC  = 

2  ft. 

(5)  10    Ibs.   wt.   N.     CB  =  12    ft. 

AC  =  -  6  ft. 

(6)  50    dynes    E.     CB  =  80     cm. 

AC  =  —  70  cm. 


(7)  7    tons    wt.    vertically    down, 

CB  =  5  ft.  9^  in.    AC  =  7  ft. 
8f  in. 

(8)  50  Ibs.  wt.  down  at  3  ft.  from 

the   20   Ibs.  and  2  ft.  from 
the  30  Ibs. 


EXAMPLES  XIII  (pp.  33-34) 


(5)  R  =  31-145  dynes,     6  =  47-5°, 
G.  =  14  dyne-cms. 

(6)  56  ft.  Ibs.  wt.,  3-172  Ibs.  wt.  at 

45°. 


(7)  R  =  4-7  Ibs.  wt.     0  =  36°. 
r  =  6-634  ft- 

(8)  15-68  Ibs.  wt.    24-97  ft.-lbs.  wt. 

(9)  G  =  50-35  ft.-lbs.  wt.     R  =  o. 


EXAMPLES  XIV  (p.  35) 


(1)  0-28  Ibs.  per  cub.  inch. 

(2)  71-9  cub.  ft.  per  ton. 

(3)  12,771,500  Ibs.  or  5,701,563  tons 


(4)  0-83  gm.  percc. 

(5)  0-3102  Ibs.  per  cub.  in. 


ANSWERS 
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EXAMPLES  XV  (p.  38) 


ft. ,3-5  ft. 

(4)  8  ins.  from  line  through  i  and 
907.,  2  ft.  371  ins.  from  line 
through  i  and  3  oz. 


(5)  Midway  between  the  33  Ibs.  and 

the  centre  of  the  octagon. 
(10)  Halfway  down   the    median  of 
the  centre  triangle. 


EXAMPLES  XVI  (p.  42) 

(2)  3  ft.  9  ins.  down  the  inner  edge  (6)  31  ft. 

of  the  down  stroke.  (7)  j  j  the  height  of  the  cube. 
(4)  i'4  ft. from  middle  of  longer 

towards  middle  of  shorter. 


CHAPTER  V 
EXAMPLES  XVII  (p.  45) 


MM  ft.  Ibs.  wt.;    I  ft. 
(3)  rsft.-Ibs.wt. 


(4)  1 1  ft.  Ibs. 

(5)  8  ft.  Ibs.  wt. ;  30  Ibs.  wt. 


EXAMPLES  \\  III  (p.  46) 


(1)  72  sq.  ins.  or  0-5  sq.  ft. 

(2)  2025;  0-6931;  6i8'6 

(3)  6  sq.  ft.;  32!  sq.ft.;  2. 436  sq 

I  6l  sq 


(4)  23-25  sq.  cm. 

(5)  4-05  sq.  ins.;  60*75  sq.  in. 


\MPLES  XIX    (pp.  50-51) 

0-159,  0-707.  (5)  2-5,  21. 

(2)  0-4483.  0-3660,  0*6428. 

EXAMPLJ  p.  53-54) 


'2i  "  —  or  0-9  of  radius  from  centre 

Of  Ci: 

(8)  -  or  0-637  of  radius  from  c 

of  circle. 
(4)  2  _?  or  o-  3  of  radius  from  centre 

of  ci: 


-  or  1-8  ft.,  or  i  ft.  9*6  ins. 
from  centre  of  circle. 


3-82  and  2-547  ins.  from  axes. 


(3)  11*84  ins. 

(4)  5  7 

S)  To  the  latitude  whose  cosine  is 
o  75,  or  say  41^°. 


EXAMPLES  XXI  (p.  56) 

(6)  i}3    in.    from    cent 


EXAMPLES  XXII  (pp.  59-60) 


(4)  128 

(5)  |Ib. 


.-ft  ' 


(6)  About   long  and  short  edges, 

:.«and64  ft.4 
About  axes  parallel  to  above, 

t.«  and  28  ft.4 
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EXAMPLES  XXIII  (p.  63) 


(1) 

(4)  6-2832  ft.4 

(5)  9  ft.4 


(6)  One-third  abz  if  about  side  a. 
(8)  0-917  X(AB)4. 


CHAPTER  VI 
EXAMPLES  XXIV  (p.  69) 

(6)  15,575  Ibs.  wt.  per  sq.  ft.,  or 

108-2  Ibs.  per  sq.  in. 

(7)  Three  times  the  weight  of  the 

liquid.     The   slant  sides  re- 


ceive an  upward  component 
equal  to  twice  the  weight  of 
the  liquid. 


(4)  56  Ibs.  wt. 


EXAMPLES  XXV  (pp.  72~73) 

|       (5)  50  strokes,  5,600  ft.-lbs.  wt. 

EXAMPLES  XXVI  (p.  76) 

(1)  0-815  gm./c.c. 

(2)  0-830  gm./c.c. 

(3)  0*0342  Ibs.  per  sq.  in. 

EXAMPLES  XXVII  (pp.  79-80) 
because    the 


(5)  9*052  gm.  wt.  per  sq.  cm. 
0-128  Ib.  wt.  per  sq.  in. 


(1)  Awd, 

excess  weight  is  borne  by  the 
sloping  sides. 

(2)  20-77  bdz  Ibs.  wt. 

(3)  363-3  Ibs.  wt. 


(4)  12  tons  10  cwt.  i  qr.  7  Ibs. 

(5)  619  Ibs.  wt. 

(6)  At  half  its  depth. 

(7)  (a)  i*,2*,32,42,  .  .  . 
(b)  i,  3,  5,  7,  •  -  • 


EXAMPLES  XXVIII  (p.  84) 


(2)  0-589  of  the  radius. 

(3)  One  inch  below  centre  of  circle. 

(4)  Half  an  inch  below  centre  of 

rectangle. 


(5)  14*14  ins.  below  liquid  surface 
at  depths  9-427  and  17*237  ins 


EXAMPLES  XXIX  (p.  89) 


(1)  3^  ins. 
(3)  3'45  ft. 


(7)  4  ins.  below  the  centre. 

(8)  5  ft.  8  ins.  and  5  ft.  8^ 


ins. 


CHAPTER  VII 


EXAMPLES  XXX 


(1)  Components    1031-13    Ibs.    wt. 

down   and   911*14    Ibs.    wt. 
sidewise. 

Resultant  1376  Ibs.  wt.  at  42° 
with  the  vertical. 

(2)  Components  667-38  and  560-7 

Ibs.  wt.  down  and  sidewise. 
Resultant  872*26  Ibs.  wt.  at  40° 
with  the  vertical. 

(3)  Components    260-97    Ibs.    wt. 

down  and  two  each  of  i66'i 
Ibs.  wt.  horizontal. 


(P-  94) 

Resultant  is  square  root  of  sum 
of  squares  of  foregoing  three 
components  and  equals 
309-34  Ibs.  wt. 

(6)  40-8    Ibs.    wt.    vertically    up 

through  the  centre  of  buoy- 
ancy. 

(7)  16-33  Ibs.  wt.  obliquely  up  at 

13°  with  vertical. 


ANSWERS 
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EXAMPLES  XXXI  (pp.  96-97) 

(5)  Half  submerged,  13  Ibs.  \vt.       |       (6)  13  Ibs.  \vt. 
EXAMPLES  XXXII  (p.  99) 


(1)  r6gm.  perc.c.;  9*64  in.  nearly. 
(4)  8-57  nearly. 


(5)  0-942  gm./c.c. 


i-3gm./c.( 


iXAMI'I .i  -     XXXIII     (p.   IOI) 
(4)  0-83  y: 

[\.\Mri!       X\X1\"   (p.  103) 


l         »  gm./c.c. 

-S8. 
(4)  0-76  gm./c.c.  and  8  gm./c.c. 


(5)  1115  gm./c.c. 

(6)  -.903. 

82. 

-58  gm./c.c. 


M   XXXV   (pp.  i. 

(7)  0-9131  gm./c,c. 


(8)  o  9131  gm./c.c. 

(9)  59-982  gm. 

10  ,  -  -  . •  : 


024036    c.c.,     0-17029    gm., 
7  0848  gm./c.c. 

0-169998   gm.. 
7-0703  gm./c.c. 

.  \VI    ,p|- 

2    HM       ":   (M       •••'  _t>  (6)^/2.     The  body  sinks  and  tin 

26      4*  relation  does  not  a i>]l 
«t. 

•  n-  put          (8)  GM «-  xj    ft.      G    has     been 
Dove   G   ami 

i  1 1  y .  L  racter  or  placing  of  cargo. 

5)   £  =  25  (I  -  5) 

EXAMPLE 


2)  6,720:1  Ibs.  wt.  p< 

,^4  Ibs.  v 

ID. 


(   H  \!'i  I   K    VIII 


; 
i 
J)  Incrcas. 


at  surface  is  4,909  p-.n- 

u«  . 


124) 

•06  gals,  per  mi:  (•)    i 

per  miii 

L  (p.  128) 
angular  velocity  appears  I       (4)  2*65  inches. 

.11       thr      i-i|»i.-it  (5)  iniltr. 

Ill       tin- 
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(4)  32|°  C.,  25$°  F. 


CHAPTER   IX 
EXAMPLES  XLI  (pp.  130-131) 


EXAMPLES  XLII  (p.  135) 


(3)  9J  c.c. 

(8)  38  ins.  of  mercury. 


(9)  13^  cm.  of  mercury. 
(10)  75  cub.  ins. 


EXAMPLES  XLIII  (pp.  137-138) 

(3)  433°  C. 

(4)  i8r8°C. 

(5)  1 17*4  cm.  of  mercury. 


(6)  It  becomes  0*377  of  original 
volume  or  diminishes  in  the 
ratio  2-654  :  I 


EXAMPLES  XLIV  (pp  140-141) 


(3)  36*77  ins.  of  mercury ;  37  ins.  of 

mercury. 

(4)  587-32°  C. 


(5)  46-98  c.c. 

(7)   +129-2° absolute,  or-i43'8°C. 


EXAMPLES  XLV  (p.  144) 


(1)  Rj=  3, 714-15    ergs  per  degree 

per  c.c. 

(2)  Rfc  =  41, 580,656  ergs  per  degree 

per  gm.  of  hydrogen. 


(4)  14,927  ft.  Ibs.  wt. 
(6)  1,118,500  ergs. 


EXAMPLES  XLVI  (p.  146) 


(3)  Separate  pressures  8,  25-09 
and  44*37,  giving  a  total  of 
77-46  cm.  of  mercury. 


(4)  168-9  c.c. 

(5)  -85-1°  C. 


CHAPTER   X 
EXAMPLES  XLVIII  (p.  153) 


(1)  0-0000079  gm./c.c. 

(2)  4-98  mm.  of  mercury;  n6°  C. 

(3)  53-4  per  cent,  and  40-5  per  cent. 


(4)  9  X  io~6,     1183  x  io~6     and 
1192  x  i o~6  all  in  gm./c.c. 


CHAPTER   XI 
EXAMPLES  LI  (p.  166) 


(1)  76-05  cm. 

(2)  29-77  ins. 

(3)  At    station    A,    75-65    cm.    or 

29*783  ins. 

At    station    B,    75*17   cm.    or 
29-597  ins. 

(4)  759*83  mm. 

(5)  29-79  ins. 


(6)  Corrections  are  : — 

f  or  temperature,  —  1*678  mm. 
for  latitude,  +  0-410  mm. 
for  altitude,  —  0-021  mm. 
for  vapour,  +  0-001  mm. 
Reduced  height,  760-212  mm. 

(7)  Corrections  are  : — 

for  temperature,  —0-017  in. 
for  latitude,  —  0-008  in. 
for  altitude,—  0-002  in. 
for  vapour,  negligible. 
Reduced  height,  28-603  ins. 
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EXAMPUa    LI  I    .p.  168) 

(1)  77il4  cm-  (4)  Sooo    nearly,  or   moiv  strictly, 

cm.  7993  5  »«• 

(3)  73,1-  75&,  77$  cm. 

I:\AM n  i:>   LI  1 1    (p.  173) 

(8)  10.330  ft.  above  ,<  a -l.-v.-l. 

n>. 


CHAl'TI'k    XII 

vi-i  n  i.\'  •  ;-.  180) 
i 

(4)  3-oi  cub.  ft.  per  sec.,  or  io.> 
cub.  ft.  i 

I   (p.  185) 

(8)  The  supply  How  mu>t  }>•  \  than  thr  >iplion  !!• 

('  )  0321  Ihs.  in. 

I 

. 
(:  3)  1043-2  Ib- 

VMPLES  LXIII  (p.  11 

(1     o'  :nggas32: 

:     ' 
.    (2    Speed    27, 


^  ft.  per  sec.* 
EXAMPLES 


; 
V 

I 


(2    Onr-iifth     of     an    inch    nearly 
I.ersec.  per 

(3     I  l'.,t      in 


'» 


AMPLES    I 

i  thr  mill.. 

per  <  \\\>.  in. 

nd. 

:    '. 

(1)  i  (6)  A  the  drpth  Eron 

(6)  0-072  xar« 
(4)    t  7  ft. 
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EXAMPLES  LXVII  (pp.  214-215) 


(1)  17,631  Ibs.  wt.  per  sq.  ft.,  or 

122*4  Ibs.  wt.  per  sq.  in. 

(2)  0-614  ton  wt.,  39*27  tons  wt. 

(3)  Specific  gravity  =  0*846 ;  0-0305 

Ib.  per  cubic  inch. 


(5)  29,667  tons  wt. 

(6)  3  ft.  6J  ins. 

(7)  2*643  ft. 

(8)  5f  ft. 


EXAMPLES  LXVIII  (pp.  215-216) 


(1)  440*2  Ibs.  wt. 

2  Force  required  has  components, 
293*58  Ibs.  wt.  horizontally, 
and  97*86  Ibs.  wt.  vertically 
downwards. 

(3)  The  force  required  is  4835  Ibs. 

wt.  and  with  that  on  the  base 
(20^62*3)  makes  the  verti- 
cally upward  force  -^7762*3. 

(4)  The  vessel  descends  because  the 

water  level  is  raised.  Put 
2  oz.  in  other  pan. 

(6)  The  bulb  does  not  change  the 

balance,  the  lead  ball  re- 
quires about  20  gm.  adding 
to  other  arm. 

(7)  7*08  gm.  per  c.c. 

(8)  Two-thirds. 

(9)  8 1,  copper  ;   sp.  gr.  7,  zinc. 


(10)  Density     should      be      18*585 

gm./c.c.,butis  18*604  gin. /c.c. 
This  makes  it  22*052  carats 
fine. 

(11)  4*029  ft.-lbs.  wt. 

(12)  No;    because   if   it  did  HM  = 

one-sixth  of  edge,  but  HG  = 
one-quarter,  so  G  would  be 
above  M  and  body  unstable. 

(13)  0-7886  and  0-2113. 

(14)  HGisy=-(i-*). 
HMisy=— . 

I2# 

(15)  67*5  ft.  and  78-23  ft. 

(16)  4  tons  wt.  per  sq.  in. 

(17)  1 1 7* 68  Ibs.  wt.  persq.in. 


EXAMPLES  LXIX  (p.  216) 


(1)  49*1614  Ibs.  per  sec.  or  79*01 

tons  per  hour. 

(2)  Approach   and   cling   together 

because  where  speed  is  higher 
pressure  is  lower. 


(3)  24*11  ft. 

(4)  69£  sec. 


EXAMPLES  LXX  (pp.  216-217) 


(1)  Set  the  tube  at  various  angles. 

(2)  Mercury  gives  compactness  for 

high  pressures,  water  greater 
sensibility,  glycerine  is 
valued  because  so  slightly 
volatile. 


(3)  500  and  0^3  nearly. 

(4)  110*37  c.c.' 

(5)  58-28  cm.  of  mercury. 

(6)  39'4°  C. 

(7)  152  ft.-lbs.  wt. 


EXAMPLES  LXXI  (p.  217) 


(1)  13*4°  C.  or  56*1°  F. 

(2)  Vapour  0-0000116  gm.  per  c.c. 
Dry  air  0-001163  gm-  Per  c-c- 


(5)  68-16  Ibs. 


EXAMPLES  LXXII  (p.  217) 


(2)  75*66  cm.     Because  the  differ- 

ence of  0-14  gives  only  a 
fourth  place  decimal  in  the 
correction. 

(3)  55-6  ins.  of  mercury;   it  rises 


13-35  ft.  leaving  the   air  to 
occupy  11*65  ft. 

(4)  29-757  ins.  of  mercury. 

(5)  5833  ". 

(6)  18,140  ft. 
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EXAMPLES  LXX1I1  (p.  J 


7  'he  \cdueot  the  quotient  : 

interface     in     em.) 
-r  (pressure  in  cm.  ol  \\ater). 


LXX1Y    ipp 


(5) 

6 


14  sec.,  or  9  min.   j 
36'  7  gals,  per  min. 
. 

-thinl  and  t 


9     Tpper  to  lc  :  i  |. 

10      i  PQ  -lunU    the    depth    oi 


the 


EXAMPLES  LXX 


(1)  1048  ft  .-ton 

(4)  O  A',  on  each  slant  face 

.:\V,  :i  upward  com- 

ponent §\V. 

>.     All  the  normal  pressures 
on  the  <  pan 


through  the  ..  .  have 

no  moment  about  it. 
(6)  41 1  43  tons. 

(9)     47,803  ft.-t'Mls   Ut 

10    j. 473.000  t 


SOLUTIONS  AND   HINTS 

Ex.  in.  6.  Let  x  miles  be  the  required  distance  ;  then,  since  the  two  directions 
taken  are  at  right  angles,  we  have 

whence  x  =  5  miles. 

Ex.  iv.  2.  For  the  instantaneous  speed,  draw  very  carefully  a  tangent  to  the 
graph  at  the  point  in  question,  then  measure  the  rise  (or  increase  of 
ordinate)  of  this  tangent  per  unit  of  abscisses,  i.e.  the  rate  of  increase  of 
distance  per  unit  time.  And  this  is  the  speed  required. 

5.  The  maximum  speed  corresponds  to  the  steepest  part  of  the  space-time 
graph. 

Ex.  v.  4.  Find  the  distances  described  in  i,  2,  3,  4,  etc.,  seconds,  then  by 
subtraction  obtain  those  for  any  desired  second. 

Ex.  vi.  i.  Speed  is  expressed  by 

/  15  yards  \  _  20  X  15  X  3/feet\  _  20  X  45  X  60  X  6o/     5280  ft.    \ 
\io  seconds/""         10        \sec./  10x5280       \6ox6o  sec./ 

_  r  _A  /miles 
1I\hour 

2.  A  bicycle  geared  to  70  ins.  travels  the  circumference  of  a  circle  of  70  ins. 
diameter  for  each  revolution  of  the  pedals. 

Ex.  vn.  i.  Compound  the  boat's  velocity  and  that  of  the  man  relative  to 
the  boat. 

2.  To  find  the  apparent  velocity  of  the  wind  relative  to  the  boat,  compound 
with  the  wind's  velocity  and  the  boat's  a  velocity  equal  and  opposite  to 
that  of  the  boat.  This  brings  the  boat  to  rest  and  gives  to  the  wind  the 
appearance  of  coming  from  the  east,  i.e.  it  blows  to  the  west.  But  this 
resultant  velocity  is  compounded  from  the  wind's  real  velocity  to  the 
north-west  and  the  added  velocity  of  10  knots  to  the  south-west.  So 
the  wind's  real  speed  is  10  knots  and  its  apparent  speed  is  10^/2  knots. 

Ex.  xxvi.  5.  Pressure  required  is  expressed  by 

/gms.  wt 
7-3  xi'24  (  • 

*\    cm.2 

^7-3  X 1-24  X2'542/453'6  gms.  wt.\ 
453'6  V    (2'54  cm-)2    / 

0  /Ibs.  wt.\ 

=  0-128  (  -. — r-5-  1 

V   inch2  / 

Ex.  xxvn.  4.  Suppose  the  moulds  to  separate  at  the  bottom  of  the  legs. 
Hence  the  force  tending  to  lift  the  upper  mould  is  that  due  to  the  liquid 
pressure  at  a  depth  of  3  ft.  and  over  the  main  surface  5  ft.  by  4  ft. 
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5.   Find  l(  on  for  the  pressure  on  the  win  ^le  and 

then  determine  tin  depth  v  of  the  upper  part  upon  which  the 
would  be  half. 


Kx.  xi.vi.  _«.  A>Minie  :  A  and  so  by  use  of  the  tube  timl  the  barometric 

pr<  the  isothermal  elasticity  sought. 

Kx.  LV.    i     It-   working  does  not  conflict  with  the  conservation  of  energy; 
much  \\  down  the  gentle  incline  ami  some  runs  to  waste,  only 

a  small  part  of  the  >rced  up  to  the  meat  height. 

Kx.  LXIII.    i.   While  the  bomb  fall>  *  ft.,  the  van  (at  .:  2  ft.  per  second)  advances 
8'S  •  8'8~(i2  X  -'.  1  hus    tin-    -|H,.  1    .it 

the   bon.  !8'8~  (12  X  -  mmi  this    its  height  of    fall 

may  be  calcul. 

mce  the  train  nformlv 

retarding  uniformly  to  :  .xlouhle  the  mean  q 

which  is  tot.'. 

•uld  have  had  be  v  miles  per  hour.     Then  t  he 
ie  40  and  20  miles  ••  -f-  v 

;>eeds  of  the  train  <> 
i-^ly 

20 


•ad 


1  speed  exccede  i  j  miles  p« : 


•jv*  -f  sow  —  20.000  •-  o 
(v  -  50)  (70  +  400)  -  o. 

speed  was  50  • 

paraboloid     1  i 

th  this  par  a  bo  1  I  shape  N\  In  intlnuil  at 

may  give  too  much  slope  neai 

tan  'l«'i'l 

A  eight   in   f.ilh: 
it.  per  se. 

impact  to  b«  il->«-,  <m  the  pik  and  the 

.'.  ill 

Or. 

2  X  P  -  ^(32  -  v), 
nee  v  —  32/5  ft.  per  sec. 

peed  thr  1.  -ht  and  pi] 


tance  is  98  tons  weight,  Ing  th«-  weights 
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of  pile  and  the  striking  mass,  we  have* a  net  resistance  of  95!  tons.     If 
the  distance  the  pile  sinks  is  s  ins.,  we  have 


5.  A  body  of  mass  m  and  speed  v  has  a  kinetic  energy  \mvz  and  by  upward 
steering  in  still  air  may,  apart  from  friction,  rise  to  a  height  h,  given  by 

*mvz  —  mgh 

before  its  onward  speed  is  exhausted. 

But,  if  a  bird  or  aeroplane  is  flying  horizontally  down  wind,  its  speed 
with  respect  to  the  earth  is  the  sum  of  the  speed  of  the  wind  and  that 
of  the  body  through  the  air.  In  the  present  problem  this  is  90  miles  per 
hour.  Then,  when  it  turns  from  east  to  west,  it  is  going  at  120  miles 
per  hour  through  the  air,  because  it  meets  the  wind.  Hence,  we  have 
to  calculate  the  height  it  may  rise  before  its  speed  of  120  is  reduced  to 
its  normal  60  miles  per  hour  through  the  air,  i.e.  30  miles  per  hour  with 
respect  to  the  earth. 

Accordingly,  for  this  case,  we  have 


2  X  32 

Ex.  LXVI.  2.  Take  a  ring  element  of  radius  r  and  very  small  radial  width  s. 
Then  its  area  is  zirrs,  its  surface  density  $rz,  and  its  mass  the  product  of 
these.  Thus,  the  total  mass  of  the  disc  is  given  by 

—  =2477-. 

6.  Find  moment  of  inertia  about  diameter  and  then  use  the  theorem  of 
parallel  axes. 

Ex.  LXXIV.  i.  Draw  the  figure  and  add  the  line  of  action  of  the  resultant  R 
of  the  forces  P  and  Q.  Let  this  line  cut  the  circle  in  C. 

Then,  because  O  moves  on  the  circle  on  which  M  and  N  are  fixed,  the 
angle  MON  is  constant.  Further,  because  the  ratio  of  P  and  Q  is  constant 
the  ratio  of  the  sines  of  opposite  angles  is  constant.  (See  equation  (3)  of 
Art.  25.)  Thus,  each  of  the  angles  MOC  and  NOC  is  constant.  That 
is,  C  is  the  fixed  point  required. 

2.  The  resultant  of   the  two  inclined  forces  OP  and  OQ  is  the  diagonal 
through  O  of  the  parallelogram  on  OP  and  OQ,  and  therefore  its  line  of 
action  bisects  the  other  diagonal  PQ.     Let  the  middle  point  of  PQ  be  M. 

Then  OK  passes  through  M  because  it  is  the  line  of  action  of  the 
resultant  of  forces  represented  by  lines  terminating  in  PQ  whose  middle 
point  is  M. 

For  the  same  reason  the  resultant  of  KP  and  KQ  passes  through  M, 
and  therefore  also  through  O,  as  was  to  be  shown,  because  by  construc- 
tion OMK  is  a  straight  line. 

3.  Consider  the  state  of  things  when  the  spirit  is  at  the  height  x  ft.  and  let 
its  level  fall  by  the  very  small  distance  h  ft.  in  the  very  small  time  s  sec., 
the  speed  of  outflow  being  theoretically  v  ft.  /sec.     Then  the  radius  at 
that  level  is  x/$  and  the  volume  discharged  is  7rxzh/32.     But  this  has 
passed  through  the  opening  and  equals  half  the  product  of  the  theoretical 
speed  (v=^2gx),  the  area  of  the  opening  and  the  time  s.     We  thus 
obtain  — 


whence 
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\   /,  the  time  required  to  empty  th  -  .IV  Inun  **»3  to  .v  =  o. 

Hence,  we  luul 

|-|  2     .»••«(- *)  =  XOi.rx 

Jit  A.  rad:  mi-vertical  anude  u,  ami 

:',v  f.      AN",  l.n-  convenience,  write  /3      s.      (all  the  vertex 

\  .Hid  let  it  l>e  downwards,  ami  denote  it>  centre  ot  buoyant,  v 

by  H,  its  centre  of  gravity  by  ('•.  and  metacentre  bv  M.      Then  to  be  ju-4 

stable  G  and  M  coincid  pth  immersed  i->  ///,  and  the  radius 

\\e  thu>  1 

\h,  AH  =  }/A 

lint  \H  +  HM. 

!*-!/*+ 1^" 

^llO\Ml. 

ingle  be  / 
of  the  second  triangle  .1 


aofthiss  ;.<__.*(£_.  .  iitiniil 

is  §*,  and  the  fot 

i-i*»-> 

/>**  —  *'=*y,  say, 
a  maximum. 

raph  \\ith  r 
s  and  *  as  abscissa 

uill  IK-  found  ' 

which  i>  '  Miu^'ht. 

and  -/  and  .s 
d  one.     Also,  r 

P=' 

r 
>*  =  s*  as  i 

M-  bottom  halt 

-s 

k 
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With  the  notation  of  equation  (8),  p.  122,  it  is  seen  that  the  time  5  minutes 
required  to  empty  the  top  half  is  given  by 

Sb        _*/l 
~~ 


Thus  t=  10  minutes. 

8.  The  still  water  in  the  tank  has  a  speed  of  60  miles  an  hour  or  88  ft.  per 
sec.  relative  to  the  train.  If  the  relative  speed  on  delivery  is  v  ft.  per  sec., 
we  may  equate  the  loss  of  kinetic  energy  to  the  gain  of  potential  energy. 
Thus  — 


9 
Whence  ^  =  84*7  ft.  per  sec. 

If  the  time  for  delivery  of  300  cubic  feet  is  t  seconds,  then,  without  any 
coefficient  of  discharge,  we  have  as  its  minimum  value 

t  =  -  222  -  =  18-04  sec. 


Whence  the  distance  as  sought. 
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>atsin  watt V  with  a\ 
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«>f  barometric  height  or  of  temperature  will 
cause  air  to  enter  or  leave  a  given  space. 
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A  baroni  ib.  cms.  of  air  at  atmo-phen,    ].i 

above  tl  m  a  mercury 

bat  now  occupies   38  and   the 

mercury  400  mm.  of  the  tube  alx  <>l  tin   bath.     Find 

atmospheric  pressure  m  mm.  of  m-  i<  (30) 

7.  On  what  pr:  i  ? 

IS   dipped 

.ches  at  a  time   when   the   barometer 

the  upper  end  and 

the  tulx-  raisnl,   show   that  a  column  of   men  ury    ,  H   1>( 

-cd.  (25) 
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8.  What  force  is  necessary  to  support  a  cylindrical  bell- jar  full  of  mercury 

immersed  in  mercury  ;  its  diameter  is  12  cm.  ;  its  height  above  the 
mercury  in  which  it  is  immersed,  25  cm.,  and  the  pressure  of  the  atmo- 
sphere, 76  cm.  ?  (2°) 

9.  Find  the  density  of  the  air  and  the  height  of  a  mercury  barometer  at 

a  given  depth  within  the  earth ;  gravity  being  supposed  to  vary  as 
the  distance  from  the  earth's  centre,  and  the  temperature  of  the  air 
from  the  surface  to  where  the  barometer  stands  to  remain  constant.  (30) 

10.  State  the  law  which  governs  the  pressure  of  mixed  gases. 

Two  litres  of  hydrogen  at  pressure  3^  atmospheres, 

One  litre  of  nitrogen  ,,         5  >• 

Three  litres  of  carbonic  acid  ,,         i| 

are  placed  in  a  vessel  whose  capacity  is  2-75  cubic  decimetres.  What 
is  the  final  pressure  of  the  mixture,  the  temperature  remaining 
constant  ?  (25) 

11.  Describe,  with  a  diagram,  an  ordinary  air-pump. 

The  receiver  has  a  capacity  of  5  cubic  decimetres  :  what  is  the 
capacity  of  the  barrel  in  litres  if  the  air  is  reduced  to  |  of  its  density 
in  6  strokes  ?  (20) 

12.  Give  a  short  rule  for  ascertaining  the  Centigrade  temperature  when  that 

shown  by  the  Fahrenheit  thermometer  is  known. 

Show  that  the  reading  Fahrenheit  may  be  obtained  by  adding  32  to 
the  sum  of  the  Centigrade  and  Reaumur  readings.  (20) 

BOARD  OF  EDUCATION,    1913. 
Subject  5. — Theoretical  Mechanics  (Fluids). 

LOWER  EXAMINATION. 

You  are  not  permitted  to  answer  more  than  eight  questions. 

1.  Explain,  fully,  the  expressions — 

(i)  poundals  per  square  foot, 
(ii)  dynes  per  square  centimetre. 

Show  how  to  convert  a  pressure  of  pounds  weight  per  square  inch  into 
grammes  weight  per  square  centimetre.  (15) 

2.  Show  how  to  find  the  specific  gravity  of  a  mixture  of  given  weights  of 

two  fluids  of  given  specific  gravities. 

Find  the  specific  gravity  of  a  mixture  formed  of  equal  weights  of 
water  and  of  a  fluid  of  specific  gravity  0^9.  (20) 

3.  Give  a  graphical  construction  for  the  centre  of  pressure  of  any  plane 

area  immersed  in  liquid. 

A  triangle  is  wholly  immersed  in  a  liquid  with  its  base  in  the  surface  ; 
show  how  to  draw  a  horizontal  straight  line  in  its  plane  so  as  to  divide 
it  into  two  parts,  the  resultant  pressures  on  which  are  equal.  (20) 

4.  A  spherical  surface  of  radius  r  contains  gas  at  a  pressure  p  ;  if  the  tension 

of  the  surface  be  t,  find  the  relation  between  r,  p  and  t. 

A  thin  india-rubber  ball  containing  air  has  a  radius  a  when  the 
temperature  is  T°  C.  If  the  tension  of  the  rubber  varies  directly  as  the 
area  of  the  surface  of  the  ball,  find  the  radius  when  the  temperature  is 
0°C.  (20) 

5.  What  forces  act  upon  a  body  which  is  wholly  immersed  in  a  fluid  ? 

A  heavy  cylinder  of  specific  gravity  12*4  and  13  inches  long  floats 
wholly  immersed-  with  its  axis  vertical  in  a  vessel  filled  with  mercury 
(specific  gravity,  13*6)  and  water.  Find  the  length  of  the  portion  of  the 
cylinder  which  is  surrounded  by  the  water.  (20) 

6.  How  could  you  determine  the  specific  gravity  of  a  piece  of  metal  ? 

An  empty  closed  cubical  vessel,  having  sides  i  inch  in  thickness,  is 
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made  of  material  whose  specific  gravity  is  2^.     If  the  vessel  can  float 
in  water,  show  that  its  internal  volume  must  be  at  least  a  cubic  foot.    (20) 
>how  that  when  a  body  floats  in  water  the  centres  of  gravity  of  the  body 
and  of  the  displaced  liquid  are  in  the  same  vertical  line. 

If  a  weight  of  w  kilogrammes  iloats  in  water  with  a  cubic  metres 
above  the  surface,  find  its  volume  in  cubic  rnetr*  (20) 

8.  Describe  the  "  Siphon  "  and  explain  its 

State    clearly  the  conditions  necessary  for  the    effective  working 
of  a  siphon. 

\Vht-n  the  mercurial  barometer  stands  at  29*5  inches,   over  what 
height  can  water  be  carried  by  a  siphon  ? 

[Specific  gravity  of  mercury,  130.]  (20) 

ou  know  about  the  pressi:  i  by  a  mixture  of  gases  ?     A. 

cubic  foot  of  a  ga  B  of  30  inches  of  mercurv  is  mixed  with 

of  another  gas  at  a  pressure  of  .:•»  in  ivury  and  tin- 

mixture  in  a  vessel  of  volume  2  cubic  feet  ;    find  the  resul 

pressure,  the  temperatures  being  constant.  (j.s) 

ment  of  Boyle's  Law  and  describe  how  it  may  be  experimentally 
ven 

A  cylindrical  tube,  25^  inches  in  length,  closed  at  one  end,  is  im- 
mened  verti  ck»ed  end  is  in  the  surface  OJ 

0  tin-  tube  if  the  height  of 

water  b.i:  U") 

i  i  .   A  baromet  :u-n  a  little  air  i-  introduced  into  the  vacuum, 

explain  why  tl. 

A  barometer  stands  at  30  ins.,  the  volume  of  the  vacuum  is  I  < 
in  area  of  a  cross  set  how 

much  o:  :nalair  introduced  into  •  .m  will  depress  the 

mere  hes  ?    .  U") 

\  gas  at  pressure  p,  is  enclosed  in  an  envelope  whose  volume  is  :  0  cubic-. 
centimetres,  and  expands  isothennally  until  the  volume  is  ;•,  cubic 
centimetres.  Give  the  expression  h>  <nd.  if  th; 

measured  in  ergs,  state  the  units  in  which  f>0  is  measure.  1. 

always  equal  -rk  done  against  any  external  pressure  which 

"pe  ?  (15) 
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4.  What  is  the  resultant  vertical  thrust  of  a  liquid  on  a  curved  surface  ? 

A  hemispherical  bowl  is  filled  with  water  and  then  closed  by  a  plane 
disc ;  if  it  be  now  placed  with  the  base  in  contact  with  a  horizontal 
table  compare  the  resultant  vertical  thrust  on  the  curved  surface  with 
the  thrust  upon  the  table.  (20) 

5.  Investigate  the  position  of  the  Centre  of  Pressure  of  an  immersed  plane 

area. 

Has  alteration  of  atmospheric  pressure  any  effect  upon  the  position  ? 

Find  the  position  of  the  Centre  of  Pressure  of  a  rhombus  which  is 
totally  immersed  with  a  diagonal  (of  length  a)  vertical  and  its  centre 
at  a  depth  b.  (25) 

6.  Discuss,  shortly,  the  conditions  of  equilibrium  of  a  body  freely  floating  in 

a  liquid. 

A  uniform  log  of  square  section  floats  in  water  with  one  angle  below 
the  surface  ;  prove  that  there  are  two  unsymmetrical  positions  of 
equilibrium  if  the  specific  gravity  of  the  log  be  less  than  -^.  (30) 

7.  How  does  the  weight  of  air  occupying  a  constant  volume  vary  with  the 

temperature  and  pressure  ? 

A  room,  not  hermetically  sealed,  contains  150  Ibs.  of  air  when  the 
temperature  is  10°  C.  and  the  pressure  equal  to  29  inches  of  mercury. 
What  is  the  weight  of  the  air  in  the  room  when  the  temperature  falls 
to  o°  C.  and  the  pressure  rises  to  30  inches  of  mercury  ?  (20) 

8.  Describe   the   construction   of   an   ordinary   mercury   barometer.     In   a 

mercury  barometer,  the  area  of  the  cross-section  of  the  tube  is  4 
square  inches,  the  length  of  the  Torricellian  vacuum  is  6  inches,  and  the 
mercury  stands  at  a  height  of  30  inches.  One  cubic  inch  of  the  external 
air,  the  temperature  being  27°  C.,  is  introduced  into  the  vacuum,  and 
then  the  temperature  falls  to  7°  C.  ;  show  that  the  height  of  the 
mercury  column  will  now  be  29  inches.  (30) 

9.  Explain  why  the  barometric  height  has  to  be  considered  in  weighings  of 

precision. 

The  weights  of  a  body  are  found  to  be  W,  W  when  the  barometric 
heights  are  h,  h' ;  find  the  weight  when  the  barometric  height  is  h" '.  (25) 

10.  Describe  some  form  of  condensing  air-pump.     Show  how  to  calculate  the 

density  of  the  air  after  a  given  number  of  strokes.  (20) 

11.  State  what  you  know  concerning  the  pressure  exerted  by  a  mixture  of 

gases. 

Different  gases  have  volumes  i  cubic  foot  and  i  cubic  yard,  and  are 
at  pressures  of  29"  and  30"  of  mercury  respectively  ;  if  they  be  mixed 
together  and  placed  in  a  vessel  of  5  cubic  feet  capacity,  find  the  resultant 
pressure,  the  temperature  remaining  constant.  (25) 

12.  Prove  Torricelli's  Law  giving  the  velocity  of  discharge  of  a  liquid  from  a 

small  orifice. 

A  hemisphere  a  foot  in  diameter,  with  axis  vertical,  is  filled  with 
fluid.  Find  the  time  in  which  it  will  empty  itself  through  a  small 
orifice  in  its  vertex,  taking  the  area  of  the  vena  contracta  to  be  1  of  a  square 
inch.  (25) 
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Stability  of  flotation,    108-111 

Statics,  2,  26-42 

Steady  flow,  115-123 

Steam  point,  129 

Steam  pumps,  183-185 

Stream  line,  116-118 

Stream  tube,  116-118 

Stress,    conception   of,    64  ;     normal 

and  tangential,  65 
Summations,  43—50  ;    of  cosine,  46- 

47  ;    of  powers  of  a  variable,  45- 

46 ;   simple,  43-44 
Superposition  of  liquids,  73-75 
Surface  tension,  70,  113-114 


Tables,  mathematical,  239-244 

Temperature  corrections  to  baro- 
meter, 162-166 

Tension  of  cylinder  due  to  fluid  pres- 
sure, 112-113;  ditto  of  sphere, 
113-114 

Thermometry,  129—130 

Time  of  emptying  vessel,  122-123 

Tompkins.A.  E.,  212 

Torpedo  compressors,  191-192 

Torricelli's  experiment,  159 ;  theorem, 
120  ;  vacuum,  139,  159 

Transmission  of  pressure,  71 

Triple  pump,  178 

Triple  valve,  207-209 

Turbines,  206-207,  211-212  ;  De 
Laval,  steam,  212 ;  Hero's,  206 ; 
impulse  water,  211-212  ;  Parsons' 
steam,  206-207  ;  Pelton,  211-212  ; 
pressure,  206-207 


U 


U -collar  of  Bramah  press,   72,  203- 

204 
Unclosed  surface,  resultant  force  on, 

93-94 
Units    for    barometry,    baromil,  and 

millibar,  173 
Units,  4  ;    fundamental  and  derived, 

14-15  ;    kinetical,  21-23 
Unwin,  W.  Cawthorne,  188 
U -tubes  for  densities,  74-75 
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Vacua.  attainabK 

\\eighings   reduced   to,    103- 

i°5 

box  for  power  pumps,  190 
of  Pelton  \vlu-el,  211 
Vapour  pressure,  147,  150 
Vapour    pressure    of    mercun. 
•.ions  for,  105-166 
TS,  6 

:ty  co-emeu  nt,  121 
cad,  118 

uniform,  S  ;  variabl 
:  i  water  :  .  -180 

Vitiated  vacuum,  166-167 


\Y 

Water  scoop,  176 

Westinghousc »brake,  207-210 

Wet  and  dry  bulb  hygrometer,  156- 

157 

Whole  pressure,  79 
Work,  20-21;  oi  expanding  gas,  i.j2- 

1 44  ;  of  variable  • 

\ngton  power  pump, 


\'ale   and    Tow,  i«»or 


Z umbra,  A  i'-<>-  P-I  ,  i  ,  j 
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